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JL/ROM tte eocouragenMbt fceHowed u^ oar foim^ 
Mbmxrs — tlie TrAnslatiem of Hirsch"^ Integral TatdfiS^ and ^ 
his First and Second Tre^^tiises npon Algebra-p-^re «re induMd 
to lay beibre the Public «knother of the works of that tnUM: 
indefatigable and useful Author. Hirsch's Geometry) like 
his other productions, is vastly sfiperlor in every respect to 
any thing of the kind extant in our own language^ and €01I* 
sequently will prove acceptable to every English Mathema- 
tician who shall look into iu Im this oo«ntry, Mathemati^ 
cians who have ventured beyond the Elements of Euclid 
have, almost without exception, confined tftieir speculations to 
*^ Deductions frocn Euclid/' as t)ie phrase goes, not daring, 
it would seem, to extend the Theories of that Father of 6eo- 
inetry« But Hirsch, being restnaned by no sw^h high feelingB 
for antiquity, handles the subject in its generality, Und striken 
out a series of propositions, at once eonneeted, and founded on 
vieiri^ the most -pmeAoA ^nd benefidal. In all h» w^ltt 
Hirsch is as elegant as he is useful, and petha]^ none demands 
that eulogium move irresistft^y ihm his fiflpipetry. It is, 
indeed, itoth caleii^bMied io fym ithe tastte jm4 ^isap^ the judg- 



IT PREFACE. 

ment of the Mathematicians above alluded to ; and indeed of 
almost all Geometers, without exception — at least in Britain. 

Having thus spoken of the general merits of the work^ we 
leave it to the reader to bear us out in particulars. We feel 
confident that all perusers will arrive at the same conclusion 
— viz. that^r those who have read Euclid, HirscVs Geo- 
metry is by for the most useful and elegant production to he 
tnet with. 

Once for all, we must here explain a few difficulties. In 
page S9, Ex. 1. &c« it appears that the German measures 
are different from ours, not only in magnitude but in prin- 
ciple. They denote a certain measure of Zfitg^f A, viz. 1^ 
which means one measure of that kind ; therefore, 325^ means 
325 of such lengths. Then the parts of these measures they 
subdivide into lOths, lOOths, lOOOths, &c., or decimally y in 
such a way that 

325\ 7'. 9''. &^^. 5'^ &c. 
means 

325-7965, &c. 
of the lengths denoted by the superior °. 

In the first example, p. 39, for instance, 

325*79 X 67*83 

^ ' = 11049-16785 

which result is so many squares of which the side is 1% and 
which is therefore represented symbolically by 

11049-16785 D°. 

This again, by similar notation, with respect to the decimal 

parts, is the same as 

11049 D'' 16 D^ 78 D''^ 50 D^^^ 
for the squares evidently are formed by successive lOOtbs. 
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Care must be taken not to mistake these measures of length 
with angular measures having the same notation. 

Thus in p. 32 we have for the area of a triangle 

ab Sin. a 

and for a particular example in this same page 

257^. 9^^ X 35&. 3" X Sin. 25\ 13^ 
9 = i 

Here the angular minutes are different from the minutes of 
length, being 60th parts of a degree, whereas the minutes of 
lengths are only lOths of the degree of length. 

It may be supposed that error may hence arise ; but that 
will not be the case, since all functions of angles^ such as 
Sin. Cos. Tan. Sec. &c. are numbers perfectly pure or ab- 

stract. Thus Sin. 45° = -^, *ym. 30° = J, Tan 45°= 1, 

and are therefore quite independent of all denominations of 
quantities, whether of length, weight, or any other kind. 

Sometimes our author eicpresses his lengths wholly in 
minutes, sometimes wholly in degrees, which^ of course, lie 
is at liberty to do : in short the only thing for the student to 
bear in mind is the above distinction between lengths and 
angles. The necessity of this is very apparent in the ex- 
amples down, p. 96. 

J. M. F. W. 

London, Oct, 1, 1827. 
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1 HERE give the public the ContiuuatioB amifMiiieed ia niff 
Collection of Algebraical Problems and FormuW^ viz^ tbe 
First Part of the Geometrical CoUeotiioo^ under the supposi-* 
tion that the First Part, at least, will not be reci^ved unfa- 
vourably. Were it not for tbe kind, mid to me highly 
flattering, opinion of so«ne persons I greatly ^alue, I could 
not, for want pf a critical judgment, presume to osdkethia 
supposition, and tp^ cnt^tain the hope^ that my labours, 
though they may not have entirely answered their expectataoos, 
yet have not ahc^ther ^^qppointed them. If, by omitti:ttg 
all that which is not necessary to tbe connection of the sub* 
ject, brevity is an important requisite of a good mathematical 
book, since, agreeably to its de9agn,'it euglit only to contain 
the fundamental prirmplts and chief rules of the science ; so 
it is equally necessary for the beginner to possess, al&o, 
another book which may afford him an (^pbrtunity of apply* 
ing practically the rules he has already learnt, and by exer- 
cising himself in many different ways, pr^are hUiAsdbP the 
better for reading a more comprehensive work. A bo^ of 
tUs kind must, as it were, be int^meddate between the first 
principles and such works as can be comprehended only by 
the more advanced, in order' that the ehasai between both 
may be filled up Thus^ profound treatises on single subjects 
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are not so much required, because by their means no beginner 
can be grounded in those Elementary studies which they 
generally pre-suppose. Elementary treatises, interrupted here 
and there by occasional remarks, having a decided reference 
to practical application^ appeared to me more desirable; by 
these the way is prepared to the former, and the foundation 
is laid for the future progress of the beginner. 

That the geometrical object, if I may so express myself, 
requires nothing; less than a facility of calculation in practice, 
every person will readily grant.: This object, by which the 
experienced Geometrician as speedily sees the proportions and 
rdbtions of the different parts' of a figure, as the experienced- 
calculator perceives the : proportions and relations between 
numbers, can only beatained by a difference in the perspi- 
cuity and variety in the treatment. Geometry and Trigono- 
metry, or5 as the latter ought more : properly to be called,: 
Goniometry^ furnishes us with, ample materials for this pur- 
pose; arrangement and connection are only requisite to render 
them complete. Diffuse and difficult trigonometrical calculations, 
which only try the . patience : and not . the head of the reader, 
cannot be absolutely considered as a means of improving the 
young geometrician ; they are only so in reference to a higher 
object, and therefore only allowable in this view. It is cal- 
culations of this kind which have generally brought upon the 
inordinate admirers of the ancients, the unjust imputation, 
that their calculus does not tend to the improvement of the 
understanding, and that it lowers the sublime science of 
GiBometry merely to mechanical purposes. But the entire 
separation of the geometrical method, so . called,* from the 
algebraical, has a favourable influence on the :mind, since it 
accustoms it only to a certain form of thinking. 
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How far the present Collection fulfils all these negative 
conditions as it were, and whether the materials here made 
use of answer the above end, I cannot presume to decide. It 
only remained for me, therefore, in the above observations, 
to give the point of view in which I wish this treatise, on the 
whole, to be judged. 

Respecting the problems themselves, they are partly taken 
from pure, partly from practical, Geometry ; and, in the latter 
all technical terms are avoided both in the mode of treatment 
and expression. As in the algebraical collection, I have here 
strictly adhered to the fundamental rule, of proceeding from 
easy and simple examples, to more difficult and complicated 
ones, always mindful of the class of readers for whom I 
wrote. The treatises which I have made use of are mostly 
quoted, except those which, to avoid the imputation of 
plagiarism, I beg to mention in this Preface, viz. Schultz's 
Pocket Companion of Geometry; SchwaVs Collection of 
30 Geometrical Problems, as an Appendix to Euclid's Data; 
T. Simpson's Select Exercises for young Proficients in the 
Mathematics ; KlugePs Mathematical Dictionary ; also 
Mayer's Practical Geometry, which is not quoted in every 
place where it has been made use of. What is original will 
be readily perceived by the proficient. 

The examples, of which there is an abundance, with the 
exception of two or three of the easiest, are all new ; they are 
only omitted in the miscellaneous problems, because I no 
longer considered them necessary. In many of them, the 
final results only, together with a short notice of the mode of 
treatment, are given ; in others, which involve long and 
complicated calculations, the intermediate results are also 
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adduced. This was done in order to save room ; whether I 
have acted wisely in this respect, I shall, I trust, learn in 
time. However, I cannot be accused of doing it for the sake 
of any personal advantage or convenience. Should some of 
my readers not possess the information required for these 
cases, they must consult the tutor, or some proficient in the 
subject. 

This First Part of the Geometrical Collection contains, 
besides, only Planimetrical problems, or such as may be 
classed under them, the Stereometrical are reserved for the 
Second Part. Much has been left out here rath» unwil- 
lingly ; to this belongs partly the doctrine of polygons in 
circles, which subject, since Gauss found the formula for the 
septemdecagon, appears to have excited some interest. The 
only excuse which I can offer for this omission is, that I had 
nothing new to say on the subject ; however, my readers 
shall in due time be compensated for this. 

The annexed Trigonometrical Tables of Formulae contain 
such formulae only as are used in the book. In quoting the 
Elements of Geometry, I have throughout referred to Loren- 
zini^s Translation of Euclid, which probably is in the posses- 
sion of most of my readers ; the reference to it is denoted by 
Euc. ; thus Euc. III. 27, implies the 27th Proposition of 
the Third Book of the Elements. 

Berlin, Jan. 15, 1806. 



CORRECTIONS. 



4, line 31, for A ^CD, read A AbD 

16, Head line, for Algebra, read Analysis 

17, Une 25, foryro»i /, read^om T 

18, 5, for an, read -r^D 

32, 6, for triangles, read angles 

32, last but one, for Algebraically, read Geometrically 

40, 15, for triangle, read quadrilateral 

47, 19, for D-B, read Z)F 

49, 18, for i5^, read J9^ 

56, 3, for ;? sa 00, read s saoo 

60, 2, for c2=c2=z, read e*=c2+ 

62, 10, for measured, fro9n, read measured, in 

67, 20, for radius, read diameter 

74, 2, for 5i7i. (y-/3), read «Sm. (y— a) 

96, last but five, for segment, read «ec^or 
— last line, for chord', read length 

97, /ine5 2, 3, 5, 10, 11, 12, 15, 19, 21, 26, for segment, read sector 

98, 2, 14, 24, 26, for segment, read «ec/or 

99, 2, 10, 12, 15, 18, 20, 22, 24, 25, 27, 29, for segment, rqad 

sector 
100, 3, 14, 17, 19, 21, 22, for segment, read sector 

— 14, 20, for section, read segment 
103, /ine 17, for ^ read Sin, ^ 

106, 28, 30, 33, for segment, read sector 

107, 5, dele curvilinear ACA^ 
110, 4, for a Cos, ^, read a Co«. a 

6, for C, read D 
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I. TRANSFORMATION OF FIGURES. 



SECTION I. 



Problem. To transform a given quadrilateral figure into 
a triangle, whose vertex is in a given angle of thefigure, 
and whose base is in one of the sides of the figure. 

Construction. Let A BCD (fig. 1 <$• 2 J, be the given 
quadrilateral ; the^^. 1. has all its angles outwards, and the 



J^^'^- C 





fig. 2 has one angle BCD inwards ; let the vertex of the 
triangle, which is equal to it, fall in B. 

1. Draw the diagonal BD (fig. 1 ^ 2J, and, parallel to 
it, the line CE from C. 

% From E, where this line cuts AD (fig. 2 j, or its pro- 
duction (fig. I), draw the line EB; then the A ABE = 
the quadrilateral figure ABCD. 

Demonsteation. Since CE \\ BD, .-. (fig. 1 4* 2> 
ABCD=ABED; consequently (fig. 1) 

A ABD + ABCD = AABD + A BED 
or, the quadrilateral ABCD = A AJiE^ 

B 
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and (fg. 2) 

A ABD - A BCD = A ABD - A BED 
oxy quadrilateral ABCD = A ABE. 

Corollary. If in the quadrilateral (Jig. 1.^, the side 
BC is parallel to its opposite side AD^ then BCED is a 
parallelogram; .*. SC= DE^ and consequently AE=^AD-\- 
DE=iAD+BC. In this case, the base AE of the triangle 
ABE is the sum of the two parallel sides. If ABCD is a 
parallelogram, then AD == BC = DE, and . * . AE = 2 AD. 
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Prob« Transform a given pentagon into a triangle^ whose 
vertex is in a given angle of the pentagon^ and whose base 
is in one of its sides. 

Const. Let ABODE (Jigs. 3, 4, 5) be the given 

C 

CfiffS. 




F A 

pentagon ; let the vertex of the C 
triangle which ia equal to it &11 
m (7. . 

1. From C draw the dia- 
gonals CAy CE. 

2. From B draw BF pa- 
rallel to CAy and from D 
draw DG parallel to CE. 
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3. To F and Gy where these parallels cut AE or its 
production, draw the lines CF^ CG ; then CFG will be the 
triangle sought. 

Demon. In all the three figures, 

A CBA = A CFA, A CDE = A CGE. 

1. (Jig. 3) 

ACJE+ACBA-^-ACDE^ACJE+ACFJ+ACGE; 
or since ACAE-h ACBJ + ACDE=i pentagon ABODE, 
and ACAE+ACFA+ACGE=zACFG; .•• 

the pentagon ABODE = AOFG. 

ACAE--ACBJ^AODE=zAOAE'^ACFA'-AOGE; 
orsince AOAE- A OB A- A C2>£=pentagon ABODE, 
and AOAE-- AOFA-^AOGE^ACFG; .-. 
the pentagon ABODE = A C-FG. 

3. (fig. 5) 
ACAE--AOBA + AODE=AOAE''ACFA+AOGE; 

or since AOAE-- ACBA + ACDE^ pentagon ABODE, 
and AOAE-^AOFA-hAOGE^ AOFG; .-. 
the pentagon ABODE = A CFG. 

SECTION III. 

Frob. To convert any given Jigurt into a triangle, whose 
vertex shall be in a given angle of the figure, and whose 
hose is in one of its sides. 

Const. Let ABCDEF (fig. 6 ^ Tj be the given figure, 

in this case a hexagon, /tsr.ff, » 

and ^ the angle in which ij \-r:::?'^^:===; ^ 

the vertex of the given J'cP^^S^^^'''''''^^^ 

triangle is situated. For ^/f"l^'^ ^i^^ / 

the sake of perspicuity, I /\ / ^^^^^ / 

shall enumerate the angles / TiXy^^ ' 

and sides of the figure / JK / 

from A, and call the first ^/^ \ / 

angle Ay the second B, /y^ \ / 

the third C, the fourth c^^ V 

D, and so on ; further, ^ 
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JB the first side, BC 
the second, CD the 
third, DE the fourth, 
and so on. Wc shall 
then have the follow- 
ing general solution : 

1. From A to all 
the angles of the figure, 
draw the diagonals AC^ 
ADy AEy which, ac- 
cording to the order in F^ 
which they stand here, call the first, second, third diagonal. 

2. Then draw from the second angle B a line parallel to 
the first diagonal ^C; from the point a, where this parallel 
meets the third side CD (Jig. 7), or its production (Jig. 6 J, 
draw a line ah parallel to the second diagonal AD^ and from 
the point i, where this meets the fourth side DE (fig. 7), 
or its production (^. 6)y draw another line be paraUel to 
the third diagonal AE. 

3. Continue this till there are no more diagonals, and 
from the last point of section of the parallels and sides, (in 
this case c), draw the line cA, then AcF is the required 
triangle, whose vertex is in ^, and whose base is in the 
side EF. 

D£MOK. 

1. (Jig- 6;. A ABC = A AaC (because Ba \\ AC); 
consequently 

ACDEF + A ABC = ACDEF + A AaC ; 

or the hexagon ABCDEF = pentagon AaDEF. 

2. AJaD=zAACD (because ab \\ AD) ; consequently 
ADEF + A AaD = ADEF + A AID ; 

or the pentagon AaDEF = quadrilateral AbEF. 

8. A AbE = A AcE (because be \\ AE) ; consequently 
A^£F+ A^6£= AAEF-\^ A AcE, 
or the quadrilateral AbEF = A AcF. 
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1- (%. 7;. A ABC = A JaC (because Ba \\ AC) ; 
consequently 

JCDEF- AJBC^zACDEF--- A JaC ; 
or the hexagon ABCDEF = the pentagon AaDEF, 

2. A AaD = A -<^6Z> (because ab || AD) ; consequently 

^DEJF + A Aal> = udf DEF + A AhD ; 
or the pentagon AaDEF = quadrilateral ACEF. 

3. A -46£ = A AcE (because be \\ AE) ; consequently 

A AEF— A AbE = A udf EJP -- A AcEy 

or the quadrilateral AbEF = A -<rfcF. 

We ••. have for both figures, the hexagon ABCDEF = 
pentagon -^a />£'/'=: quadrilateral AbEF= AAcF. 

First Remark. Although the solution here given is only intended for a 
hexagon, yet it may easily be applied to eVery other figure. All depends 
upon the substitution of one triangle for another by means of parallel lines, 
in whieh we have only to take care, that one side of the triangle substituted, 
be in one side of the figure, or in its production, because by these means 
the number of its sides will be diminished. Moreover, it is not absolutely 
necessary actually to draw the parallels ; it is only requisite, for instance, to 
note the points at which they cut its sides or their productions, because all 
depends upon the determination of these points of section. 

Sbcond Remark. A cursory inspection of the constructions and demon- 
strations in §§ I, n, and III, wiU show a certain agreement between the 
figures with angles tending outwards and inwards, by means of which the 
constructions and demonstrations may be transferred almost literally from 
one figure to the other. The difference consists merely in the signs + and 
— , or in addition and subtraction. 

Cor. 1. In the figure ABCDEF ji 

(Jig. S) it happens, that when we assume 
E as the vertex of the required triangle, -^S' ^'//^ 
the side BC o( the figure is in a straight 
line with the diagonal EC. If we wish 
to proceed according to the above direc- 
tionSj we must through D draw a line B^ 
parallel to EC, which, however, would 
never meet BC, as is required for the -^^ 
further construction. But this circumstance may be easily 
remedied, by taking away, previously to the application of the 
given rules, the angle BCD which tends inwards. Thus if 
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we draw the diagonal BD, and Ca parallel to it, then, when 
Ba is drawn, ACBa=zACDay and .'.the figure ABaEF^ 
figure ABCDEF. This taking away of Uie angle which 
inclines inwards, may also be made use of with advantage, in 
the case where the point of section of the parallels and sides 
falls far without the figure, and in which the construction 
would consequently occupy too much room. 

Cou. % If the vertex of the triangle is not only situ- 
ated in a given angle of the figure, but the base of the triangle 
is in a certain side of the figure, as, for instance, when 
the octagon ABCDEFGH is transformed (Jig. 9) into 




a triangle, whose vertex is in i9, and whose base is in 
AHy we can then proceed in the following way : Draw the 
lines DA^ DH ; then the figure is divided into three parts, 
viz. into the triangle DAH^ the quadrilateral figure DCBA 
on the left, and the pentagon DEFGHovl the right. Now 
transform, according to the given rules, the quadrilateral 
figure DCBA into the triangle Da A ; draw firom a the line 
cJb parallel to DA, and to the point b, where it meets the 
production AHy the line Db^ then triangle 2?&^= triangle 
DaA = quadrilateral figure DCBA. In the same manner, 
transform the pentagon DEFGH into the triangle DdH; 
draw the line d e parallel to DH^ and from the pomt, where 
it cuts the production AHy the line De ; then the triangle 
DeH = triangle DdH = pentagon DEFGH. Therefore 
triangle 6Z>£=: octagon ABCDEFGH ; the vertex of the 
triangle is situated, as was required, in D^ and the base is in 
the side AH. Further, to complete the proof, the lines Da^ 
Do are drawn. 
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SECTION IV. 



Prob. To transform any given figure into a triangk^ whose 
vertex is in a certain point in one of the sides of the figure^ 
or within ity and whose base is situated in a given side of 
the figure. 

Solution. First Case. Let (fig. lO; ABCDEF be the 




hexagon which is to be transformed into a triangle ; let its 
vertex be in the point M in the side CD, and the base in AF. 

1. In the first place, by § III, Cor. 1. omit the angle 
ABC which inclines inwards ; since the triangle BCa is sub- 
stituted for the triangle BAa^ and by these means the hexagon 
ABCDEF is transformed into the pentagon aCDEF: then 
draw the lines Jfa, MF^ and the pentagon aCDEF is 
divided into the triangle MaF, the quadrilateral figure MDEF 
on the right, and the triangle MCa on the left. 

2. Transform the quadrilateral figure MDEF and the 
triangle MCa into the triangles MdF^ Mha, so that the 
bases may be in AF; then il/id = hexagon ABCDEF. 

Second Case. Let ABCDEF (fig. U) be the given 
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figure ; let the vertex ^ the required triangle be situated in 
the point M within the figure, and let the base be in AF. 

1. From M to any angle of the figure, say D, draw the 
line AfD, and draw the lines MJ, MFy by which means the 
figure ABCDEF is divided into the triangle MAF, and 
the figures MDCBA, MDEF. 

2. Then transform MDCBA and MDEF into the 
triangles McA^ MeF, whose bases are in AF ; then 
triangle cMt s= figure ABCDEF. 
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Pbob. To transform a given rectangle into a square. 

Const. Let ABCD Cfig. 12) be the given rectangle, 
which is to be transformed ^ ,.- r^ ,^ 

mto a square. -/r --. v o 

1. Bisect the longest side B 
AD in E. 

A 

2. With a radius EA = ED, describe \xfon. AD the 
semicircle AGD. 

3. From AD cut ofi^ a part AF equal to the least side AB 
of the rectangle. 

4. From F draw the perpendicular FG. 

5. From the point Cr, where this perpendicular meets the 
circle, draw the straight line GA ; then this is a side of the 
square sought. 

Demon. Draw the line GD; then AGD is a right angle 
{Euc* III. 31), consequently AG is a mean proportional 
between AD and AF {Em. VI. 8), .-. {Euc. VI. 17) 
A& := AD X AFz=zAD X AB^ the rectangle ABCD. 
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Remark. Any figure may be converted into a triimgle, and any triangle 
bto a rectangle (Euc, 1. 42) ; further^^ any rectangle, as appears from Uie 
above problem, may be converted into a square; consequently also any 
figure into a square. 



SECTION VI. 
Prob. To convert any given triangk into an isosceles one. 

" Const. Let JBC (fg. is; be the given triangle, which 
is to be converted into an isosceles ^ jj 

1. Bidedt the base AC in 2?, ^^^:>^^^'^^ \ ^\ 
and from D draw the per{>endieular ji j) C 

DE. 

8. From the vertex B of the given triangle, draw BE 
parallel to the base AC. 

3. From the point JE7, where this parallel meets the per- 
pendicular, draw the straight lines EA^ EC; then EAC 
is the isosceles triangle sought. 

The demonstration is very easily found. 

SECTION VII. 

Prob. To convert a giten isosceles triangle into an equi- 
lateral one. 

Const. Let ABC (Jig. 1 4 J be the given isosceles triangle, 
whieh is to be converted mto an equilateral one. 

1. Upon the base^C of the given triangle, draw the equi* 
lateral triangle AEC^ and through the vertices E^ B of both 
the triatt^ledy dtaw the straight Yttie EB, which evidently 
is perpendicular to AC, and bisects the last line in Z>. 

2. Upon jEJU describe the semicircle EFDf and from B 
draw the perpendicular BF^ which meets the semicircle in F. 
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3. From D with the radius DF^ 
describe an arc FG, which cuts the 
line DE in G. 

4. From G draw the lines GH^ 
GI, parallel to the sides of the 
equilateral triangle AEC ; then 
HGI will be the equilateral triangle 
sought. 



Demon. Since GH \\ EA, and GI [| EC, the Z. GHI 
= Z- EACj and Z. G/ff = Z. EGA; consequently A -4£C 
cT * A -ffG/, and .'. the A HGI is equilateral. 

Suppose the line DF drawn, then DF, consequently also 
DG is the mean proportional between DE and DB, and •*» 

DE:DG-DG:DB; 

or also 

D£ : DG^AD : HD, (because A EAD <r A GiTD) ; 

consequently 

DG:DB^AD: HD, 

and •*. because the Z. CrD^ is common, 

A GHD = A BAD (Euc. VI. 15) 
But A GHD = A GID, and A 5-42> = A BCD 
consequently also A ABC = A HGI. 

CoROL. If £Z> be greater than jE2>, then the per[>endicular 
BF does not meet the semicircle. In this case it will merely 
be necessary to describe the semicircle on BD, and from £ 
to draw the perpendicular ; then in this case the points H, 
I will not be situated in the line AC, but in its production. 

Remark. From this and the preceding §§, it appears, how any figure 
may be converted into an equilateral triangle ; for it is only necessary first 
to convert the figure into a triangle, this triangle into an isosceles triangle^ 
and the isosceles triangle again into an equilateral triangle. 

• Wherever the symbol (cu) is used, it denotes *' umilar to."— *7Vaia- 
lator. 



OF PIGOSBS. 



PsoB. To describe a square which is cj 
aeverat given squares. 



I to the sum of 



15^ be the sides of four 



CoMST. Let ah, cd, ef, gk, 
squares : required to find a 
square whien is equal to the 
sum of these four squares. 

1. Mske AB = ab, and 
from B draw the perpen- 
dicular BC = cd, and joia 
AC. 

S. From the point C in ^4 
jiC draw the perpendicular CD = ef, and join AD. 

3. Frtm the point D In AD draw the perpendicular 

Z)fi=^A, and join AE, then A£? = al)' + cd'+ef' + ghK 

The demonstration is very easily deduced from Euc. I. 47- 

Remark. Hence It appears liow any number of equsrea may be con- 
Tdted into a aingle one. Since everf fignre may be conrerted into a square 
({ V. Remark) . consequently a square may always be found which la equal 
to the sum of sereial Ggurea. 




Pkob. To describe a square tehick is equal to the difference 
of two given squares. 

Const. Let ab, cd, (fig- 16J be the sides of two squares: 
required to find a square, which 
IS equal to their difference. ■' •fhrjtt 

1. Make AB=ab, and on AB 
describe a semicircle. 

S. From B within the semi- 
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Circle, draw the line BC=cd, and join AC; then AC is 
the side of the square sought. 

The demonstration is deduced from Euc. III. 31, and 
I. 47. 



SECTION X, 

Prob. Let several similar figures be given ; construct a 
figure which is similar to each of them^ and equal to their 
sum. 



Const. Let aJ, cdf, cf, g-A, (fig. 15J be the homologous 
sides of four similar figures, to which, collectively, one similar 
figure is required to be made. 

Upon the lines aJ, cd, c/*, gh^ construct right angles, 
exactly as in § VIII, and by Euc. VI. 18, describe upon AE 
a figure, which is similar to the given ones; then this will 
be equal to the sum of the four figures. 

The demonstration is founded op Euc. VI. 31, and is easily 
derived firom it. 



Remark. By the above method, we are enabled to convert several similar 
triangles, quadrilateral figures, pentagons, and so on, into a triangle, 
quadrilateral fig^ure, pentagon, and so on, similar to them. Since the areas 
of circles are as the squares of their diameters, consequently there always 
may be found a circle, which is equal to the sum of several given circles. 
Thus, let ah, cd, ef, gh, be the diameters of four circles, then a circle, whose 
diameter is ^E, is equal to the sum of these four circles. If we proceed 
with the diameters of two ^ven circles, as we did in § IX with the sides of 
the two g^von squares, we shall find the diameter of a circle, which is 
equal to the difference of these two circles. 



SECTION XI. 



PsoB. To transform a given figure in such a way, that it 

may he similar to another figure. 

Const. Let X (fig. 17^ be the given figure^ and 



OF FI6UEES« 



IS 



ABCDEF the one to 
which it is to be similar. 

1. Convert the figure 
ABCDEF into a square, 
and let its side be mn^ so 
that ABCDEF =^mn^; 
convert also the figure X 
into a square^ and let its 
side be pq^ so that X = ptf. 




mp 



S. Take any side of the figure, say AF ; to the three 
lines mn^ pg, AF^ find a fourth proportional (-Ewe. VI. 12), 
which cut off from AF ; let Jf be this fourth propiigrtional, 
so that mn : pq = AF : Af. 

3. Then draw the diagonals AE^ AD, ACt and the lines 
/e, edy dCf cb, parallel to the lines FE, ED, DC, CB; 
then Ahcdef will be the required figure, viz.=X andc/> 
ABCDEF. 

Demon. It may be easily proved that Abcdef ^ 
ABCDEF. Further, since by Euc. VI. 20. 

ABCDEF: Abcdef^ AF^ : Af, 

and by (2) AF^ : Af^ = mv? : pq\ 

then ABCDEF : Abcdef z=i mv? : pf ; 

But by (1) ABCDEF- mn\ 

consequently also -^6crfc/= pf = X. 

SECTION XII. 

Pbob. Upon the base of a given triangle^ to describe a qtta- 
drilateral fguircy equal to the given triamle, with two 
parallel sides, one of which is the base itself and one of 
teihose angles at the base is also one of the angles of the 
triangle, and the other angle is equal to a given angle. 



CoxsT. Let ABC (Jig. 18; be the given triangle, which 
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is required to be converted into f,. 

a quadrilateral figure, one of ..'/'! ^ .^ X. 

vhose sides is the base of the / / j *^' ' / 
triangle, and another parallel to / ^ 

it; further, let the angle ABC \ \ 

of the triangle be also one of the A^'^JQ'm' 
anglesofthe quadrilateral figure, I 
ana the other angle at C equal 1 
td the given angle m. ' 




1. On BC make the angle B 
BCD = m. 

2. Si>m the vertex A of the triangle, draw AD parallel 
to jBC, which meets CD in -D, and from B draw the line 
BE parallel to CD, which meets AD in E. 

3. Upon AD describe the semicircle AFD^ and from E 
draw the perpendicular EF which meets the semicircle in jF. 

4. From D, with the radius DF^ describe the arc FG, 
which meets AD in G. 

5. From G draw the line 6^-H" parallel to J9C, and from 
the point JS, in which it meets AB^ the line HI parallel to 
BC ; then BHIC is the quadrilateral figure sought. 

Demon. Suppose Z^F drawn, then, by Euc. III. 31 and 
VI. 8, because also DF=zDG, 

AD: DG =z DG: DE, 

consequently AD - DG : DG — DE = DG : DE, 

or AG:GE=,HI:BC; (because i?G^=jy/, and i>£=^C) 

hxit AG: GE=, AH:HB, 

consequently HI: BC == AH: HB. 

Further, HI: BC=^ A HCI: A CHB\„^ vr i 
and AH: HB ^ A ACH: A HCB J 
consequently A HCI : A CHB = A ACH: A CHB, , 
.'.AHCI= A ACH, 

and A HCI + A HCB = A ACH + A HCB; 
or the quadrilateral figure BHIC = A ABC. 
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SECTION XIII. 

Pros. To convert a given quadrilateral with two paralkl 
sides, into another quadrilateral with two parallel sides, 
having one side and one of the angles adjacent to this side, 
common with the f(yirmer, and whose angle at the other side 
is equal to a given one. 

Const. The quadrilateral J BCD (Jig. 19)9 in which 
the two sides AZ), ^^ S j: 

are parallel, is to be \\^ J^'^^' 
converted into another 
which has the angle A 
and line AD in common, 
but the other angle at D 
equal to the given one m. 

Convert the quadrilateral A BCD, by § I. into the triangle 
DAE9 and this again, by § XII., into the quadrilateral 
AFGD, so that the angle ADG = m, then AFGD is the 
q uadrilateral , sought . 




II. DIVISION OF FIGURES BY ALGEBRA. 



SECTION XIV. 

AUXILIARY RULE. 

Pbob. To divide a given straight line according to a given 

proportion. 




Const. Let the line Ad (fig. 20) be given : divide this 

line in such a way, that — ^ 

the parts, in the order in ^ y^.^^. 

which they follow each 

other, may be in the same ^ 

proportion as the lines w, 

», p are. S 

1. Draw AE forming ^ 
any angle with Ady and from A towards J?, draw the lines 
m, «, /?, so that AB = m, BC = n, CD = p. 

2. From the last point D draw the line Dd, and from B 
and C the lines Bb^ Co parallel to Ddy then b and c are the 
points of section of the line Ad; thus Ab : be : cd=m : n : p. 

The reason of this mode of treatment is easily seen. 

Cob. If, therefore, it is required to divide a straight line 
into a certain number of equal parts, it is only necessary 
upon AE to draw the same number of equal parts of arbi- 
trary magnitudes, and then proceed according to S. 
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SECTION XV. 



PaoB. To divide a triangle from its vertex into a given 
number of equal parts. 

Const. Let j4EC (fig. 21) be the given triangle, which 
is to be divided, say, into six 
equal parts : let .1^ be the vertex, 
froin which the lines of division 
are to be drawn. 

1. Divide the side SC opposite 
the vertex ^ into six equal parts 
BD, DE, EFy FG, GH, HC. 

S. From A to the points of division D, E, F, G, H, draw 
the lines JD, AE, AF, AG, AH; then the triangle ABC 
is divided into the six equal triangles ABD, ADE, AEF, 
AFG, AGH, AHC. 

Cor. If it IS required to divide the triangle ABC oxxotA- 
ing to a given proportion, it will only be necessary to divide 
the line BC in this proportion (§ XIV}, and firom A to 
draw lines to these points of division. 




Phob. From a given point in one of the sides of a tiiangte 
to divide it into a given number of equal parts. 

Const. Let ABC (fig. ^2) be the g^ven triangle, which 
is to be divided into eieht j 

parts ; the lines of division 
are to be drawn from /. 

.1. Make Aa ^ Bb = 
lAB, and &oai 7* draw 
Uie Ime TC to the vertex 
of the triangle. 

3. From a and b draw B- 
the lines aD, hK, pa- 
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rallel to TC, which meet the sides ACj BC, In D and 
K. 

3. From JC^ from A towards C, cut oflT as many lines 
equal to CD as possible, (in this case four), and by these means 
determine the points E, F^ O ; from BC also cut off as 
many lines equal to BK as possible, (here three), and by these 
means determine the points /, H. 

4. From' T draw the lines TD, TE, TF, TG, Tff, TI, 
TK, then ATD, DTE, ETF, FTG, GTHC, HTI, 
ITKy KTB, are the eight equal parts of the triangle ABC. 

Demon. Draw Ca, then 

A ACB : A JCa = ^JS : ^a = 8 : 1 

and .-. A ACa = J A ACB; 

hvLtAACa=:ATD 

because A AaD Is common to both triangles, and A aTDss 
A aCD ; consequently also 
AATD=ADTE=:AETF=^AFTG=:iAABC. 

In like manner It may be proved, by drawing the line ftC, 
that 

A BTK=^ A KTI= A ITH^\AABC. 
Since . * . the triangles taken together compose } of the triangle 
ABC, consequenfly the quadrilateral CG IW must in like 
manner be the eighth part of the triangle ABC. 

CoR. 1 If after having cut off as many lines equal to AD 
as possible, we arrive at G, and wish to determine imme- 
diately the point jETIn the line BC, this may be very easily 
represented in the following simple manner. Produce AC, 
and from G make another line Gc equal to AD ; then from 
c draw cfT parallel to C7; then the point jGTIs determined. 
For since A THC = A TcC (because cH\\ CT) ; then, when 
the A TCG Is added, the quadrUateral GTHC =AGTc; 
but A GTc = A ATD == J A ABC ; consequently also the 
quadrilateral GTHC = J A ABC. 

CoR. 2. If it is required from a given point In one of the 
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tides of a triangle, not to divide it into equal parts, but 
according to a diSerent proportion, then it will be best to 
proceed in the following way : — 

Let JBC (_fig. 2S) be the triangle to be divided, and T 
the point, irom which the lines . 

of division are to be drawn. 

Divide the line B C, in which 
tlio point T is situated, accoid- 
ing to the proportion given in 

LXIV, say in D, E, F; 
yt AT, and parallel to it 
the lines Dd, Me, Ff, which ^ 
meet the sides j4B, AC, in ^ _ _ _ 
dy e,f; from thesepoints draw the straight lines dT, tT,fTt 
then BTd, dTe, TeAf,JTC, are the parts sought. 

For if we draw the lines AD, AE, AF, the triangles 
ABD, JDE, AEF, AFC kk as their bases BD, DE, 
EF, FC (Euc. VI. l), and since these triangles, as may be 
eadly proved, are respectively equal to the parts BTd, dTe, 
TeAfifTC ; consequently also these last are as the given lines. 




SECTION XVII. 

Frob. To iivide a triangle^ from a point aUhin it, into a 
giveanumoer of tgvalpartt. 

Const. Let ABC (Sg.Zi,) be the given triangle, which 
is to he divided into five 
equal parts ; T the point 
mm which the lines of 
division are to be drawn. 

1. Take any side of the 
triangle, say BC, and 
make, when, as here, the 
taiangle is to he divided 
into five parts, BE = CP 
=\BC, and draw the lines 
Et, Ff, parallel to the 

aides AB, AC, which meet the line AD, drawn throut 
and T. 
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3. From T draw the lines TB^ TC^ to the angular points 
J3, C of the triangle ABC^ and from c, f the parallels eG^ 
fl; further, the lines TG^ TI, then both the triangle ATG 
and the triangle A TI=^ triangle ABC. 

3. In order to determine the other points of division, it is 
only necessary, as in the foregoing §, to cut off from the 
sides ABy AC, as many lines equal to AG, AI as possible, 
and in the case in whicn this can no longer be effected, or in 
which, as in the figure, this is impossible, the points IT and 
K for the quadrilaterals BGTH^ CITKmaj be determined 
by § XVI, Cor. 1. 

4. Since in this case the parts ATG, BOTH, ATI, 
CITK, collectively form ^ of the triangle ABC, consequently 
the triangle HTK must be equal to the last part. If HTK 
be not the last part, then it is merely necessary, by § XV, 
to divide this triangle into as many equal parts as are ne- 
cessary. 

Demon. Draw the auxiliary lines AE, eB, then 

A ABE = J A ABC (because 5J5; = J BC), 

further, A ABE = A ABe (because Ee || AB) 

and A ABe = A ATG (because A GBe = A GTe) ; 

consequently A ATG = J A ABC. 

The remainder of* the demonstration is su£Bciently dear of 
itself. 

CoR. If a triangle is not to be divided into equal parts, 
but according to a given proportion, then the following method 
will be the best. 

Thus, let the triangle ABC (fig. 25) be divided into 
four parts according to a 
given proportion. 

1 Divide any side of 
the triangle, say BC, ac- 
cording to this proportion ; 
let the points of division be 
D, £, F; through and 
from T draw the lines AK, 
TB, TC. 
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£• From the points of division i>, E, F, draw the lines 
Ddy Ee, Ffi parallel to the side AB^ or AC^ according as 
they are on one or the other side of the line AK. 

S. From the points d^ e, f^ in which these parallels meet 
AK, draw the fines dG, eH, fl, parallel to TB or TC ; 
then hj these means, the points Oy Hj I, in the sides of the 
triangle, will be determinea. 

4. From Tdraw the lines TG, TH, TI ; then the tri- 
angles ATG, ATI, and the quadrilateral figures BGTHy 
CHTI are the parts of the triangle sought. 

For if we suppose the lines AD^ AE^ AF drawn, then the 
triangles ABD^ ADE^ AEFj AFCj which collectively consti- 
tute the triangle ABCj have the required proportion, for they 
are to one another as their bases JSi), DE^ EF, FC. Now, 
as may in some measure be easily proved from the foregoing, 
the tnangles ATG^ ATI^ are equal to the triangles ABD^ 
AFC; and the quadrilaterals BGTH, CHTI, are equal 
to the triangles ADE, AEF ; consequently also these parts 
have the required proportion. 



SECTION XVIII. 



Peob. To divide a given triangle into a given number of 
equal parts, and in such a way, that the lines of division 
may be parallel to a particular side of' the triangle. 

Const. Let ABC (Jig. 26^ be the given triangle ; let the 
number of the parts into which 
it is required to be divided, be 
five, and BC the side to which 
the lines of division are to be 
parallel. 

.1. Upon one of the other 
two sides, say AC, describe 
the semicircle AdefgC, and 
divide the side ^C mas many 
equal parts, as the triangle is ^ 
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to be divided in, consequently in the present case into five; 
the points of section are Dy E, F, G. 

2. From these points of division, draw the perpendicular, 
Ddy Ecy Ffj Ggj which meet the semicircle m the points 

3. From A in JC^ draw Jdj Acy Af^ Ag^ then make 
AH^Aiy Aef^Acy and so on, and by these means determine 
the points d^ t^jfj g^. 

4. From these points draw the lines d'Zy, (fE\fFj ^G\ 
parallel to the side BC, then Aiyd!, D'd!tfE\ E'efF, 
FfgfG^y &^CB are the five equal parts of the triangle 
ABC which were sought. 

. Demon. Since AC : Ad = Ad : AD (Euc. VI. 8) ; 

then AdS^ = Adf^ =z AC x AD (Euc. VI. 17). 

Further, since the triangles AD^d% ABC are similar, 
consequently 

A ABC : A AD'df = AC : Ad^ (Euc. VI. 19) 

= AC : AC.AD^ AC : AD. 

Now, since AD = ^AC, therefore 

AAD'd'^^AABC. 

In like manner it may be proved, that AAE^ef^^ A ABC; 
A AFf = I A ABC; A A&g^ = | A ^5(7, from which 
the rest follows of course. 

Cor. If the triangle ABC is not to be divided into equal 
parts, but according to a given proportion, it will merely be 
necessary, as may be readily seen from the above, to divide 
the line AC according to this proportion, and then proceed 
as has been already shown. 

SECTION XIX. 

Prob. To divide a triangle into a given number of equal 
partSy in such a way^ that the lines of division may he 
parallel to a line given in position. 

Const. Let, for instance, ABC (Jig. ^7) be the given 
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triangle which is to be 
divided into five equal 
parts ; the lines of division 
are to be parallel to the 
line Cx. 

1. ^ Upon Ax and Bx 
describe the semicircles 
Adex^ Bgfxy and divide 
the line AB into five equal 
parts, in 2?, E^ jP, O. 

S. From these points of •. 
division draw the perpen- \ 
diculars Ddy Ee, Ff, Gg ; 
from A draw the lines Ad\ ^ 

Af!y equal to Ad^ Acj and also the lines Bg', Bf^ equal to 
Bg. Bf. 

3. From the parts d\ e^, f^ gf draw the lines dfiy, E\ 
fF, gf&, parallel to Cx, then Ad'iy, dHyE^tf, tWCFf^ 
fF&^i gf&B are the five parts sought. 

Demon. By this method, the triangle ACx^ hj \ XVIII, 
Cos., is divided in the same proportion as the line Ax, and 
also BCx in the same proportion as the line Bx. Therefore 
we have 




1. A ACx : A Aiyd' = Ax : AD. 

But A ABC: A ACx = AB : Ax (Euc. VI. 1); 
consequently A ABC: Aiyd^ =z AB : AD =^ 5 : 1. 
In like maimer it may be proved, that 
A ABC: A AE't/ =^ AB:AE= 5:2. 

2. A BCx : A BG'g^ = Bx: BG. 

But A ABC: A BCx = AB : Bx {Euc. VI. 1) ; 
consequently A ABC: A B&g^ :=z AB : BG : - 5 : 1; 
and thus A ABC: A BFf = AB : BF^ 5 : 2. 
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Since .-. A ^£V = | A ^SC, and A 5/^f = |A 
ABC, consequently the pentagon ifE'CPf = J A ABC. 

Cob. ir the tiiangle ABC is not to be divided into equal 
parta, but according to a given proportioD, it will only be 
necessary to divide the line AB according to this proportion, 
and then proceed as haa been shown. The reason of this i» 
readily seen. 



SECTION XX. 

Fbob, To divide a parallelogram into a given memher of 
equal parta, in such a tcay, that the tinea of division may be 
parallel to two opposite sides of the parallelogram. 

Const, Let ABCD be the parallelogram to be divided 
(Jig. 28J V let the number of n ^ r fr h i n 

Earts he six, and let AB, CD, 
e the sides to which the lines 
of division are parallel. 

Divide one of the two other 
sides, say AD, into six equal 
parts, in E, F, G, H, /, and , , , , 
from these points draw the lines A E F & It 
Ee, Ff, Gg, and so on, parallel to the sides AB, CD ; then 
the division is done. 

Cob. If it is required to divide the parallelogram accord- 
ing to a given proportion, it will merely be necessary, instead 
of dividing the line AB into equal parts, to divide it accord- 
ing to the given proportion, and then proceed as he&ae. 



SECTION XXI. 

Fbob. To divide a paraUelogram according to a given pro- 
portion, £y a line given in position. 

Const. liCt ABCD (Jig. 29) be the parallelt^am to be 
divided. 
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1. Divide one of its sides, ^ay 
AD^ according to the given 
proportion; let the point of 
division be z. Make zE = Az^ 
and draw BE. Now if BE 
have the required position, then 
A ABEf and quadrilateral 
BCDE are the parts sought. 




2. But if the line of division be parallel to xy, then bisect 
the line BE in n, and through this point draw the line GH 
parallel to xy^ then ABHG and HCDG will be the required 
parts. 



3. If the line xy have such a position, that one of the 
points Gj H cannot fall upon the sides AD or BC^ as in 
Jig. SO ; then draw the line BF parallel to xy^ and upoa AJF 
describe the semicircle ^e/^; 
from E draw the perpendicu- 
lar £e, make AG z=z Ae^ and 
draw Gfi^ parallel to xy ; then 
AHG, HBCDG wUl be the 
required divisions of the pa- 
rallelogram. 




Demon. By Euc. I. 4>1, and VI, 1, it is evident, that 
ParaU. ABCD : A A^BE = AD : Az, 
whence the accuracy of 1 is evident. 

Further, since (Jig, Q9) HG is bisected in n, then ABnH 
:= A EnG; and .*. also the method in 9, is proved. 

In Jig. SO we have 

ParaU. ABCD : A ABF = 2AD : AF, 
and by reason of the triangles ABF^ AHG being similar, 

A ABF : A IHG ^ AF^ : AG" {^ At?) 

^AF': AF.'AE, 

^AF:AE; 

E 
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consequently, by compounding both proportions, 

Parall. ABCD : A AHG = ^AD : AE = AD : Az. 



SECTION XXII. 

Prob. To divide a trapezium with two parallel sides into a 
given number of equal parts, so that the lines of division 
may be parallel to these sides. 

Const. Thus, let ABCD (fg. SlJ be the given trape- 
zium, whose two sides AB, CD, are ftg^Sl- 
parallel, and which is to be divided i .^. 

into three equal parts. ,•••'( '"\F 

/ \ \ ..•""" i\ 

1. Upon J5, the greater of the two j / I \ 
parallel sides, describe the semicircle -^X a'L/lC K/E G/^ 
AFB; draw DE parallel to BC ; ^ V / /' — yN 
and from B, with the radius BE, (yf- 
describe the circle EF, which cuts the 

semicircle in F. 

\ / 

\ y 

.'/ 

2. From F draw FG perpendicular Z 

to AB, and divide the line AG into three equal parts in K 
and L, and from these points draw the perpendiculars JTAr, 
LI 



3. Upon AB, from B towards A, draw the distances BV, 
BV, equal to jBAr, Bl ; from these points draw the lines VO, 
VM parallel to BC ; and from the points O, ilf, in which 
these parallels meet AD, draw the lines MN, OP, parallel to 
AB : then ABNM, MNPO, OPCD, will be the three 
required divisions of the trapezium ABCD. 

Demon. Produce the lines AD, BC, till they meet in Z, 
then the triangles DZC, OZP, MZN, AZB, are similar to 
one another, aho. 

DC = BEr=zBF, OPz=zBk'^Bk, MN ^ BV^Bl. 
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We have . • . 

A OZP : ADZC = OF^ : CJD^ 

=Bk^: BF^^BK: BG; 
consequently AOZP--ADZC : ADZC^BK-^BG: BG 
or Trapez. DOPC : ABZC^ GK : BG- ^AG : BG. 
In like manner it may be proved, that 
Trapez. DMNC : ADZC = GL : BG = ^AG : BG. 
Trapez. DABC : ADZC = AG : BG = ^G : BG. 
Hence it follows, that 

Trapez. DOPC : DMNC : DABC = J : § : | 

= 1:2:3. 

Cob, If it is required not to divide the trapezium ABCD 
into equal parts, but according to a given proportion, it will 
only be necessary to divide the line AG in this proportion, 
and then proceed as before. 



SECTION XXIII. 

PfiOB« To divide a given figure into two parts according to a 
given proportion^ and in such a way^ that one of the parts 
may be similar to the whole figure. 

Const, Let ABCDE (fig. 32) be the given figure. 

1. Divide one side of the 
figure, say AB, according to 
the given proportion ; let the 
point of division be Z. j^^ 

2. Upon AB describe the 
semicircle AzBy and from Z 
draw the perpendicular Zz, 
which meets the semicircle 
in 2. 

3. Make Ab =z Az, and upon Ab describe a figure Abcdcj 
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which is similar to the given one ABCDE; then the 
line bcde divides the figure in the manner required. 

Demon. ABCDE : Ahcde = AB^ : AW 

= AB^ : Az^ = AB : AZ, 
consequently ^jBCZ)£ — Abode : AbcdestAB-^AZ: AZ^ 
or BCDEedcb : Abcde = ZB : AZ. 



III. QUADRATURE OF RECTILINEAR 

FIGURES. 



SECTION XXIV. 

Peob. From the given base and altitude of a triangle to find 

its area, 

SoLUT. If a denote the base, h the altitude^and q the area 
of a triangle ; then 

ah 
« = — . 
^ 2 

This rule is well known, and is given in all elementary books 
on Geometry. 

Cor. From this equation we obtain 

, 2q ^q 

a h 

By means of the first of these two formulae, the altitude of a 
triangle may be determined, when the area and the base are 
given, and by means of the second, the base of a triangle 
may be found, when its area and altitude are given. 

Exam. 1. The base of a triangle measures 325°. 7^ 9^\ 
and its altitude 67°. 8^ 3^^: what is its area? Ans. 
11049.16785 n% or 11049 D° l6 D^ 78 D^^ 50 U^^^. 

Exam. 9,. The base of a triangle measures 763°. 0^ 5^^, 
and its altitude 9^^. 3^^. 7^^^ : what is its area? Ans. 
357.488925 n% or 357 D'' 48 D^ 89 U^^ 25 U^^^. 
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Exam. 3. The area of a triangle is 7325 D° 26 D^ and 
its base 58\ 9^. 7^^: what is its altitude? Ans. 248*-44'02...5 
or248^ 4^ 4^^ 0'^^ 2^... 

Exam. 4. The area of a triangle is 62583 n° 04 D^ 79 D^ 
and its altitude 127°. 5^: what is its base? Ans. 981°*6948..., 
or 981°. 6^ 9^^. 4^^ 8^. 



SECTION XXV. 

Pros. To calculate the area of any polygon. 

SoLUT. Divide the whole of the polygon into triangles by 
diagonals, calculate all these triangles, by multiplying the 
base of each by half its altitude, and by adding all the results 
thus obtained together ; we then get the area of the polygon. 

Cob. In order to shorten the .operation, a common base 
can always be given, where it is practicable, to two triangles. 
Thus the polygon ABCDEFG (Jig. S3) may be divided 



* t'^ 



into the triangles ABGj BCG, 
DCG, DFG, DBF, of which 
the first and second have BG^ 
and third and fourth XX?, for a 
common base. When the neces- 
sary perpendiculars are drawn, 
we then have, 



fig.33. 




Pol. ABCDEFG =: i[Aa . BG + Cc . BG + Cd. DG 

+ Ff.DG + Ee.DF.]. 
= i[iAa+Cc)BG + iQd+Ff)J)G + EcMF]. 



Exam. Let BG = 61^ 5\ DG = 75^ 9^ 3^ DF= 6^. 
S\ ^a=15". 7^ Cc=28^. 0'. 9^ C(i=21^ 1^. 7^ Ff=z22% 
jBe= 16^. 8^ : what is the area of the heptagon ABCDEFG ? 
Ans. 3550-81155 D°> or 3550 Q^ 81 D^ 15 U^^ 50 D^^^ 
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Remark. A trapezium ABCD O^g- 34; with two parallel sides AB^ BC, 
may always be divided by the diagonal BD^ 
into two triangles ABD, BDC, whose bases 
are these sides of the trapezium, and whose 
altitudes Bb, Dd, are equal to its altitude 
GH. Therefore in this case, 

Trapez. ABCD ^\GH {AD + BC). 

If the whole of a polygon can be divided 
into such trapeziums, then its area may more 
easily be ctdculated. This is the • case in 
fig, 35, when the lines ABy CD, EF, GH, 
IK, are all parallel to one another. Thus 
then, when ae is perpendicular to these sides^ 
the area of the polygon » 




yy. 




?-^ ,B 



\l 






^.N 




\e \F 

Jrg,35, 



,rab (AB+ CD) + be {CD + EF)'\ 
* L+ erf (JS;F+ GII) + de {GH-\' IK) A' 

If the points A, B meet in M, as also the 
points /, ^ in iV", so that, instead of the jp 
trapeziums A BDC, GHKI, we have the 
triangles CMD, GNH : then both AB and IKsxO, and we find the area of 
the figure » 

r ab.CD-\' be (CD + EF)'\ 
* t+ ed {EF+ GH) ^de . GH)J' 

m 

If, besides, the distances between all these parallels are the same^ or 
ab ^ be ss ed sa de, then the area = 

ab{CD + EF+GH), 

Consequently we find the area of the figure, by multipljdng the sum of all 
the parallels by the equal distances. 



SECTION XXVI. 

PaoB. From the two sides of a triangle^ and the angle con- 
tained by them, to find the area of the triangle. 



CdKST. Let ABC be the giveto triangle (fig. S6)y of 
which the sides ABj AC, and 
the angle BAC, are given: find 
its area. Let AC^a, AB^^ib^ 
JL BAC = a, and the required 
area of the triangle =: q. 

« 

1. Draw the perpendicular BD : then 

BD^b Sin. a. 
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AC . BD ab Sin. a 



a. Therefore AABC=z 



or q =■ 



2 2 

ab Sin. a 
2 



CoE.*l. Hence it follows : that two triangles, which con- 
tain one angle in the one equal to one angle in the other, are 
as the products of the sides which include these triangles. 

Since every parallelogram is divided into two equal parts 
by its diagonal ; consequently this rule likewise obtains for 
parallelograms which have one equal angle. 

CoE. 2. From the equation q = , we get 

2q J 2q ^. 2q 

a = j--^ — , b = —^ — , Sin. a = -f . 
o Sin. a a bin. a aJb 

The calculation of all these formulas is most easily effected by 
means of logarithms. 

Exam. 1. One side of a triangle measures 257^. 9^^ the 
other S5&. S^\ and the an^le contained by these sides 25°. 
IS': what is the area of this triangle .? Ans. 19574*46 Q'j 
or 19574 D'' 46 D''''. 

Exam. % The area of a triangle is 27534 D"") one of its 
sides 67'* S^\ and one of the two angles, which are adjacent 
to this side, 121^. 5^ : what is the other side which is adjacent 
to this angle? Ans. 9^S\ 4/^. S''. 

Exam. 3. The area of a triangle is 1254 D^ 26 D^^ one 
of its sides = 138', and the other = 5Q' : what is the angle 
included by these two sides ? Ans. 17°. 56\ 40''. 3, or l62°. 
3'. 19", 7. 

Remark. The double values of the angle in the last example arises 
from this ; because two angles which together are equal to 180^, belong 
to the same sine. Consequently there are always two triangles, having 
a given area and two given sides, which may be easily represented alge- 
braically. 

Let a and b (jig, 37J be the given sides^ and the ^iven area of the triangle 
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a^. Assume one of these two lines, ...-•*';»'" *oZ**'x 

say a, as the base of the triangle, t^ ..•''' J^' *^'^ '*•.._ jy 

and make ^C= a;. with the radius J^^" .^^^^^»-^^_;^,-..g 

CF = d, describe the semicircle y^f "^^;^^--'' y^ \: 

/»J5£;, and from Ey in which it y^^^i^ ^^^'^X ^ 

meets ^C produced, draw the per- i^ — ^f ~q "j^ 

pendicular Ee = -i, then Ee is the 

a ff' 

altitude of the triangle (§ XXIV, ^ 

Cor.) . Then draw eB parallel to AE, 

and from the points By D, in which these cut the semicircle, the lines CB^ 

CDy ABy AD ; then ABC, ADC are the required triangles, because tliey 

have the required altitude, and the given sides. Now, in the isosceles 

triaiu^les BCD, the angles CBD, CDB, are equal ; further, because eB is 

paraUelto AEy DBC ^ BCA, and BDC ^ DCE: consequently also 

BCA = DCEy and .*. ACD + ACB = ACD + DCE =2/2. 



sfeCTiON xxvn. 

P&OB. From the two given angles of a triangle , and one of 

its sides, to find its area. 

SoLUT. In the triangle ABC (fig. S6) there are two 
angles given, consequently also the third, together with the 
side AC.; required to find its area. Let BAC = a, -ABC 
= ft ACB = 7, AC = a, and the required area = q» Draw 
BD perpendicular to AC : then 

1. Sin. : Sin. y =r a ; AB 

Sin, jS 

2. In the right-angled triangle ABD, whose right angle is 
at 2), 

Sm. /? 

3. Therefore q = ^AC.BD = ^' ^^,^ ^'''' ^ 

^ ^ 2 Sin. g 

This formula is most easily calculated by means of loga- 
rithms. 

CoRt If the triangle be an isosceles one, then we have 

F 
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1. When jS = y, ^f = ^ a^ Sin. a. 

2. When a = 7, then jS = 180^ — 2a, and therefore 
Sin. ff = Sin, 2a = 2 AStn. a Cos. a, consequently 

Exam. 1. When a = 38^ 4(y, = 83^ S(/, consequently 
y = 57°. 50^, and a = 12(K; then the area of the triangle is 
3832.61 D''. 

* 

Exam, 2. When a = 128^ 25^ g= 27^ 5^ .-. 7 = 
24^ 30^, and a= 135^: then the area of the triangle is 
6503-19 n^ 

Exam. 3. When a = 37'. 5^ 24^^ /S = 67°. 45^ 23^ 
.-. 7 = 75^ 9\ 13^^ and a = 435^^: then the area of the 
triangle is 595S7'S6 D^ 



SECTION XXVIII. 

Pkob. To Jind the area of a triangle from its angles and 

altitude. 

SoLUT. In the triangle ABC (fig. 36) let the angle 
BAC = a, ABC = ft ACB = 7, and the altitude BD==h 
be given ; let the required area = y ; then 

3. By § 24, Cor., JC = ?^. 

h 

3. If we substitute 2 in 1, we then get 

__ 2g^ Sin, a Sin, 7 

and.-, ,=_i!j^!hl_ 

^ 2 aSVw. a Sin. g' 
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Exam. When h = 357i^ « = ^1°- IS'. 7^^ ^ = 106^. 
41^. 53^^ then ^f = 176203-6 D^ 



SECTION XXIX. 

F&OB. To find the area of a triangle from its three sides, 

SoLUT. In the triangle ABC (fig. 36), the three sides 
JBf ACy BC are given, and its area is sought. Let 
AB = a, AC = i, BC = c, and the area = q. 

1. We know from Trigonometry, that 

<?^a^ -^-l^ ^^abCos. A 
a2 4- &2 - c^ 



Cos. A = 



2. Hence we obtain. 



^ab 



2ab 9,ab 

(^a ^-h -\- c^ia-\-l -- c) 



1 — Cos, -4=1 — 



9,ah 
fl2 + y - c^ _ c^ - (fl ,^ ft)« 

2a6 "" 2a4 



^{c -\' a — h) (c — a 4- i) 

3. The multiplication of these equations gives 

1 - Co«.« ^ = (g+^ + ^) (fl + &-c) (c + fl-6) (c-fl4-&) 

4ia^l^ 

or, when we substitute Sin.^ -4 for 1 — Cos.^ .4, and K for 
the number of the fraction on the right side of the equation, 

Sin.^ A =-r-?r5» and Sin. A =-r— !• 
4a'4^ %ah 
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4. But by § 26» q^ --^— - ; we have therefore 

k/K 

From this formula we deduce the following rules for finding 
the area of a triangle from its sides : 

^ « 

1. Add all the sides together. 

% From the sum of every two sides subtract the third. 

3. Multiply the sum obtained from 1 by the three remain-- 
ders obtained from % 

4. From the product subtract the square root^ and divide 
this root by 4. 

The actual calculation^ when a, i, c, are not very small 
numbers J is most easily performed by means of logarithms, 

CoR. When the triangle is an equilateral one, a:3zb:=ic; 
consequently 

^■^ 4 "■ 4 
When it is an isosceles triangle, let c = &, then 



^/a^ (26 4- a) (2i — a) a ,-— — — 

?== ^^ -^ '" = ^^^26 + a) (2b - a) 

Exam. When a = 563^, b = 295^^ c = 387^, then a = 
53447*73 D^ 



SECTION XXX. 

Fbob. From the four given sides of a trapezium^ of which 
two are parallel to one another^ to find its area, 

SoLUT. Let AB^ DC (fig. S%) be the two parallel sidei 
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of the trapezium ABCD, and AB 
= a, BC-b, CD-c, BA^A. 
Draw J5iS pardlel to -4/>, and for 
shortness sake, put CEz:ic—a=^f: 
then 



1. In the triangle BEC, BC^b, CE:=f, BE ^ 
AD = d; consequently, by the foregoing §, 

ABEC^Wib + d+f) (b + d-'f) {b^f-d{ (d+f-^b). 

% Draw the perpendicular PQ: then this is the altitude 
both of the trapezium and the triangle ; we have . ' • 

Trapez. ABCD -^PQ {AB + CD) (§ 25, Remark.) 

and A BEC = ^ PQ . CJS, consequently 

Trapez. ABCD : A BEC = ^PQ (AB+ CD) : iPQ . CE 

=: AB'\-CD: CE=:d + c :f 
and .*. 

Trapez. ABCD = ^-^ A BEC = 

±^^(b + d+f) (b + d-^f) (M/-rf) (d+f^b) 

Exam. When a = 324^ b = 137/, c = 431^, d = 122^ 
then^f = 44079-76 D^ 



SECTION XXXI. 

Pbob. All the sides of a quadrilateral^ whose opposite angles 
are together equal to two right angles (about which, con- 
sequently, a circle may be described), are given: required to 
find its area. 

SoLUT. Let ABCD (fig, 39J be the given quadrila- 
teral, in which, agreeably to the q 
hypothesis, ABC + ADC = %R. ^ 
LetAB=ayBC=b, CD^c.DA^d. 
The unknown angle ADC=^<p, and B 
.-. ^J5C = 180*^ — 0. Draw the 
diagonal AC; then 
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1. In the triangle ADC^ 

A(? = (^ + d^ -2cdCos.<l, 

and in triangle ABC 

AC? =a^ + b^ + 2ab Cos. <p 
(because Cos. ABC = Cos. (180'' — 0) = — Cos. ^.) We 
have .*. 

a^ + 62 + 2 a6 Cos. ^=:c* + <P— 2c(i Cos. ^ 

c2 _|_ iP — flS j« 

and consequently Cos. ^ = — 2^6 + ggd — 

S. Hence we get 

c2 + 2cd + £P - o^ + 2ai — 6* 
1 + Co*. <h = ^ , . ^ , 

"" 2a6 + 2cd 

_ (c+d4-fl — ^) (c + ei--g +6) 
"" 2a6 + 2cd 

further 1 — Co*. = 5 — -i 

^ 2a6 + 2cd 

(fl + 6)2 - (c - d)g 
"" 2a6 + 2cd 

(a + 6 + c — rf)(a + 6 — c + <Q 
"" 2a6 + 2cd 

S. The multiplication of these two equations gives 

1 — Cos,^ ^ = Sin.^ ^ = 
(fl + 6 + c — d) (a+6— c+rf) (c+rf— fl+6) (c-fd+q— 6) 

(2a6 + 2cd/ 

or, when we substitute K for the numerator of the fraction 
and extract the root from both sides, 

Sin, <h =: — ; 

^ 2a6 -f 2ca 

4. Now A ADC = ^^ ^^'^' ^ 

2 
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and A ABC = ^^ 'S'm. (180" — 0) _ ah Sin. » ^ 

amsequently trapez. ABCD = ^^ ^ ^ — !?lZj 

or, when for Sin, ^ we substitute its value in 3, 
Trapez. ABCD = — = 

iV'Ca + i + c-d) (a+i + d-c) (c + d + a-i) (c + d + i-a) 

The rule obtained from this formula for the calculation of this 
kind of quadrilaterals, may be expressed in words in the 
following way : 

Add every three sides of the figure together^ and always 
subtract the fourth from their sum ; then multiply the four 
remainders together, extract the root from the product y and 
divide the root by 4. 



SECTION XXXII. 

Prob. To find the area of a quadrilateral, in which two 
opposite angles are equal, from its four sides* 

Const. Let ABCD (fig. 40^ be A quadrilateral, in 

which the angles BAD, BCD are JBk ^-^ — ^^6* 

equal, and ABz=a, BC=b, CD^^c, I \ ^ 

DA—d, therequured area ^ q. Put | \j^^^' 
the unknown angle BAD=^ BCD:=ili : 
then in the A BAD 

BD^ = a2 4, d2 - ^ad Cos. ^ 

and in the ABCD, BD^ = 1^ + c^-2bc Cos. <p 
consequently a^ + d^ — 2 ad Cos. ^ =: J^ + c^ — 2 ic Cos. ^ 

An. a'-\-d^-b^-<^ 
^••- ^^'»= 2ad^2bc ' 

If we proeeed now as in the foregoing §, we at last obtain 

- i<^-^ 6c / r(a + fr + c + d) (a + 6 - c — d)l 
^ "" ^ad -^bc^ L(a + d - i - c) (ft + d - a -- c)I 
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Exam. Whena=37°, 6=31°. 7^ c=29', d= 16^. 14^: 
then 9 = 7130677 D'. 

Remark. In this example, two of the factors, which are under the 

radical sign of the expression found for q, are negative; for we have 

a-\-d-'b—c = —S, 3, and 64-^— a— <^b — 16. 9. But since two negative 

magnitudes g^ve a positive product, we consequently can omit entirely the 

sign — . Further, for this example, the denominator of the fraction 

ad -^ be 

—-Z — T-, is negative, and consequentiy the fraction itself ; but in this case 

also it is not necessary to retidn the negative sign, because the magnitude 
under the radical sign may be assumed to be either positive or negative. The 
problem may also be impossible^ as, for instance^ when we assume as 17^-, 
ft=23S c=27o, «f=40^ 



SECTION XXXIII. 

Prob. To find, the area of a triangle from its sides, when 

one of its angles is a right angle. 

Const. Let A BCD (fig. 4:1) be the quadrilateral^ 
and BAD a right angle. Further, let c 

AB = a, BC = i, CD = c, DA =: d, 
and the required area =9: then 

1. BD" == a2 + ^2 (Euc. I. 47), or 
f^=a^ + d^y when, for the sake of brevity, 

we put BD =f 

2. In the A BCD .*. all the three sides are known; 
we consequently have, by § XXIX, 

ABCZ)=iv/(*+c+/) (i+c-/) (b+f^c) (c+f^b) 

3. Since BA is perpendicular to AD, the 

ABAD=:iad, 

consequently, because trapez. ABCD=ABAD+ABCD 

q=:iad+lV(b + c+f) (6 + c-/) (b+f-c) (c+f^b) 

Exam. When a = 28^ b = 32^ c = 41^ d = 39^, then 
/= 480104, and q = 1194-3332 D''. 
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SECTION XXXIV. 

Pbob. To find the area of a quadrilateral from its two 
diagonals, and the angle which they include. 

SoLUT. Let ABCD (fg. 4i2) be the given quadrilateral 
and JC = a,BD = h, jL AZD ^b a 

= a, 

( 

1. Through A, JB, draw the • x . j- ,^ 
Jines EF, HG, parallel to the .|/ ..jzf{^ v 
diagonal BD, and through B, D t^ ■ —"^6' 

the lines FG, EH, parallel to _/ ^ , 

AC; then AFGC, AEHC aie ^' D' ^ 

two paraUelograms^ and the triangles ABC, ADC are their 
halves. The quadrilateral ABCD is .*. the half of the 
parallelc^am EFGH, and consequently, if we suppose the 
Une FH drawn, equal to the triangle FEH. 

8. But by § XXVI, since EH ^ AC = a, FE = BD 
= 6, and A FEH = AZD = a, 

AFEH:^^!^^; 

2 

consequently also Trapez, ABCD = 1— . 

Cob. Consequently every quadrilateral is equal to a 
tnangle, in which two sides are equal to the two diagonals of 
the quadrilateral and the angle included by them is equal 
to the angle of the quadrilateral opposite their intersection. 
In this case it is also immaterial, which of the two angles 
AZD, DZC is taken for the angle of the triangle, because 
both give equal triangles (§ XXVI, Remark). 



SECTION XXXV. 

Prob. In a qtiadrilateral, three angles, consequently also 
the fourth, and two opposite sides, are given : required to 
find its area. 

SoLUT. Let ABCD (fig. 4i3) be the quadrilateral figure, 

G 
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and AB, DC^ the given sides. 
Let AB = a, CD = &, DAD 
= a, ABC = ef BCD = 7, 
and ^DC=:360°— (a + g + y) 
= 8 ; the required area = q. 
Produce the two unknown sides 
AD, BCy till they meet in E. 

1. In the triangle ABE, the two angles EAB = «, 
EBA = g, and the side ^U = a are given ; we hare .'. 
by § XXVII, 

A ^ T^ T^ «^ fSin. a Sin. & 
A AEB =z — r — — — , 

(because ^yin. AEB = ^ym. [l 80° - (a+0)] = ^'m. (a+^). 

2. In like manner, we find 

A /-f n TV i^ *S'/». 7 aSiW. 8 

A CED = -r-FT^ — 7 — TTix-j 

(because CD = 6, ^ym. DCE =z Sin. (180'^— 7) = &Vi. 7, 
/Jm. CDE = ^y/n. (180° - S) = Sm. S). 

S. Now since Trapez. A BCD = A AEB — A CED; j 
therefore 

_ a^ Sin. a Sin. — b^ Sin. 7 Sin. S ^ 

^ ~ 2 ^y/w. (a + 0) j 

Remark. The calculation will be most easily performed by finding eacli ! 
of the triangles ^EB, CED separately, and subtracting the areas thus ■ 
found from one another. j 

Exam. Let a = 5S6\ b = 379^ a = 83^ 28^, g s ! 
69^ 34'', 7 = 102*^.20^: then q = 145209-1 D^* 

SECTION XXXVI. 

PiiOB. To find the area of a trapezium with two paraM 
sides J when its . j'jtude^ one of the parallel sides, and ike 
two angi^ - ' Jo it are given. 

= 28' 
SoLUT. Z^Lsjg^D (Jigs. 44, 45 J be a trapezium, haying 
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two parallel sides AD^ BCj B P E P 

and PQperpendicular to these 

sides. £et the side AD^a^ 

the altitude PCt:=^h^ and the 

L BAD = a, ADC = S, 

the required area =s q. 

Draw AE parallel to DC, 
which intersects the line BC j!; p B P 

in £• This point falls either 

OD the line JBC itself (fig, 44), 
or upon BC produced (fig. 
45 J. The first case obtains, 
when a+S ^ 212, the second, 
when a + S < 2 R. 

FiT^ Qmt, 1. In the A ABE (fig. 44;, the Z. ^J5£ 
= 180" - a, AEB = BCD = 180^ - ^yBAE = B^D 
+ ADC rr (E^D + ^DC) = a + 8 - 180°; conse- 
quently iSVn. ABE = <ym. a, /Jin. AEB = Sin. 8, Stw. 
BAE^- Sin. {a + 8), and .-. (§ XXVIII) 

AABE^^''f'^\^.% 

Z Sin. a Stn. b 

2. The area of the paraUelogram AECD = ah. Now, 
since Trapez. JBCD = JECD + A ABE ; then 

.S'ecoiu; Case. 1, In the A ABE (Jig. 45^, ABE = 
5^2? = «, AEB = ADC = 8, BAE = IsC-Ca+S) ; 
eonseouentlj Sin. ABE = iytn. «, Sin. AEB = Sin. B, 
Sin. BAE=8in. (<» + 8) and therefore (§ XXVIII.) 

A ABE = f f • %+ ^) 

2. The area of the parallelogram AECD = ah. Now 
since Trapez. ABCD = ^£CJ9 - A ABE; therefore 

_ , _ A^ Sin, (a + g) 
We find .•. for the area of the trapezium, one and the 
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same expression, whether the point £ be in the line JBC, or 
this line produced, as might, indeed, have been expected 
from the generality of the trigonometrical and algebraical 
formulae. 

Cor. When a + 8 = 180% then Sin. (a + 8) = 0, and 
q = dhy which indeed must be the case, because in this case 
the trapezium is transformed into a parallelogram. 

When a + 8 = 90\ Sin. (a + 8) = 1, and Sin. 8 = 
Sin. (90° — a) = Cos. a ; consequently 

^ah^ ^' = aA « -f^— 

^ 2 Sin. a Cos. a Sin. 2 a 

Exam. 1. Let a = 117°. 3&, 8 = 135°. 29^, a = 257', 
h = 87'. Here a + 8 = 253°. 5^ and Sin. (a + S) == 
"Sin. 73°. 5/; further Sin. a=Sin. 62^24:^^ Sin. S=:Sin. 
44°. 31; .-. 

^ = ^^^-^^ + .si^^l;.Lsi^ = ^"««-^« °' 

Exam. 2. When a = 37°. 18^, 8 = 52°. 42', a = 350', 
A = 34', then 9 = 10700*95 D'. 



SECTION XXXVII. 

Pros. In a quadrilateral three of the sides in successiam^ 
and the angles included by them, are given : required to fid 
its area. 

SoLUT. In the quadrilateral ABCD (fg. 43 J three 
sides are given, viz. CB = a, BA = b, AD = c, and the 
angles DAB = a, ABC := g. Produce the sides JD9 
BCy till they meet in E. 

1. In the triangle ABE, the angles DAB, ABC, and i 
the side AB, are given ; we have . • . 

RP ^ i Sin. a Av ^ ^ *^^^' ^ 



Sin. {a + 0Y :Sin. {a + 0) 

^5^ ^ f f n a Sin.& ^^yj 
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S. Hence we obtain 



BE^AE'-AD^ 



and . ' . 



h Sin. a 
Sin. {a + 0) 

h Sin. P 
Sin. {a + e) 



— a 



— c 






«] [ii^-']*'^-(«+« 



(«+^) 



(§ XXVI). 



3. Consequently 
Trapez. ABCD = A ABE — AC2?JE = 
i [ab Sin. $ + be Sin. a-^ ac Sin. {a + 0)\ 

Cor. If AD be parallel to jBC, then we have a-f- jS= 180^ 
and Sin. j3 = &». a, &». (a + g) = O ; . •. 

Trapez. ABCD = i^ (a -t- c) &». a. 

Exam. Let a=287^ 3, 6=205^ c=l67^ 4, a=75°. 18^, 
/3 = 49^ 36^ Here we find ^ aJ /Sm. g = 22425-96; 
i fc Sm, a = 16590-51 ; ^ ac Sin. (a -f- jS) = 1974219 ; 
.-. Trapez. ABCD = 1927428 D''. 



SECTION XXXVIII. 

Prob. To find the area of a regular polygon^ from the 
number of its sides, and the radius of the circle described 
about it, or within it. 

SoLUT. Let AB (fig, 46J be the side of a regular 
polygon of n sides, the radius of a cir- 
cle described about it, CA = CB = r, 
the radius of the circle described within 
it CN = p, and the area of the poly- 
gon = P. 

1. Since the polygon has n sides the 

i. ACB = -^^j and . • . (§ XXVI), 
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360« 



A ACB = i r2 Sin. 



consequently P =^ ^nr^ Sin. 



n 
n 



2. Since ACB = — , therefore ACN = ^ACB=^—, 

n n 

n n 

A ACB = p2 Tan. ~ 

n 

jPss np*Tan. . 

^ n 

Exam. I. What is the area of a Nonagon, when the radius 
of the circle described about it, is 5'^ S^^^ ? Ans. 97*3052 D^^- 

Exam. S. What is the area of a Quindecagon, when the 
radius of the circle described within it is 9^"^ ? Ans. 252*6127 D^^ 
or 2-526127 D^ 



IV. PARTITION OF FIGURES BY ALGEBRA. 



SECTION XXXIX. 

FuoB. From a given point in one of the sides of a triangle, 

to divide it in a given proportion. 

SoLUT. Suppose the triangle ABC (Jig. 4>7J, from the 
point A divided by a line 2?i: in such ^^ 

a way, that the whole is to the part 
DBEj2i&m:n. Let-^JB=a,i?C=i, j)^ 

AC-c, BD=:d. 




1. If we knew how to determine 
the point E, we could draw the line 

DE. Let.'. BE =x. By § XXVI, j[ jr-^ 

Cob. 1, 

A ABC : A BDE = AB . BC : BD . BE, 
or m : n = ab : dr, 

nab 



• • X ^!^ 



md 



S. If in the calculation of this expression^ BE is found to 
be greater than BC, this indicates that the line of division 
does not meet the side BC. Let .• . D E be the line of divi- 
sion, and-^F=^; then again, by § XXVI. Oor. 1. 

A ABC : A ADF= AB . AC: AD . AF 

= ac : (a — d)y 
But according to the hypothesis, 

AABC:BDFC=: m : n 
and .•. A ABC : A ADF = m : wi — n 
consequently m :m^n^=ac:(a'-'d)y 

and (m-n)ac 

•^ m (a — d) 
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Exam. 1. Let AB = 74^ BC = 47^ AC = 68^ 
BD = 19^ 3^^ : from the point D in the triangle ABC^ 
from B towards C, cut off a part, which is to the whole 
triangle, as 7^ : 48. In this case the point E is in BC^ and 
BE = 26^-2802. 

Exam. 2. But if from this triangle the third part be cut 
off, then the point of section is in the line AC^ and then we 
must assume AF^ 61^*3284. 




SECTION XL. 

Frob. To divide a triangle in a given proportion by a line 
which is parallel to one of its sides, 

SoLUT. Let the triangle ABC (Jig. 48 J be divided by a 
line DEf which is parallel to ACy in such a aR 

way, that the whole triangle is to the section 
DBEj as m : n. 

Since this is merely to determine the point 
D or Ef from which the line DE is to be 
drawn ; let AB = a, BD = x. 

1. Because the triangles ABC, DBEj ^ 
are similar, 

A ABC : A DBE = AB^ :BD^ 

or m : n rsi a^ : 0^ 

nxj? n 

consequently x = \/ — z=z aV — 

* "^ mm 

2. In the same way, when we put iSC=6, BE^y^ we 
find 

y ^h^J — 

971 

Exam. From the triangle ABC it is required to cut off 
the fifth part by the parallel line DE ; the line AB contains 
739 parts of a certain scale : how many of these parts must 
be taken from B towards 27, in order to determine the point 
D ? Ans. 330^ nearly. 
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Exam. £. From a field, which is of the form of the 
triangle ABC^ and which contains 14356 n\ it is required 
to cut off a piece containing 3958 D^ by a parallel line DE. 
When the side AB =s 573^: what is the size of BDf Ans. 
300'-867. 




SECTION XLI. 

pROB. From a given quadrilateral with, two parallel Mdes, 
to cut off, by a line parallel to these sides, a part consisting 
of a given area, 

SoLUT. Let A BCD (Jig>,^9) be the trapezium^ with two 
parallel sides AD, fiC, from which 
trapezium, by a line EF, parallel to 
these two sides, it is required to cut off / '\lfi£'^^' 

a part BCFEy whose area = q, 7?»/jJAx_ 

1 . Draw the perpendicular BH^ and 

BG parallel to CD, and let AD = a, , ^^_. . 

5C=i, and the altitude 5^ = A. If ^ ^ ^ TP 
we knew how to determine the point K, in which the lines 
BH^ jSJjF intersect each other, we could then draw the line of 
division. Let . • . BK = x, and EF = y. 

8. Since EI is parallel to AG, therefore 

AG : EI=:BG : BI =: BH : BK 
or a — h : y — b =^ h : x 

consequently (a — 6) J^ = Cv "" ^) * 

8. Trapez. BCFE = ^ (j^ + i) ^ = 9 

consequently {y + b) x = 2q 

4. Therefore the two equations 2 and 3, when solved, give: 

H 
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Exam. Let a = 76^ b =s 36\ h ^ %S\ and .*. the irea 
of the trapeuum s=ld88a^;it]8 required to eat off from 
it a part containing 560 Q^ : what is the length of the line 
of section Ef\ and its distance from BCf 

Ans. i5?i^=: 56^*954, andi?^= 12048^. 



SECTION XLII. 

Prob. To divide a trapezium with two parallel sides, in a 
given proportion, from a given point in one of its sides, 

SoLUT. Let A BCD (fg. 50 J be the tri^pezium, which 
from the point T is to be divided /i^iSO 

Inr a line TE in such a way, ^' 

that the section ABET is to the 
whole trapezium, as n : m. Let 
JD ^ a, BC = bj AB^ c, 
CJO = d, AT^f. 

1. Put5^=jr; then, because j[^ 
the altitudes are equal, by § 
XXV, Remark, 

Trq«2. ABCD : Trapes. ; ABET aa + b.f+x; 

but Trapez. ABCD : Trapez. : ABET ^ m : n 

consequently a 4- i : f ^r oc := m : n 

_ n {a + b) J. 

m •' 

2. If X in the course of the operation be found to be 
negative, this indicates, that the point E is not situated in 
jBCVbut in AB. In this case, let TFhe the line of section, 
and AF=Lt/. Draw BT; then 

Trapez. ABCD : A ATB ^a + b:f 

and AATB: AATF= c :y; 

consequently Trapez. ABCD : AATF=: c (a+b) :fy. 

But Trapez. ABCD : AATF^ m : n 

consequently c (a + b) : fy ^iz m : n 

_ nc (g + A) 




. » 



^ = „,/ 
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3»^ If in 1 X be found greater than &, this indicates that 
the line of section must fall in CD. Let .*. TG be the 
line of section, and DG ;= z. Draw CT ; then 



I. ABCD : A CTD z=:a + b:a-f 
and ACDT:AGTD:=i d : z 

consequently 

Trapez. ABCD : A GTD = cjf (a + ft) : (a-/) z. 
But according to the hypothesis, 

Trapez. ABCD : ABCGT -m:n 
and .-. Trapez. ABCD : A GTD = w ; m - n. 
We have . • . 

d (a+ b) : (a — jQ « = m : m — » 

and z = (^-^)(^ + ^)^ 

m (a -y) 

Exam. Let a = i 12^ J = 80', c = 45^ d =s 40^, /=s 80\ 
If it is required to cut off the third part from the trapezium, 
assume BE=ixss34!\ and draw TE. If the tenth part is 
to be cut off, assume AFszy=2S^'S9 and draw TF; but if 
|ths of the trapezium are to be cut off, assume DG =: z = 
Sb^'H^, or thereabouts, and draw TG. 



SECTION XLIII. 

Paob. To dimdz a trapezium having two parallel sides in a 
given proportion^ from a given point not in the parallel 
sides. 

SoLVT. Let ABCD (fig, 51) be the trapezium ; AD, 
BC the parallel sides, and T 
the point from which the line 
of section is drawn. 



First calculate the triangles 
ATD, CTD, BTC, with re- 
ference to the trapezium ; then 

from the magnitude of these 

triangles, and from the magni- ^ E 

tude of the part to be cut off, we may easily judge whether 
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the point E in the line of section TE, fells in AD^ CD^ 
or EC. Let .-. JD == a, BC^b, TA = c, TB z= d; 
and the area of the trapezium = A. 

1. If we draw the lines AC^ BD, then we find, by similar 
conclusions to those made in the foregoing §, 

(a + b) (c + a) 

(a -{-b) {c + d) 
A CTD=^ Trapez. ABCD - A ATD--A BTC 

ad + be J 

2. If it is required to cut off a given part from the trape- 
zium, it is only necessary to divide one of these triangles, firom 
its vertex T, in a given proportion, which, by § X, is done 
by dividing its base in this proportion. The following ex- 
ample will elucidate this. 

Exam. Let a = 120^, b = 98^ c = 46^ d= SV ; also 
A ATD = 0-3288.^, A BTC- 0-1810.^, A CTD 
= 0*4902 . A, If it is required to cut off the fourth part of 
the trapezium, ot \ A = 0'25 . A^ we must then divide AD 
in JE, so that AV : AE = 3288 : 2500, and then, if we 
draw TE, TAE is the fourth part. If it is required to cut 
off frds of the trapezium, or f -4 =0*6666 . Ay we must in this 
case add a A DTF=^ 0*3378 to ATD, and consequently 
divide DC in F, in such a way, that DC: DF^^QOi : 3378; 
then A TFD will be the part required. If we wish to cut off 
the |th part, or | ^ = 0*8888 . ^, we must, because A ATD 
+ A DTCj=i 0-8190 . A, add a A CTG = OO698 . A 
to the quadrilateral ATCDy and consequently divide BC 
in G, so that BC : CG = 18 10 : 698 ; then A TG CD will 
be the part required. 



SECTION XLIV. 

Prob. From a given point to divide any trapezium in a given 

proportion. 

SoLUT, Let ABCD (Jig, 5%) be the given trapezium, 



BY ALOEBBA. 5S 

and T the point from which » /:* >rp 

the Une of division TE ^ '^ "^^ 

is so drawn that trapez. 
ABCD : ttVLi^z. DCET =^ 




T D 



1. Produce the sides JBC, AD vM they meet in Z, Since 
the trapez. ABCD is given, the lines AZ^ BZy CZj DZ^ 
may also be determined. Let .*. AZ^a^ BZ^b^ DZ^c^ 
CZ = d. Since the point T is also given, let ZT^f, 
In order now to determine the point E^ we put ZE ^ x» 

% By § XXVI, Cor. 1, 

A BZA : A CZD = ah : cd 
.'. A BZA - A CZD : A CZD = ab^cd : cd 
or trapez. ABCD : A CZD = ab -^ cd : cd 

3. In like manner 

A EZT : A CZD =fx : cd 
.-. A EZT - A CZD : A CZD -fx - cd : cd 
or trapez/ DCET : A CZD =/x - cd : cd. 

4. From S and 3 we obtain 

Trapez. ABCD : trapez. DCET= ab — cd :fx - cd ^ 

But trapez. ABCD : trapez. DCETz= m : n 

consequently ab — cd :fx — cd =: m : n 

- » (a6 — cd) cd 

and X = 7: + "7« 

W J 

Exam. Let a = 200^ b = 178^ c = 112^ d = 120^ 
/= 140^, and it is required to cut off fths of the trapezium. 
Assume ZE = 155^, and draw TE ; then DCET is the 
part required. 
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SECTION XLV. 

Peob. To divide a quadrilateral^ which is already dimded 
by a straight line into two other quadrilaterals^ by another 
straight line, in such a way^ that from each of the two 
qu^idrilattralsf into which the whole figure is divided, parts 
may he cutoff containing given areas, 

SoLUT. The quadrilateral ABCD (fig. 63), which is 

divided into the quadri- j 

laterals EBCFy EADF, by ..^^--^^ j;^ ., 

the line EF, is required ^'^Jt-^U^ 

to be divided by the line ILy , / /^\"^ 

80 that the quadrilaterals, I — 1 1 ..r.lV^v:::..,,,. 

BEKI,EALK,mBjhaYe ^ ^ ^ If 
given areas. 

1. Produce the sides BC, AD, till they meet EF pro- 
duced in G and H. Since the trapez. ABCD, and one of 
its lines EF, are given, we can . * . assume the areas of the 
triangles BEG, AEH, also the angles BGE, AHE, and 
the hue GH as known. Now, since the areas of the trape* 
ziums BEKIf EALK are known, consequently also the 
areas of the triangles GKIy LKHaie known. Put there- 
fore A (^JT/ = p, ALKH = q, /LlGK^a, LKBL 
= ft and GB. = a. 

% If the line GKy and the angle GKI are known, we 
can draw the line of division IIh Put . • . GK = x, 
JL GKI^^. 

3. By § XXVII, 

j< r^v'T ^* 'S^*W. a Sin. 6 

A GKIzsz-—^. — i, 

2 iSin. (a + (ffY 

A r TTTj (^ "" ^y 'Sin. j3 Sin* 6 

Z\ LilLJtl = rr-; Z ^ » 

2 Sm. (jg + 0) 

Now since A GKI = p, A LKH = q, we have the two 
equations. 



BT ALGEBRA. 55 

3fi StTL a Sin, ^ sz 2p Sin. (a + ^) 
(a-^xy Sin. Sin, (ft =i2q Sin. (jS + ^). 

4. Expand Sin. (a + ^), Sin, (jS + 6) divide the first 
equation by Sin. a Sin. 0, and the second by Sin. p Sin. ^, 

and put Cat. «> Cot. 0, Cot. 6, for -,.' ■, ^. ' ■ . 
'^ ^ Sm. a! Stn. fi 

Cos ih 

' ^ • By these means the foregoing equations are trans- 
ain. ^ 

formed into the following ones : 

j:^ = 2/} {Cot. ^ + Cot. a) 
(a— jr)2 = 2 jf {Cot. ^ + Cot. jS). 

5. Hence by eliminating Cot. 0, we obtain 

^ ^ ^ — -- = Coe. jS — Cot. a 
%q 2p 

(a ^ xY a^ ^ Sin. (a — jS) 

oy j^ gqp ^^ gpg ^iw. (« - g) €?p 

P ^ 9 (P ~" f ) 'S^*^* « '^*^* fi P "" ? 

6. The solution of this equation ^ves 

v-jaL+ .r y!w , ^pg sin. {a -- 0) 1 

^ -p-g ^ ^ Up - ?)• (p - ?) &'». « Sin. Pf 
or xcE 



P 






7. Having found j:, ^ is also known^ for 



x^ 



Cot. A = Cot. a. 

^ 2p 

Cob. If a = |9, then jSin. (a — |9) = 0, and we obtain 

X = -iL- [p ± Vpj]. 
P- 9 
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If we put p = q, from the formula in 6, we obtain 

, consequently, either p = oo , or :r = g. The first of these 
two values cannot be used here ; the second is indeterminate. 
But for this particular case, we have from 4, the two follow- 
ing equations : 

3^ =z 2p (Cot. ^ + Cot. a) 
(a — xy = 2p {Cot, ^ + Cot. jS). 

If the second be subtracted from the first, we then obtain an 
equation of the first degree only, viz. 

2ax - a« = 2i, (Cot. « - Cot. g) = ^4^^^:-^=|> 

^^ "^ Sin. a Sin, p 

, p Sin. (a — jS) . , 

a Sm. a oin. p 

If besides in this case = a, we obtain x = ^, which is 
also easily inferred from the figure, because by reason of the 
equal angles, and the equal areas of the triangles GKIy 
LKHf it necessarily follows that GK = KH. 

Exam. A square field ABCD^ which consists of two parts, 
the part EBCF of pasture, and the part EADFoi arable 
land, is required to be divided by a line /£, so that the part 
BEKIy which is cut off from the pasture-land, has. an area 
of 2600 D®, and the part EALK^ which is cut off from the 
arable land, has an area of 2900 D^ 

Let CGF = a = 40\ 40^, AHE = g = 18°. %& , GH^ 
11 = 228^ A5-E6^= 480D", A ^iE7iI= 6488 n°; .'. 

A6^jrJ = p= 3080 n«, A£ir5'=9= 3588 0°. The 
calculation is effected in the following way : 

9.pq (q -^ p) Sin, {a •- g) _ 
a^ Sin. a Sin "" 

then 
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The calculation by means of logarithms gives 

log. u = [log. 2p + log.q + log. (q-'p) +log. Sin. («— |S)] — 
[2 log. a + log. Sin. a + log. Sin. 0] 

= [log.6l60 + log.S588 +log.508 +log.Sin.22'^14/]'-' 
[2 log. 228 + log. Sin. 40° 41^ + log. Sin. 18° 26^] 

= 9'6282243 ■— 4-0298522 = 5-5983721, 



» • 



u = 396617-63 ; V (pjf — w) = 3264-11 

228 
andx=— [3264.11-3080] = 82-63. 

Of the two values found for x, only the first can be used 
here, because the second is negative. 
Hence we further obtain 

x^ 

Cot. A = Cot. a = 1'10839 - 1*16397 = — 005558, 

2y 

and.-. ^ = 93° 10^ 

If .• . we make GK = 82°. 6S\ and through K draw the 
line /£, forming an angle GKI^93\ 10^, then the required 
part is cut off. 

Remark. The problem here solved is of the greatest importance to the 
practical surveyor. A similar problem is to be found in Lambert's learned 
German Correspondence, published by J. Bernoulli, 2nd vol. (1782), p. 412; 
aho in Von Tempelhof s Supplement to Clairault's Rudiments of Algebra, 
(Second Edition, 1797), p. 225. 



V. GEOMETRICAL DETERMINATION OF 
HEIGHTS AND DISTANCES .♦ 



SECTION XLVI. 

Prob. To determine the distance between two fAjecUy whn 
there is an obstacle between them, as a sea, a fnorass^ or 
mountain^ the distance between them not being known, wndat 
the supposition that there is a station, from which we can 
measure the distance to these objects in a straight line. 

First Solution^ 

1. Let ^ and ^ Cfig. 54/ be the two objeets, whose 
distance; from each other is re* 
quired to be found. Take a 
station C9 from which the dis- 
tances to ^ and jB nsay be mear 
sured ; measure the distances CA, 
CB, and from these last back^ 
wards measure off the same 
spaces towards 2^ and J?, make 
Cp^CA^CE^CB. If, after ^^^ 
this, we measure the distance DE, so that AB = DE, or, 
make Ciy^CA, CE^CB, then siso AB=iyE\ 

2. If the distances CA, CB are very great, and if it be 
impracticable to measure them backwards by reason of impe- 
diments, take merely an equal part of the two distances, the 
half^ the third, fourth, or in general the nth part ; measure 
off these parts backwards from C towards a, b, or forwards 
from C towards a, p ; then ab, or off, is the same part of the 

* The problems in this chapter must properly be considered merely as 
g«oa&etrical exercises (as appears from the mode of treatment already 
adopted), and conseqaently are not determined for surveyors only. 
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imknown distance ABy as Ca^ Gt Ca is of CAj and Gi, <» 
C^isof C5. 
The reason of this is easily seen. 

Second Solution, 

Again, A and B, (fig. 55) are the two objects, and C 
the chosen station. In the direction 
CB, make the distance CD = CA, and 
if it be practicable, measure AD. Let 
ACz=:CD = a, BC^h, AD -=. c, 
BD^=zb'^a = d:. then in the triangle 
ACB, 

A&t:zc?'hV'^2abCos.Cy ?7 

and in the triangle ACDy 

c* = 2a2 - 2a2 Cos. C, 
because ^C = CD = a. If we subtract the value of Cos. C 
from the second equation, and substitute it in the first, we 
then obtain 

^J52 = a2 + J2-2a6 + — 
= (a — ©)2 + — 




a 



= d« + f, 



and.-. -^5= a/(cP+ ^). 
Exam. When a = 50^, b = 76^, c=S2^, ^5= 47^* 249. 

7%ird Solution. 

If in the directions C-^, C5 (^^g*. 56)^ there are two 
points D, E, whose distance Z7£ can be ^ 
meaiured, then, when thd distances C^/^ '' 
CBf CD, CE are also measured, the ^. 
diatanoe of the objects A^ B may in like 
manner be determined. Let CA = a, 
CJ3 == 6, CZ> =: c, C£ = d, DEz=;c; 
then In the triangle ACBy 

AB^ = a^ + J2 _ 2^ (y^^. C^ 
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and in the triangle DCE^ 

^z=(?=zd^^QcdCos.C, 

and when wc substitute in the first equation the value of 
Cos. C firom the second equation 

cd 

Exam. When a = 30°, bz=iS5\ c=20^ d=15°, 6=13^, 
AB-9,S\ 

Fourth Solution, 

If we are provided with instruments for measuring angles, 
it will only be necessary (Jig. 56) to measure the angle 
ACB^ and the distances CA, CB. Let CB ^a^CA^ i, 
Z. ACB = a; then 

ABz= ^ (^c? + I^-^2ab Cos. a). 

But we can also first determine the angles CAB, CBA. 
For since CAB + CBA = 180° — a, .•., by means of the 
proportion, 

, , . rn CAB + CBA ^ CAB - CBA 

a + b:a—b=Tan, : Tan. 

rr, 180^ — a rr CAB — CBA 

= ran, : Ian. 

2 2 

it will merely be necessary to find the difference between the 
two angles CAB, CBA. If the angles CAB, CBA are de- 
termined^ we then have 

j-n __ ^ *Sin» a a Sin. a 



Sin. CAB ■" Sin. CBA' 

CoE. If ^C = BCy we then find 
ABz=: >/(2a2-2a* Cos. a)=zaV 2 (1 -Cos. a) = 2a Sin. ^a 

If ACB be a right angle^ then Cos. a = 0, and . • . 

AB= ^(a? +1^). 

U ACB = 45°, then because Cos. 4>5\ = \/ ^, 

AB=z >s/(a2 + i^~aJA/2) 
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Exam. 1. When a =168^, 6=102^ a = 49°. 25', 
AB = 127''797. 

Exam. S. When a = 189^ 6 = 114f , a = 107'. 48', 
AB = 249'*295. 

Exam. 3. When a = 6 = 250^ a = 43V 50', AB ^ 
186'-629. 



SECTION XLVII. 

FaoB. To determine the distance between two objects^ when 

only one of them is accessible. 

First Solution. 



Suppose A (Jig. 57) is an inaccessible object, and B 
another, whose distance from 
Aitis required to find. 



B M 




1. In AB produced, assume 
any point JD, and find a station 
Cf nrom which both B and D 
are accessible ; measure the dis- 
tances CBf CD, and measure ^ 
these off backwards on CB, ^ 
CDy produced; then make Cd = CD, and Cb == CB ; 
then proceed in the direction db till a point a is arrived 
at, which lies in a straight line with A and C. If we now 
measure the distance ba, we then also have the distance AB, 
because AB = oi. 

2. If there be not sufficient space to measure off the whole 
of the distances CB, CD backwards, it will only be necessary 

to take equal parts of them, C8 = — CD, CjS = — CB, 

'^ n n 

then to proceed in the direction ^0, till we arrive at a point 

a, which lies in a straight line with A, C. If after this we 

measure Pcc, we shall then find AB from the proportion 

AB: Pa = CB : Cff = CD: CS. 
The reason of this method is easily discovered. 
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Second Solution. 

If we can measure from C towards A and B (fig, 57 ), also 
fiom i? towards A and C, and likewise the angles ACB, 
ABCf and besides these the distance BC, then 

p_ BCSin.ACB 
^ "■ Sin. {ACB + ABCy 

Exam. When 5C= 738^ ACB = 24^. 16^ 13^ ^5C 
= 31°. 5, ^5 = 368^-734. 

Third Solution. 

Let ^^ (^^. 58^ be the distance to be measured, from 

which the point B is only accessi- j ^ j) 

ble ; C a point beyond it, and D ^\~ 7 7 

a point in AB produced. ^\^^ / / 

1. In CD take any point E, fg-^^' ^-^ 
and proceed in the direction EA^ / 7^ 
till a point F is arrived at, which / / 

is in a straight line with 5, C ; 1/ 

then measure the distances BD^ ^ 

BF, FCy CEy ED : from hence ^ 

the distance AB may be determined. Let BD^a^ BF=^h^ 

CF^c,DE = d,EC=:e. 

2. Draw EG parallel to BD ; then because the triangles 
CGE^ CBD are similar, 

CD:CE^BD: GE 

or d + € .' e ss a : GE 

and CD : CE = BC : CG 

or d + e ; c = 6 + c : CG, 

consequently GE = t^, CG = ^^-±-^ 

FG = CF - CG = 4zi*5 

a + € 

3. The triangles £?FG, AFB, are in like manner similar ; 
we ••. have 

FG : GEz:^ BF: AB, 
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6S 



or 



ae 



cd— be 



d + e ' d + e 



T=b: ABy 

abe 



consequently AB =^ -^ jr« 

Exam. When a=:25(/y 6= 76', c= 13^^ d= 140^, 

JPour^A Solution. 



A^ain, let AB (Jig; 59) be a distanoe which is accessible 

only in B, but which cannot be pro- jy^ — tB 

duced in any direction. 




1.^ Take two stations C, D, which 
are^ in a straight line with JB, from 
which also both A and B may be 
seen; measure the distances CD^ CB^ 
and the angles ACB, ADB. Let 
-BC= a, CD = 6, ADB^a, ACB 



^. In the triangle ACD 

Sin. CAD : Sin. ADC = CD : AC, 
or Sin. (a — 0) : Sin. aszb : AC^ 

An ^ ^^^* * 

iStW. (a — g) 

3. But in the triangle ACB^ 

AE" = jBC^ -V AC? -2BC . AC . Cos. & 

^D9 9 . / bSin. a \* 2 db Sin. a Cos. 

\Sin. {a - 0)/ Sin. (a — g) ' 

^1 jTf /f 9 , f bSin.a' Y ^dbSin.aCos.pi 



Exam. Let a = 500', is 67', a s= 38°. 7', 0=iil\ 45'. 
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Here 



o^ = 250000 

2 



/ 6 Sin. a Y ^,^^^ ^^ 
[ sin. ia - J = ^'''''^^ 

^abSinaC^,e ^ 186081-46 
consequently AB = ^/ 135374*26 = 367^-932, 



SECTION XLVIIJ. 



Pros. To find the distance rf two objects from one another^ 

when neither of them is accessible. 

First Solution. 
Let AB (fig. 60) be the distance to be measured. 



1. Take a position C, extend the A 
directions ACj BC^ indefinitely to- 
wards D and E^ and bisect DE in F. 
Measure from JP towards A and B, 
and determine the points G, H, in 
which the si^t-lines FAj FBy cut 
thQ lines CD; CE. Then mea- 
sure the three sides of the triangle 
DCE, and the distances CG, CH. 
Let CD = a, CE = b, DE z:^ c, 
CG =::d,CH^e. 



2. Draw jy parallel to CE; then, because DE is bisected 
in F, Cf=i ia, G/*= ia — d, and because the triangles 
AGC9 J?Y?/* are similar, 




or 



consequently 



Gf: Ff = CG : AC 

ia-d ; ii =; d : AC 

bd 



AC^ 



a-^^dC 
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3. In like manner, when Fg Is parallel to CD^ we find 

at 



BC=z 



ft — 2c* 



4. After the lines AC^ BC have been found, it will only 
be necessary, by the first solution, § XLVI, to measure 
these lines themselves, or proportion^ parts of them, back- 
wards on the lines produced ; then the distance AB will be 
deduced from hence. 

Cor. If we wish to determine AB by arithmetic, it may 
be done in the following way. 

Since the three sides of the triangle DEC are given, we 
have 

fl^ -*- i* — c« 
Cos. DCE = "^ViL > 

But in the triangle ACBy we have 

AB' r^AC'^ BC^'-zAC.BC. Cos. ACB. 

If.-, for AC9 BC, and Cos. ACB = Cos. DCE, we sub- 
stitute their values already found, we then obtain 

jn / T y^ . ^^ &(a» + y-c») 1. 

L(a - 2cO' (ft - 2e)« (a-2d) (ft-2e)J ' 

to which expression we can also give the following form, which 
is more convenient for calculation by logarithms : 

jn^ ,r/ Jrf ae \ ' (fe(g— ft+c) (a— fc-c) "! 

IW^^Jd h:^e) " (a-2d) (ft-2e) J 

Exam. When a=156^, ft=98^ c=187^ d:=^6S\ t^%\lj 
AB = 275^-791. 



Second Solution. 

Let AB (Jig. 61) be the inaccessible distance. 

1. Take any point whatever, C, measure towards*^ and 
By and by these means determine the angle ACB ; maike 

K 
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fiff-ei- 



ACD sp ACBj and proceed in 
the direction CD, till we find a 
point 2?, where the angle BDC ^ 
==90''—BCJy and measure the 
distance CDj and the angle ADC, 
Let BCA=zACD=iay ADC^fi, 

CDz:za. 



2. Since ACD^a, and BDC 
= 90"— a, CED is a right angle, 
consequently A CED is similar 
to A BECj and . • . jB C= C2?. Consequently also A ACD 
is similar to A ACBj and .•. AD^AB. 




S. But in the triangle ACD 

Sin. DAC : Sin. DC A = CD : AD 
or Sin. («+/?) : Sin. a = a ; ^Z> ( 

consequently ^^ = ^.^, ^^ ^ gy 



= ^-8), 



Exam. When a = 31^ 5^ g = 113\ 17^ a = 567', 
AB = 502/-46S. 



TAiVd Solutim. 
Let j<A (^Sg*. 6SJ be the inaccessible distance. 



fig.e2. 



1. Take any position C, make 
ACD =^90% proceed in the direction 
CD, till the point D is arrived at, like- ^^ 
wise BDC =^90\ and in the line CD 
find two points jE7, jP, so situated, that 
AFC-BED=z4i5\ 

C 
S. Having determined these points, 
measure the distances CD, CF, DE. Let CD^a^ CF^zh, 
DEt:zc. Draw Aa parallel to' CD, 

S. Then aDzsAC9CF:^b, and i7D = D£ as c; ood- 
lequently Aa = c — ft. 
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4. But in the right-angled triangle JBa, JB^ = Ja^ 
+ Ba''z:zCiy + Ba^; .-. 

JS = V [a« + (c - by] 

Fourth Solution* 

Let AB (Jig. 63) be the distance to be measured. 

1. Take any position C, p^here /-• ^, 
^CjB is an obtuse angle, measure *^ ^' 
this angle in measuring towards ...••••" 
A and i?, then its adjacent angle 
ACD is also known. Now, on 
the si^t-lines AC^ BC^ fix on 
two points D, jE7, in such a posi« 
tion, that ADB = AEB=i9(fi, 
and measure the distance JDJEJ, 
then from hence AB may be deter- _ 
mined. l»et DEz=za, ACD=za. ^ -••••'^ 

% Since ADB, AEB, by the construction are right angles, 
the points 2), £ are in a circle, whose radius is AB. If we 
suppose this circle actually described, then DAE is an angle 
at tne circumference, and DE is the chord of the arc, upon 
which it stands ; consequently, from kno^^n trigonometrical 
principles 

DE-azzAB Sin. DAE. 

But Sin. DAE = Cos. ay (because ADC is a right angle) » 
.*. a = AB Cos. a, and 

AB s= 7, . 

Cos, a 
Exam. When a= 563^-7, a=42^ 19^-7^^, ^-8=762^362. 

Fijih Solutim. 
Let AB (Jig. 64) be the distance to be measured. 
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]•. Fix upon three stations C, 
Z>, E, so that the three angles 
JCB, ADB, AEB, which, in 
measuring towards A and B^ in- 
clude the sight-lines, are equal 
to one another ; let each of these 
angles = a. Then measure the 
three sides of the triangle CDEy 
and from these we can determine 
the distance AB. Let CD = «, 
DE = 6, CjB = c. 



f^g--^^' 




9. Upon AB describe an arc^ which includes the given 
angle a, and complete the circle ; then this circle will be given 
by the three points C, Z>, E. Draw the diameter DP, the 
line PCf and the perpendicular DQ. 

8. The triangles DCP, DQE are similar ; for DQE^ 
DCP = R, and DEC = DPC ; consequently 

DQ : DE = CD : DP, 

or, because DQ, is the altitude of the triangle CDE, = 
2ACDE 



c 


"~ 9 




2ACDE ^ ^„ 

: b=za : DP, 

c 


and . ' . 


•• 

DP- <^ 




2 A CDE- 



4. If in this expression we substitute for the triangle CDE 
its value from § XXIX, we then obtain 



JDP = 



2abc 



V{a + b+c) {a + b'-c) {a + cb) {b + c-a)' 



6. When the diameter of the circle is found, it is easy to 
determine the chord AB. For since AB^zDP Sin, a, when 
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finr DP its value is substituted, 

M-n 2 ahc Sin, a 

AH ss 



V{a + b + c) (a-i-b'-c) {a + c-^b) {b + c^aY 

which expression readily admits of being calculated by loga- 
rithms. 

Exam. When a = 197^ J = 113^ c = 235\ a = 66\ 
29^, JB = 196^-536. 

Cob. From 4 it appears at once, that when a, i, c, are 
the three sides of a tnangle, the radius of the circle described 
about it := 

abc 

A/(a + 6 + c) (a + 6 — c) (a + c — i) (6 + c — a). 



Sixth Solution. 
Let AB (fig. 65) be the distance to be measured. 

1. Take any position C, make the ytg: 65. 

rijght angle ACDj and proceed in the ^ 

direction CJD, as far as the point Z>, A 

where also BDC is a right angle; 

measure from C towards B and Z>, 

likewise from D towards A and C, 

and determine by these means the 

angles BCD^ ADC ; measure also the ^ 

line CD. Let BCD = a, ADC =z p,CD^ a. 

S. From the right-angled triangles ACDf BDC, we ob- 
tain, 

BD^a Tan. a^AC^a Tan. ff. 

If Aa is drawn parallel to CD ; then 

Aa^a, Ba=: a (Tan. a — Tan. &). 

3. Therefore in the right-angled triangle AaB 
AB? = a^ + a^ (Tan. a, - Tan. ^/ 

uid consequently AB = a >/ [l + (Tizn, « — Tan. |3/]. 
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4. In order the more easily to ealeulate the expfMstoit 
found for AB, put Tan. a — Tan. p = Tan ift^ • * . find an 
angle ^ such, tnat its tangent is equal to the different of 
the tangents of the two angks a^ g. Having found this angle, 
then 

JB = aV (1+ Tan.^ if) ^ a Sec. ^ 

Exam. Let a ^ ISTR^, a = 65\ 17^ g = 39^ 48'. 
Here 

Tan. <p = Tan. a — Tan. & = 21724911 -0-8S3l6«6 

s= 1-SS93225 
consequently ^ = 53^. 15^ 11^^ 
Hence we obtain, 

log. See. ^ szlog. Sec. 53\ 15^. 11^' = 0-22S0941 
log. a Sec. ^ = 3-3613968 

.•.AB=: 2298^-247. 



Seventh Solution. 
Again let AB (fig. 65) be the distance to be measured* 

1. Take any two positions C^ D; measure the angles 
JCA ^CA SDC, u/DC also the line of vision CD. Let 
CD = a, ACD = a, BCD = /S, BDC = y, ADC :=z t\ 
then in the triangle ACD^ Z. CAD = 180® — « — J, 
and in the trian^e BCD^ Z. CBD = 180« — v — ^. 
Since . * . these last angles are also known, for shortness sate, 
put CAD ^ A, CBD = B. 

2. In the triangle CAD we . • . have 

Sin. A : Sin. S = a : AC, 

and in the triangle CBD 

Sin, B : Sin. y = a ; BC, 

• , j^ a Sin, 8 „^ a Sin. y 
consequently AC = -^^, BC = -^^. 

3. Now, since in the triangle ACB^ both the two sides 
ACy BCy and also the an^ included by them ACBsza-^fij 
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art known, we . \ obtain 

,V( Sin. 8 \g ( Sin. y \^ 2 Sin. 8 Sin, y Cos. (u-e) -] 

^'^LKStn.A) '^[sin.Bj Sin. A Sin. B J' 

In this expression we must calculate each part of the magni- 
tudes under the radical sign separately ; but the calculation 
will be essentially shortened, by using in the third part the 

logarithms of ' and * ^ , which must be calculated 

oin.A oin. B 

for the two first parts 

Exam. Let a = 110", g = S7°. 40^, y == 117^ SCK, 
8 = SB\ fiO^, a = 750^ Here A = Sl\ 40^, B = «4°, 50^, 

consequently ^£ s: 750\/4'3419S4 =r 1562''-80. 



SECTION XLIX. 

PlOB« To find the altitude of an object, for instance of a 
tower y when its base lies in the same horizontal plane with a 
chosen or given station, under the supposition, that the 
distance from this station to the object can be measured. 

First Solution. 

Let JB (fig. 66J be the altitude of the object to be mea- 
sured, or, more properly, the ver- ^ 
tical line, which is drawn from |\. Jt^M, 
the highest point of the object to ^^ 
its lowest, in the horizontal plane; 
let C be the chosen or given sta- 
tion, and • * . , according to the 
hypQfcheais, BC is a horizontal » 
hne. 
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Measure CJ?, and the angle of elevation ACB, Let 
CB = a, ACB = a ; then in the right-angled triangle 
ABC, 

AB = a Tan, a 

Exam. Whena=367^ a=S2^ 17^23^^ AB^5tsV* 915. 

Second Solution. 

If the distance <fi:om C to B cannot be measured in a 
straight line^ measure only a part of the line CB, say CD ; also 
in Cl Dy the angles of elevation ACB^ ADB, Let CD^^a, 
ACB = a, ADB =^. 

In the triangle ADC, if the side C2>, and the angles 
ACDf DAC (= g — a) be given ; therefore 

J -p. CL Sin, a 

"" Sin. {fi — ay 

In the right-ancled triangle ABD we .*. have the side AD, 
and the angle ADB ; consequently 

m JT\ ct* ^ ^ Sin. a Sm, $ 

AB = AD Sm. fi = —^. — ;- f. 

Sin. {0 — a) 

Also BD, and consequently BC, may be determined ; for 

a Sin. a Cos. $ 



BD = AD Cos. e = 



Sm. (jS — a) 



Exam. When a = 967^ a=7°. 5^ 13^^ g= 16^. 4S^. 5^^ 
ilfi = 205^-131, and BD = 682^'955. 

SECTION L. 

Peob« To find the altitude of an object, when its lowest point 
is not in the same horizontal plane with the given station; 
on the supposition, that the distance from this station to 
the (Aject can be measured. 

First Solution. 

Let AB (fig. 6t) be the altitude to be measured, and V 
the given station. 
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J^g^^7 




1. Arrange the telescope of the pro- 
tractor to the horizontal direction Cc, A 
then direct it towards A and B^ and 
detemnine by these means the angle of 
elevation ACe^ and the angle of de- 
pression BCc. If now the side CB 
IS measured, then AB may be deter- 
mined. 



2. For let ACc = a, BCc = 0; then ACB = a -h 0, 
BAP.zs, 90° — a; consequently in the triangle BAC^ one 
side and two angles are given ; . ' ., because Sin, {QQP — a) = 
Cos. a, 

AB — fl >Sin. (a + g) 
Cos. a 

Cob. If, as in^. 68, C is lower than B^ it will merely 
be necessary to assume the angle 
BCc = jS to be negative, and we ^ 
then obtain 

"" Cos, a 

which may also be very easily ^ 
proved from the figure itself. ^ 

Exam. Let C be higher than. J?, and a = 19*. 7^ 
/3 = 25^ 13^ a = 1352^-7; then AB = 1000^-509. 

Second SoltUion. 

1. If the distance from C to J? cannot be measured, from 
C measure a part CD only ; determine at C the angle of 
elevation ACc and angle of depression BCc, also at jD the 
angle of elevation ADd, It is not necessary to measure the 
angle BDd, because BDd = BCc. 

2. Let ACc = a, jBCc = ft ADd = y ; then ACB = 
a -f ft -4DS = 7 + g; and .-. CAD = -4i)J? - ^CB 
= 7 — a. Consequently in the triangle C-4D all the angles 
and the side CD are known ; consequently 

L 
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AD = 



a Sin. (« + 0) 
Sin. iy-fi)' 



3. Now in the triangle BAD^ the angles ADB, ABD 
(= go'' — /3), and the side AD are known ; eonsequantljr 
also AB. Thus 

j^^ ADSin.Cy + e) ^ a Sin, {a + g) ifiw. (y + g) 

Co«. /S «Sin. (7 — a) Cos. ff 

CoR. In Jig. 67 it was assumed, that C was higher than 
B. But if (fig. 68) C he lower than S, it will only be 
necessary in tne expression found for AB, to substitute — g 
for p ; we then get, because Cos. — g = Cos. g, 

jg^ a Stn. (a - g) Sin. (7 - g) . 
ASin. (7 — a) Cos. g 

which may also be very easily proved imnaediately froai the 
figure itself. 

Exam. Infg. 68, leta=29^ g=17°. 6^, 7=33^ 49^-8^^, 
a = 1152^; then AB = 1010^-953. 



SECTION LI. 

Prob. To find the altitude of an object^ when it is im" 
practicable^ from the chosen or given station in the 
direction qT the object y to measure either fonpwti or 
backward. 

First Solution. 

Let AB (fg. 69) be the altitude to be measured^ ami C 
the given station. 

1. Measure any horizontal station 
CD = a. Now, if this line be in 
the same horizontal plane BCDy as 
the lowest point B of the altitude 
AB ; measure the horizontal angles 
BCD, BDC, also one of the angles /x< __J:x3iZ) 
of ekvation ACB, ADBy vite. ACB. C^t^^rrrrrTI!^^ 
Let BCD^a, BDCuzfi, ACB^y. fi^ ^ 
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2. Then in the triangle CBD there are two angles BCD^ 
BDCj and the side CD given ; consequently 

^jy a Sin, 

om. (a + jS) 

S. But in the right-angled triangle ABC, having the right 
angle at B^ 

AB = BC Tan. y ; 

if for BC its value be substituted from 2, we obtain 

^ ^m. (a + lS) • 
Exam. When a=:79°. 45^ 5=6l«. 4^ 7=14^ 19'. 27^ 
a s 857^ -4fi = 303'-128. 

Secohd Solution* 

1 

1. If no station can be found which is in the same hori- 
zontal plane with By let CD be any other line in any posi- 
tion whatever ; respecting which, for the sake of greater 
generality, I shall assume, that neither C nor D is in the 
same horizontal plane with B. 

2. Suppose a horizontal plane cBd drawn through B^ 
which cuts the vertical lines Cc, Dd, drawn from C, X), in 
c, d It is well known that at C, D the horizontal angles 
Bcdy BdCf may be measured, although these points are 
higher than c, a. Measure the said angle, the station CD, 
likewise the angle of elevation ACn^ and the angle of depres- 
tikm BCn, of the altitude to be measured, Cn being an nori- 
lOBtal Ime* Let CD = a, Bed s= a, Bdc =s /?, ACn = y, 

8, If now we suppose the horizontal line Cm drawn, then 
also the vertical angle DCm may be measured ; let this angle 
= €, Now since Cm is horizontal, and Dd vertical, conse- 
quently DCm is a right-angled triangle^ and •*« 

Cm = a Cos* e* 

Likewise cd = Cm, because Ccdm 'm a parallelogram. 

4. Consequently in the triangle Bcd^ the two angles JBcd, 
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Bdcy and the side cd are known ; .*. 

_ cd Sin, g _ fl Cog, g Sin, g 
" -Sm. (a 4- jS) "" 'Stn. (« + g) * 

Also cB = Cn, because CcBn is a parallelogram. 

5. Since AB is vertical, and Cn horizontal; .'. ACn, 
BCny are right-angled triangles ; consequently 

An =z Cn . Tan, y, Bn=: Cn, Tan. 8; .•. 

or, when we substitute for Cn = cB its value taken firom 4, 
.„ __ a Co*. 6 *y/n. g AS/n. (y + 8) 
"" Sin. (a + p) Cos. y Cos. 8 * 

CoR. By this method, we at the same time find the alti- 
tudes of the stations C, D above the horizontal plane cBd ; 
for Cc = Bn, Dd = Dm + md =: Dm + Cc ; consequently 

a Cos. € Sin. p Tan. 8 



Ccz:z 



Sin. (a + g) 



r,j a Cos. E Sin. Tan. 8 . «• 
iSi«. (a -f g) 

The measured angles may also be negative ; the mode of 
proceeding in this case is given in the following example. 

Exam. Let AB represent a church-steeple in a valley, 
whose height is required to be determined from a measured 
station CD on a neighbouring hill. I assume, that the 
station C is higher than the top of the spire A^ and D lower 
than C, and that the following are known, viz. a =s 357^*3, 
a = 85". 37^ l4/\ = 79"- 13^ 12^^ 7 = — 13^ 5^ 49^'', 
8 = 20°. 18^ 9^^ B — — 3\ 48^ 10^^. Now, since whatever 
angle ^ may denote, Cos. — ^ = Cos. 0, and Sin. — ^ s 
— Sin. ip ; we obtain 

.^_ 357^-3 Cos. 3\ 48^ lO^^Aym. 79^13^ IZ^' Sin. 1\ 12^ 20^^ 
"/Sm. 164". 50'. ^&' Cos. 13\ 5^ 49^^ Cos. 20°. 18^ 9^' 

= 183/-892 



Cc:=^ 
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357^-3 Cos. 3°.48^ l&^Sin. 79^ 13^ 12^' Tan. 20\ 18^ 9^^ 



^ Sin. 164°. 5(K. 26 
= 495'''470 

DdzsCc-- 357^-3 Sin. 3\ 48^ 10^^ = 471^-773. 



SECTION LII. 

Pros. A person is standing upon a tower , whose height 
ahove the horizontal plane upon which it stands is 
known : the person wishes, without moving from the 
spot J to determine the distance between two objects 
which are in the above-mentioned horizontal plqne. 

SoLUT. Let AB (jig. 69) represent the tower, whose 
altitude =s A ; a person standing at A^ wishes from it to 
measure the distance CD^ which is in the same horizontal 
plane CBD with B. 

Measure the angles CAB s a, DAB = 0, CAD = y ; 
then CD may be found. For, since ABC^ ABD are two 
right-ai^led triangles, and the line AB, together with the 
angles CABy DAB are known, therefore ^C, AD may be 
determined: thus 

AC ss: h sec. a, AD ==■ h sec. /?. 

Now, since in the triangle ACD, the sides AC, AD, and 
the angle CAD, are known, CD may be found : dius 

CD =:h a/ (sec. o? + see. f? — ^sec. a sec. jS Cos. 7). 

Exam. When a = 5&. 34^, j3 = 69^ 12^ 7 = 81^ 20^, 
i = 214', CD = 665^-9^9. 



SECTION LIII. 



Prob. An object standing vertically^ for instance a 
tofwety is seen from three stations^ which are in a 
straight line, and in the same horizontal plane upon 
which the object stands; the distance of these three 



78 



GEOMETaiOAL DBTB&MINATIOM OF 



stations from ofte another, also the angles at which we 
see the obfect from each of these stations , are given: 
find the height of the object, and its distance from each 
of the three points. 



fig' 70, 



SoLUT. Let AB (fg, 10) be the object^ CE any straight 
line^ respecting which it is assumed, ^ 
that it is in the same horizontal 
plane with B, and C, 2>, E are 
the three stations in this plane. 
The angles ACB^a, ADBz:=fi^ 
AEBssty, likewise the distances 
CDssa, JDEssb are ffiven: find 
the altitude AB, and the distances -^ 

BC, BD, BE. 

1. If the line BDcan be found, 
then, from the right-angled tri- 
angle ABD, in whicn both the line 

BD, and the angle ADB are known^ the altitude AB may 
be calculated. Having found this, then the right-angled 
triangles ABC^ ABE, in which the angles ACB, AEB are 
known^ also give the distances BE, BC. Let . * . BD = x. 




S. Then the right-angkd triangles ABC, ABD, ABE, 
give 

AB -^ xTan. p=iBC Tan. a^^^BE Tan. y, 

consequently ^g ^^ J^^. g ^^ ^^ Tan, g 
^ '^ Ian, a . 



Tan. y 



3. But in the triangle BCD, 



Cos. BDC = 



Biy + CD"-- BC^ 



j« + a^ - 



1^ Tan^e 
Tan. 



2 



2BD.CD 

and in the triangle BED, 



Cos. BDE = 



fljy -h JP JE? - BE^ 
2BD .DE 



2ax 



. ., x^ Tan.^ g 

X^ +b^ TTT. 



Tan.^ y 



2bx 
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Now since 

BDC-]-BDE:s: ISO': Cos. BDC=z-Cos. BDE, .-. 



2 cw 2 &r 

ax^ CTanJ^ -- Tan? y^ hj? ( Tan.^ g - Tfl^.^ a) 
" Tan?y ■*■ ra».2a 

= (a + 6) ai. 

4. Now 
Tan.2 g— jP(xn.« y = (Tan. g + Tan. y) {Tan. - Tm. y) 

_ Sin, (g + 7) Sin, (g - y) 

" Co*.« g Co5.« y 

and in like manner 
Tan.* g — Tan.* a = (Tirw. g + T'an. «) (Tbn. g - Taw. a) 

— *y^^' (i^ + ^) ^^^« (g *-- «) ^ 
"~ Co*.* g Cos? a 

also, TTtzn. a = , * , Tan. 7 = ^ '^ . If these yalues 

Cos. a Cos. 7 

be substituted in the finregoing equation, after the requisite 
reductions we obtain 

03? Sin, (g + 7) Sin, (fi-y) bx^ Sin, (g + «) Sin, (g - a) 
Sin? 7 Cos? g "^ Sin? a Cos? g 

= (a + 6) aft 
and hence 

cv o- i-f o / (a + 6) oi 

« Bs Sin. aStn. 7 Cos g v-r o> /^ . — Ngr- rr» no- ^ ^ 

' r a«St».(g+7)#Si».(g— 7>ym.*a1 

or when, for the sake of brevity, we substitute 

a Sin. (g + 7) Sin. (g — 7) Sin? a=iA, 
b Sin. (g + a) Sin. (g - a) Sin? 7 = JB, 

:r =^ Sin.aSin. 7 Cos.fiJ^i—;^ = J5D 
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5. Hence we further obtain 
JB^x Tan. p = Sin. a Sin fi Sin. y ^/(^Lti>f* 

-4 + 15 

Tan. a ' -4 + i> 

BE =J^ = Sin. a Sin. g Cos. y /"A^ 
Tan. y ' A + Ji 

Exam. Let « = 19\ 27^ 15^^ |S= 13^ 4/. 7^ y = 10°- 
48^. 25^^ a=: 175(/, 6= 1047'. Here ^— «= —6®. 23^ 8^ 
and iSin. (g — a) = — *SiVt. 6®. 23^ 8^' : consequently B is 
native, and we haye 

A=z a Sin. (0+y) Sin. (j^-y) ^yin.^a = 3-100596 
B = - JiSwi.(/5+a)#ym. (a— g) Sin.'y = — 2*200971 

^ + jB = 0-899625 
log. iJ +B)=z 0-9540615 — 1 

log. ^ ^^^^y = 4-8778078, 

hence 

JB = 1065^-754 
J5C = 3017^-266 
BD = 459l'-201 
££ = 5583^-320 

Remabk. The Tuiial angles BCJ, BDA, BEA, are in £M;t no other 
than the angles of elevation of the point A above the horizon, taken from 
the three stations C, D, E, Now, since it is not necessary to measure 
towards B, in order to find these angles, we can then, by means, of the 
formalsB aJready fomid, determine the altitude of tins pomt A above the 
horizontal plane, when also from the altitude AB only this pmnt is visible, 
and in this respect the problem is of great ose in practical Geometry. 



SECTION LIV. 

Peob. Three places, whose situation is known, are seen 
from a fourth place, which is hi the same plane with 
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the others J and there the angle is measured, which the 
sight-lines make with one another: required to 
determine the distance of this fourth place from the 
other three, and also its situation. 

SoLUT. Let J, JB, G (fg. n) be the three places ; the 




distances AB = a, BC = by and the angle ABC =^ a are 
given. D is the fourth place, where the angles ADB =: ^^ 
J3 DC = 7 are measured : required to determine the distances 
AD, BD, CD, and the situation of the point D in refer- 
ence to A, B, C. 

1. If the angle BAD be found; then in the quadrilateral 
figure ABCD the three angles ABC, BAD, ADC are 
known, consequently also the fourth BCD. If • * . in each 
of the two triangles ABC, DBC, there are two angles and 
one side known ; these two triangles are determined, and 
the sides AD, BD, CD can be calculated. Let .* . the un- 
known angle BAD =s ^. 

2. Since the four angles of every quadrilateral figure are 
together = 4 U, BCD = S6o'» - ABC •- ABC -BAD 
= S60^— a— g— y— 0, or when we abbreviate it by putting 
360.— (a -f g -f y) = ft, BCD = II — 0. 

3., From the two. angles BAD, ADB, and the side AB 
of the triangle ABD, we obtain 

D T^ ^ Sin» fb 
Sin, /S 

M 
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and from the two angles BCD, BDCy and the sidejBCof 
the triangle DBC, 

BD = ^^^M/^-»). 

oiw. y 
We.*, have 

a Sin. ^ _ 6 Sin. (/x — <f) 
Sin. p ^ Sin. y ' 

or a Sin. y Sin. ij^ = b Sin. p Sin. (/x-^0)> 

or also 

a Sin. y Sin. = 6 Sin. jg (Sin. fi Cos. ^ — Cos. ft Sin. (f) 

If both sides of this equation be divided by Sin. 0, we get 

a Sin. 7=6 Sin. p (Sin» ju Cot. — Cos. ju), 
whence we obtain 

^ ^ a Sin. y 

Cot. ^ = Cot. ,1 + j-^^-^^^. 

4. If the angle is found; we then have 
jj^ _ a Sin, (g 4- <t>) 

^^-- Sii^ ' 

r,r\ ^ Sin. (b 

^^ = -mrp ' 

^y. b Sin. (a + IB -{- 6 -- 180") 

om. y 

CoK. 1. Since this problem is of great use in practice, it 
is . * . worth while to consider a few particular cases^ which are 
contained in the general solution. 

1. If a = ISO'*, or if the point B falls on the line AC, 
then we have ^ = S60° — 180^ — 18 — 7= 180°— (/5 + 7); 
consequently Cot. )u= ^Cot. (jS+y), Sin. fi = Stn.Cp-i^y). 
We have . • . for this case 
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or also, because Cot. (g + 7) = o ;^^ . ^L 

^ ^ , a Sin. 7 — 6 Sin. jS Cos. (g + 7) 

Cot 6 = — ^ Tc?^ ^ o» x^ ^^^^ -^* 

^ b Sm. Sm. (jS + 7) 

The first of these expressions is, however, the most con- 
venient for calculation. 

2. If the point B be under the line AC9 then the convex 
angle ABC within the quadrilateral figure ABCD, and not 
the concave one ABC^ must be taken for a, because the 
former^ and not the latter, together with the three remaining 
angles of the quadrilateral figure are together = 4 72, as was 
supposed in the solution. 

8. If ABC'\'ADC = 2 7?, ora + e + 7 = 180^: then 
^= 180^ Cot. 11^ — 00 , Sin fi= 0. We . • . obtain from 3, 

n * ^ , a Sin. 7 
Cot. ^ = — 00 H — '-. 

Consequently the expression for Cot. ^ appears here in a form, 
from which its value cannot be determined. 

Describe a circle about the triangle ABC ; then, because 
by the hypothesis ABC + ADC = 2 -R, the point D must 
necessarily fall on the circumference of this circle. This 
Jinqitation does not obtain, when the angles a, are assumed 
to be arbitrary ; much more, on account of the given situation 
of the three points A^ 5, C, the angles /9, 7 must be of 
that magnitude required by the condition, that the point D 
falls on the circumference of the circle described about the 
triangle ABC. But under the supposition that the angles 
ft 7 are so assumed that the problem is possible, every point 
in the circumference A BCD will verify the problem. For 
let D^ be any other in the circumference; then AD^B:=ADB^ 
BD'C^BDC. 

As regards the calculation, it is known from Trigonometry, 
that when yp denotes any concave or convex angle ; for all 
angles between 90° and 180^ Cot. ;// = - Cot. (180^ — ;//) ; 
for all angles between 180° and 270", Cot. yp = 
+ Cot. {^P— 180°); and for all angles between 270^^ and 360\ 

Cot. ;// = — Cot. (360'^ — xl^). 
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Cob. S. If it is required to find the point D arithmetically 
only, describe the triangle ABC on paper, then make a 
triangle ahc^ which is similar to the former: on ahj as a 
chord^ describe a circular arc adb^ which subtends the given 
angle /3 ; also on he describe a circular arc bdc^ which subtends 
the given angle y. The point of intersection d of these two 
circles, will then give the fourth place on the paper ; thus 
the point d in reference to a, &, c, will have the same situation 
as the point D has in reference to A^ B^ C, The reason of 
this is easily seen. 

Exam. 1. Let a = 1153/-7, b = 849^-43, a = 112®. 25^, 
e = 27°. 31^ y = 19°. 14^ Here fj, = 360° — (a + p + y) 
= 200°. 50^; consequently *S^tw./Lt= — *Stn. 20°. 50\ Cot. /i:s: 
Cot. 20°. 50^ We have . • . 

a Sin, y 1153-7 . Sin. 19°. 14^ 



b Sin. Sin. fi 84943 Sin. 27". 31^ Sin. 20\ 50^ 

= - 2 7229400 
Cot. fi = Cot. 20°. 5(y = 2-6279121 

.-. Cot. = — 0-0950279. 

Since the cotangent here has been found to be negative, ^ is 
an obtuse angle. Find .'. in the Tables an angle to which 
the positive cotangent 00950279 belongs ; we find it to be 
84°. 34^ 18^^ This angle being subtracted from 180°, gives 
= 95°. 25^ 42^/; from which the distances AD, BD, 
CD may be very easily calculated. 

Exam. 2. Let a=1490^, 6=768^, a=235°, 0=37°. 10^. 
y = 48°. 15^. Here fi = 39°. 35^; .' . 

a Sin. y 

— -^P — —JL == 3-7599939 

d Sin. Sm. fi 

Cot. PL = 1-2095085; 
consequently Cot. = 4*9695024 

and = 1 1°. 22^ 39^^ 

In this example it has been assumed, that the point B is on 
the other side of the line AC^ say in B^. 
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Exam. 8. When a = 2514^, b = 3796^, « = 65\ 7^ 

B = 185®. 19^, y = 113°. 2(/ ; we find ^ = 24°. 58^. 22^^ 

Since In this example the angle ADC = + y is greater 
than 180°; consequently the point D cannot be below the 
line ACy because otherwise ADC < 180°. Nor caij it be 
in the line AC, for then ADC = 180°. Therefore the point 
D must necessarily be above ACy where, with the points A^ C, 
it forms a convex angle of 135°. 19^ + 113°. 20^= 248°. 39^^ 
or a concave angle of 111°. 21^; also it must fall within 
the angle BAC, because the angle BAD = ^ has been 
found to be positive. 

Remark. Of all the Geometricians wlio have handled this important 
problem, I can only, for the sake of brei^ty, adduce the following : Lambert 
(Mathematical Contributions, Berlin, 1765, p. 73) ; Tempelhof (Elements 
of Analytical Finite Magnitudes, Berlin, 1769, p. 482) ; Langsdorf (Illustra- 
tion of Kastner's Principles of Analytical Finite Magnitudes, Manheim, 1777, 
p. 432) ; Kastner (Geometrical IVeatise, 1st Collection, Gdttingen, 1793, 
2nd part, p. 289) ; Pfleiderer (Arch, of pure and practical Mathematics, 
2nd Number, p. 318). 



SECTION LV. 

Prob. Four objects in the same straight line are seen 
from a station, and there the angle is measured, which 
the sight-lines make with one another ; the distance 
of the first object from the second, also that of the 
third from the fourth : find the distance of the second 
from the third. 

SoLUT. Let the four objects be A^ jB, C, D, (fig. 72) ; let 
E be the station from which they ^ j^ CD 

are seen, and the angles AEB = a, 
BBC = ft CED = y, are mea- 
sured ; the distances AB = a, 
CD = 6 are given : find jBC. Let 



1. The triangle AEB gives 

AE Sin. a 




Sin. ABE = 



a 
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and the triangle BED, in which BED = p + y,BD- 

Sin. DBE = ^^ f "• (g + y). 

Now, since Sin. ABE = Sin. DBE, 

AE Sin, a _ ED Sin, (g 4- y) 
a "" b + X * 

ED _ (b -f a^) Sin, a 
''^^''' AE'' aSin.(p + yy 

2. The triangle ACE, in which AEC = a + ft 
^C = a + oc, gives 

a -{- X 
and the triangle ECD, 

Sin. DCE = ^^ f "• r. 

Now, since ^n. -^CJE = ^yiw. 2>CJ5?, 

AE Sin, {a + g) _ ED Sin, y 
a + X ~ 6 ' 

J . :^ - ft Sin, (a + 0) 

AE "" {a + ;v) Sin. y' 

ED 

3. If the two expressions found in 1,2, for ;, be put 

AE 

e^ual to one another, we then obtain 

(a 4- tW6 4- ^^ - (ASinJ^a + g) Sin. (g + 7) 

The solution of this equation gives 

_ J/g-by . ab Sin, (a + g) Sin, (g + 7 )") fl + i 
"""^U"^; "^ Sin. a Sin. y ] ^ T' 

4. In order to shorten the calculation, give the first part 
of this expression the following form : 

a-6 / fi , 4 ab Sin, {a + g) Sin, (g + y) "! 
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Then put 

g ^, ah Sin, ja + jg) Sin, (g + 7) ^ y^^ .. 
a — 4 Ay/w. a Sin. y * ^ * 

and find an angle ^, such, that its tangent is equal to the 
left side of the expression : then we have 



X = 



2 



^/ (1 + Ta«. 20) - 



= -g— *yec.0 ^ — 

Exam. Leta=2731^ 6=1987^ a=:19^7^ g=51^ 5^ 
7 = 14^ 57'. Here 

log.-l-. ./^L^L^±4a^li£±l)= 1.2046761, 
tf — o m». a Sin. y ' 

consequently fog-. Tan. ^ = 11-2046761 

= 86\ 25\ 41//-6S, 

and .•. a: = 3612^*2. 

The angle must in this case be very accurately calculated, 
in ord^r to ^event a great mistake. If, for instance^ 0*6S^^ 
were left out, we should then get for x only 36l 1^'9. 

Remark. Another solution of this problem is g^ven b^ Lambert (Mathe- 
matical Contributions^ p. 208), which, however, leads to a very difficult 
formula. My formula agrees essentially with that which Mr, HauptiAan 
Rhode delivered to the Berlin Academy of Science aar an Appendix to a 
Memoir on another subje<ct (M^oir6' sur un endroit, &c. Potsdam, chez 
Horvath, 1804.) 



SECTION LVL 

Pbob. 27ie apparent distances of three places from one 
another J as seen from three different points, are given: 
likewise the apparent distances of the three points cw 
viewed from one of the three places; required to deter- 
mine the relative positions of these six points, on the 
supposition that they are all in the same plane. 

SoLUT. Let A, B, C, (fig. 7S) be the three places^ which 
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X 







are seen from the three points 
2>, E, F; the angles ADB^a^ 
BDC^&, JEB=:y,BEC=Sy 
AFB = £, BFC = ?, also the 
angl^ DAE = k, EAF = X, 
are given or measured ; find the 
positions of the six points, A^ 
By C, A E, F. 



1. The angles DCEy EOF, 
may be determined from the 
given angles. For since in each 
triangle the sum of all the 
angles is equals hj merely in- 
specting the figure, we have DCE = ic + a + ^ — 7— 8, 
ECF= X + y + S — e — C Since .•• these angles are 
known, for shortness' sake put, DCE = /i, ECF = v. If, 
besides, the angles EABy ECBy are known, we then have all 
the angles of tne figure, and consequently also the positions 
of the SIX points. Let, therefore, EAB = ^, ECB = rp. 

2. Since DAB =.^ + k, DCB-=^ ;// — 71 ; consequently 
in the triangle DAB we have 

BD^ ^^ ^^^' ^^ "^ '^^ 
Sin. a 

and in the triangle BCD 

^^ ^ BC Sin, (rp - ^,) 

Sin. p 

These two expressions for BD, when put equal to one ano- 
ther, give 

AB ^ Sin. a Sin. {\p — fi) 

iBC "■ Sin. & Sin. (0 + ic)* 

3. In like manner, from the two triangles EABy ECB, 
we obtain 

D r, AB Sin. d> OT7 -BC Sin. \L 
^^ = Sin.y ' ^^ = Sin. B ' 



and .*. 



AB Sin. y Sin. \p 
BC Sin. 8 Sin, 0' 
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4. Further, from the two triangles FAB^ FCB, in which 
FAB = - X, FCB = ;^ + V, we get 

p^ AB Sin. (<t> - \) BCSin.(}P + v) 
^^ - SiiTe ' ^^ =" SiiTZ ' 

and • ^^ — *^^^' ^ '^^^' ^^ "*" ^^ 

AB 
6. If we put the expressions found for -rrp in 2, 3, 4, equal 

to one another, we then obtain 

Sin, y Stn. \p ^ Sin, a Sin. (\p — fi) 
Sin. S Sin, "" Sin. p Sin, (;jp — k) 
Sin, y Sin, xp ^ Sin. t Sin. (xp + v) 
Sin. 8 Sin. <p "" Sin. Z Sin, (p — X)' 
If we expand Sin. (\p — jlc), /?«>!. (^ + *c), iSm. (i// + v). 
Sin. (0 — X) and multiply cross ways, these equations give 

Sin. p Sin. y Sin. xfj {Sin. ^ Cos k + Cos. ^ Sin. k) 
= Sin. a Sin. 8 Sin, ^ (Sin. xp Cos. fi — Cos. \p Sin. fj) 

Sin, y Sin. Z Sin. \p {Sin. ^ Cos. X — Cos. ^ Sin. X) 

= iS/w. 8 jj/n. e *yi7i. (Sin. \p Cos. v + Cos. \p Sin. v) 

If each of these equations be divided by Sin. ^ Sin. xpy we 
have 

Sin. p Sin. y (Cos. k + Cot. ^ Sin. k) 

= iSin. a Sin. 8 (Co5. /i — Cot. yp Sin. fj) 

Sin. y Sin. Z (Cos, X — Cot. Sin. X) 
= Sin. 8 fi'tw. e {Cos. v + Co^ ;// ^tn. v). 

6. The first of the two equations last found gives 

Cot. \p = 
Sin, a Sin. 8 Cos. fi— Sin, g Sin, y (Cos. k+ Cot. ^ Sin, k) 

Sin, a Sin. 8 ISin. fx 
and the second 

Cot, \p = 
Sin, y Sin. Z {Cos. X^-Cot. ^ Sin. X) Sin, 8 Sin, b Cos, v 

Sin. 8 Sin. £ jStn. v 

N 
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If these two expression!^ be put equal to one another, we 
obtain 

Cot. ^ = 

[Sin. a Sin. S Sin, s {Sin. v Cos, p. + Sin. fi Cos. v) — "] 
SJn.fiSin.y Sin.e Cos,v Cos.k — SinaSin.y Sin Z,Sin.pL CosX\ 
!Sin j9 Sin. y Sin. e Sin. v Sin. k — Sin. a Sin. y kHu. Z Sin. X Sin.fi 

or, if the numerator and denominator be divided by Sin. 7, 
and Sin, (/w + v) be substituted for Sin. v Cos. fx + Sin. fi 

Cos, V, and Cosec. y for p~ 

Sin. y 

Cot. <p = 

rCosec, y Sin. a Sin. 8 Sin. s Sin. (/li + v) — 1 

LSin. j3 Sin. e Sin. v Cos. k — Sin, a Sin. Z Sin, fi Cos. Xj 

Sin. p Sin, e Sin. v Sin. k — Sin. a Sin. % Sin. X Sin. fi 

7. In order to determine Cot. xpy it is only requisite to 
eliminate Cot. from the two equations last found in 5; 
but this object will be much more easily attained by substi- 
tuting in the expression found for Cot. ^ the angles 

«> ft 7, S, e, ?, ic, X, fi9 V, 

respectively for the angles 

?> h 8, 7, g, a, V, ju, X, k; 

because the former have the same position with respect to the 
angle \p^ that the last have with respect to (j>. By this sub- 
stitution, we obtain 

Cot. l/r = 

[Cosec. S Sin. Z Sin. y Sin. P Sin. (X + ic) — "1 

Sin. £ Sin, g Sin, k Cos. v — Sin. Z Sin, a Sin. X Cos. fij 
Sin. £ Sin. fi Sin. k Sin. v — Sin. Z Sin. a Sin. fi Sin. X 

in which expression the denominator is the same as that in 
the expression for Cot. <p. ^ 

In these two expressions for Cot. ^, Cot. xfj, 
consequently |[i + v=K + X + a + g — £ — ?. 
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Exam. Let a = 40^ 36\ p = 27^ 9^, y = S6\ 49', 
5=31^ 18', £=22°, Z=13\ 28', ic=25^. 23', X = 20^17'; 
. •. ^ = 25°. 1', V = 52°. 5&. Here 

Cosec. 7 <Sm. a Sin. S Sin, e Sin. (fi + v) =z 0*20668928 
Sin. $ Sin. e Sin. v Cos. k = 012323178 

Sin. a Sin. Z Sin fi Cos. X =0 06011447 

Cosec. B Sin. Z, Sin. y Sin. p Sin. (X + k) = 0-08767862 
Sin. € Sin.fi Sin. k Cos. v = 004416768 

Sin. Z Sin. a Sm. X Cos. fi = 004760865 

Sin. $ Sin. e Sin. v Sin. k = 05847082 

Sin. a Sin. Z Sin. X Sin. ^ = 0-02221714 

Therefore, 

^ , ^ 0-02334303 ^ ^ 

^'^- * = 036«5368 = «-^*^««^^ 

^ 003625368 

consequeiitly = 57'. 13'. 24", ;// = 96°. 26'. 5S'\ 

'When the angles ^ and ;// are found, it is easy to deter- 
mine the points A^ B, C, Dy Ey F, and also to calculate 
the distanoes of all these points from one another, when only 
one of these distances (no matter which) has either been 
measured directly, or is otherwise already known. 

Cob. When the stations Dy £, F, have a different position 
from that assumed in fig. 73, then also the formulae found 
bt Cot. 0, Cot. \ff will still obtain, provided the values cor- 
responding to this position are given to the angles a, j3, 7, S, 
&c. The mode of proceeding in this case will be best eluci- 
dated by an example. 

Suppose the first station is at ly instead of Z?, and that it 
is wisned to determine the values of a, j3, k depending upon 
the position of this point ; then suppose that the point D nas 
arrived by slow degrees at />'. Now, as the point D advances 
to Xy, and approaches the line AB^ the angle ADB^a will 
always increase, till this point falls in AB itself, and a= 180°. 
If the point D move towards the upper side of the line AB^ 
then the concave angle will become a convex one, and con- 
sequently, if we assume the point D at i^, we must under- 
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Stand by ay not the concave, but the convex angle AUB. 
But if, as is desirable in most cases, we wish to avoid the 
convex angle, we can then let the point D pass over to 2>^, bf 
producing JB^ say towards the side A, Under this suppo- 
sition, the angle a will constantly decrease, because the Imei 
DBf DA approach each other, till it becomes = 0, when 
the point D is situated in that part oi BA which is produced, 
and the lines DB^ DA coincide ; and lastly, negative, when 
the point D moves towards the upper side of AB^ and the 
line BD^ which before was on this side of the line DA^ 
is now on the other side of it. If .*. we make use of 
the concave angle AD^B^ we must put a = — AD^B. 

Proceed in Uke manner with the angle |S. Thus, while 
the' point D is situated under the line bC^ or reproduced, 
and consequently the line DC \s on this side of the line DB^ 
the point D is positive ; but when it is above the line BC^ 
and . * . the line Z>C is on the other side of DBy it is negative. 
Thus, for the point Z^, g = - BD^C. 

The angle k is jiositive, while it is under AE^ but n^adve 
as soon as the line AD is on the other side of the line AE. 
Thus, for the point D\k=^ - EAD'. 

With regard to the trigonometrical functions of the negative 
angles, when denotes any angle. Sin, — 6= — tSin. ft, 
Cos.^ii^CoB. e, Tan.-^Oziz-^Tan. 6, CoL'^e^-Cot. fl, 
Sec. — 6 = Sec, 0, Cosec, — 6 = — Cosec. 6. Calculations 
involving angles of this kind occur frequently in the sequeL 

' Remark. Lamberfs problem wbicb is bere solved, is of great practical 
use ; because by its means tbe positions of six points are obtained at once; 
it is to be found in bb G)ntribntions, I. p. 72. Tbe formula there girea 
(p. 82) for Cot. X, or mine for Cot. ^, is not quite correct, because hoOi in 
the numerator and denominator a factor has been omitted by mistake. This 
error was first discovered by Good (Lambert's Scientific Correspondeqpei 
2nd yoL p. 232), and acknowledged (ibid. p. 236 J by Lambert. 
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SECTION LVIL 

P&OB. The radius of a circle being giveny to calculate 
from it the circumference and area of the circle. 

SoLUT. Let the radius of a circle = r, the circumference 
= py and the area = 9 ; then, as is already known, 

p = 27rr, qz=i wr^ ; 

or, when the diameter = J, 

p = irdy q = iTTCp: 

in which ir is the number which represents the circumference 
of a circle, whose diameter = 1 . This number is 

S-14159265358979323846264338327950 . . . 

Thus far has this number been calculated by Ludolph of 
Cologne. In Vegans large and small Logarithmic Tables, 
this number is calculated by the author as far as 143 decimsJ 
places. ' In most practical cases, however, it will be neces- 
sary merely to make use of the first five decimal places ; and 

thusTTss 3-14159. 

By the transformation of this number into a continued 
firaction, we obtain the following abbreviated values : 

3 22 333 355 103993 104348 208341 



' 7 ' 106' 113' 33102' 33215' 66317' 



&c. 



Lambert, in his Correspondence, II. pp. 156, 1 57 9 calculates 
27 values of this kind ; the two last, however, are not correct, 
as Professor Schulz has discovered. (Solution of some of the 
most important Mathematical Theories, Eonigsberg, 1803, 
p. 159) 
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In practice, when great accuracy is not requisite, we may 

355 
put IT = -— , because this number differs from Ludolph's, 

Off 

beginning from the seventh decimal place : for — = 

3*1415929... 
If we make use of logarithms ; then 

log. w a 0'497149872694.13385435127 ... 
or abbreviated 

log. ir = 0-49714.99. 

Cob. From these two equations, for p and q we obtain 

P t Q P^ r — 

27r TT 47r 

Exam. 1, The diameter of a circle is 42^ \''. 9/^' \ what 

are its circumference and area P Ans. The circumference = 
132^ Z^^. 2% and the area = 1393 D^ 37 D^^ 04 u''\ 
nearly. 

Exam. % The area of a circle is 3765 D''. 18 D''^: 
what are the radius and circumference ? Ans. The radios 
— 33*. &\ 2^^^ and the circumference = 217^ 5*'. 2'^ 
nearly. 

«• 

A few Examples m this Rule. 

I. There are three circles given ; the diameter of the first is 
9^ 7^^ the diameter of the second is 13^. 6*\ and the diameter 
of the third is 22^. 9*^ : find a circle, whose area is equal to 
the sum of the areas of these three circles. What is the 
diameter of this circle? Ans. About 28^ 3**. 4/**. 

II. From any point let there be two concentric circles 
described ; let the radius of the exterior circle = 1''. 5*^. 3'*'^ 
and the radius of the interior one = 10^^. ^f" : what is the 
radius of a circle, whose area is equal to the area of the circle 
described between these two? Ans. About 10^^. 1^". 4'''. 

III. The radius of a circle is 39^ 3'* \ it is required to 
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describe about it another concentric circle, such that the area 
of the circle described between these two = 385 Q^. What 
is its area? Ans. About 41 ^ S^^. V^'. 

IV. The diameter of a circle is 45^ 3^^ n"^ : find the 
diameter of another circle, whose area : the area of the 
former circle : : 387 : 9S2. What is the diameter? 

Ans. 29^. 2^^ 3^^\ nearly. 

V. There are two circles given ; the circumference of one 
is 69''. 5^^, and that of the other 35^, ^' : what is the diameter 
of a circle^ whose area is equal to the sum of the areas of 
these two circles ? Ans. 24*. 8^^. 9^^^, nearly. 

VI. To convert a cin^le, whose diameter is 9^. 7^^, into an 
equilateral triangle : what is the dimension of a side of this 
triangle ? Ans. 13^. &'. &'^ nearly. 



SECTION LVIII. 

Pbob. From the given radius of a circle^ to find the 
value of an arc expressed in degrees, minutes, and 
seconds. 

SoLUT. Let the radius of a circle = r, the given number 
of degrees of an arc = ; let the length of this are, expressed 
in the same terms of unity as the radius, = L Since the 
circumference oi the whole described circle, with the radius 
r, = 2irr, then 

360^: ^ = 2wr :ly 
and.-. l=j^. 

If 0, besides degrees, contains also minutes and seconds ; 
the degrees must be converted into minutes or seconds, and 
the 180 in the denominator multiplied by 60, or by 60 x 60= 
8600. If it is considered preferable, the minutes and seconds 
can be converted into decimal parts of a degree, and the 180 
remain unaltered. 
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Cob. Conversely^ from the expression found for /, we 
obtain 

1807 J 807 
= , r = . 

Exam. 1. What is the length of an arc of 37^ 3 9^ in a 
circle whose radius is 1 3^ ^l' ? 

Ans. 87^ Ji^^ 7^''^ 4^^ nearly. 

Exam. % What is the length of an arc of U9'- \&. 13^ 
in a circle whose radius is 1 9^. 1^' ? 
Ans. 51^ Z^^, 9,"^ 3^, nearly. 

Exam. 3. What is the length of an arc of 253^. 9\ 3^^, in 
a eirde, whose radius is 23^. B^\ &^^ ? 
Ans. 105^ 4/^ 9/^'. \^y nearly. 

Exam. 4. How many degrees, minutes, and seconds, does 
an arc contain, whose chord is 25^. 7^^ when the radius of 
the circle to which it belongs =19^. 3", l^'^l 
Ans. 76°. 1^. 11^^, nearly. 

Exam. 5. What is the radius of a circle, when an arc of 
25°. 3^ 49''^ has a chord of 247^ 3" ? 
Ans. hm'. 4^/. 7^^^ 4^^^ nearly. 

Exam. 6. There are two arcs having equal chords, whidk 
belong to two different circles ; one is 15°. 39^ 7^^^ the other 
bS^. 9^. 4i3^^ ; the first belongs to a circle whose radius is 
7^. &^* 3^'^ : what is the radius of the circle to which the 
other arc belongs ? Ans. 2^ 1^^ 2''''^ 6^ nearly. 



SECTION LIX. 

Pbob. From the given angle and radius of a segment of 

a (Rrcle, to find its area. 

SoLUT. Let ^ be the number of degrees, minutes and 
seconds, which the angle, and consequently also the arc, of 
the circle contains, / the chord of the arc, r the radius^ and 
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I 

q the area of the segment ; then, by this foregoing §, /= — -Z. 

Now, since every segment of a circle is equal to a triangle, 
whose base is the arc, and whose altitude is the radius of this 
segment, consequently 

' ■" 2" " 360"* 

CoE. Hence we obtain 

360^q , S60°flf 

Exam. 1. The radius of a circle is 7^^* 9^^^ ; the angle of 
as^ment of this circle contains 37°* 5^: what is the area of 
this s^ment ? Ans. 20 O^'. 19 D^^^^ 67 D^, nearly • 

Exam. S. What is the angle of a segment, whose radius 
= 2578S', and whose area = 935 D^? 
Ans. 0'5802S'''', nearly. 

Exam. What is the radius of a segment, whose angle 
= 46°. 25^ 18^'', and whose area = 367 D^ 90 D^' ? 
Ans. 301^ 3^^ 5'^\ nearly. 

A Jew practical Examples to this Mule. 

I. The area of a segment is equal to the square of its 
radius: what is its angle ? Ans. 1 14^ 35^ 29^^ 

II. There is a segment, whose angle = 69**. 47^^^ and is 
such, that when the radius, arc, and area, in the order in 
whidi they are here placed, are expressed in terms of one and 
the same unity for the chord and area, the three values thus 
obtained are in continual proportion : what is the area of this 
segment, the foot calculated at unity P 

Ans. 13008 D^ 28 D^^ 

III. Find a triangle, whose three sides are in the propor- 
tion of the three nunobers 11, 13, 20, and whose area is equal 
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area of a segmei^t, whose angle is 19°. 2^^. b'\ and 
arc is 27''. ^''* What are the three sides of thu 



to the 

whose arc is 27' 

triangle ? Ans. One side = 44^* 8 594, another = 53' 0137, 

and the third = 81''-5626. 



SECTION LX. 

Pkob. To find the area of a segment of a circle, from 
the arc, and the radius of this arc, expressed in degrlses, 
minutes and seconds, 

SoLUT. Let ADB (fig. 74^ = ^ be the given arc ex- 
pressed in degrees, minutes, and se- 
ccnds ; C the center, and r the radius 
of the arc ; then, by the foregoing §, 




Segment ACB = ^^. 

Now A^C5=ir*/Sin.0, (§ XXVI) 

consequently Segment A DBA = ^^ — I ^ Sin. ^ 

Exam. 1. When = 29^ 38^ 15^^, r = 37^ then seg- 
ment ADBA = 15-5801 D''. 

Exam. 2. When ^ = 73°- 25^ 11^^, r = 65'^ then s^- 
ment ADBA = 682-3271 D^ 



SECTION LXI. 



PsoB. From the given chord and radius of a segment, 

to find its area. 

^ ■ 

SoLUT. Let ACB (fig, 74^ be the se^ent, whose areatf 
sought, let the given radius = r, the given chord AB s= tf* 
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If the angle ACB is found, then the area of the segment is 
also found (§ LIX). 

Put ACB = ^: then, if the perpendicular Cc is drawn, 
ACc = i ^, Ac = rSin. ^ 0, AB ^a^9,r Sin. ^ <p ; con- 
sequently 

Sin, i6 =s -— , 

from which the angle <p may be determined. Having found 
this angle, then 

Segment ACB = |^. 

Cob. If the chord AB and the angle ACB be given, then 
in like manner we obtain the area of the segment from § LIX, 
by substituting in the expression found in tliis section for r 

itevaluc g^,."^^ . Thus 

which expression is most readily calculated by means of 
logarithms. 

Exam. 1. The chord of a segment = 23^ the radius 
= 29^' 7^^; what is its area ? Ans. 350 D^ 71 D^^. 

Exam. 2. The chord of a segment = 54^, the angle 
= 67®. 15^ 25^^- what is its area? Ans. 1395 D^ 07 D^^. 

Remark. If the chord be equal to the radius, then the area of the seg- 
ment ■■ I ff r^, because in this case the chord is a side of a regular hexagon 
described in the circle of which the segment is a part. If the chord ser V2, 
then the segment is a quadrant; and consequently its area =a^^r^. If the 
chord SB r V 3, then it is a side of a triangle described in the circle ; and . ' . 
the segment s ^ v r*. 

SECTION LXII. 

PaoB. From the arc and chord of a segment expressed in 
degrees^ minutes j and seconds, to find the area which 
. is included by the chord and arc. 

, SoLUT. By the foregoing section^ if .we retain the notation 
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there used (f^. 74fJ, 

Segment JCB = ^^Jsi^,^^ - 

But In the triangle ACB, Cc = ^ a Cot. i ^, and con- 
sequently 

A ACB = J a^ Cot. i ^ ; 
we . • . have 

Segment ABBA = ^^^/gj^, ^ ^ ~ i a^ Cof, i ». 

Exam. 1. When a = 18^ 9^ S'^ = 113°. 39^. 25^ 
Segment ABDA = 68-2624 D^ 

Exam. 2. When a = 126/. 5''. 8% = 269'. U^ 7'', 
Segment ABDA = 22527*207 D^ 

Remark. In the second example, CW. J^ <J> = Co/. 134®. 37'. S^'S « 
— Cot, 45®. 22'. Se^'S; the section is greater than the segment^ because it 
is greater than a semicircle. 

SECTION LXIII. 

Peob. Tojind a segment of a circle, which is bisected by 

its chord. 

SoLUT. Let ACE (Jig. 7^) be the required segment, 
which Is bisected by Its chord AB^ so that the segment 
ADBA = A ACB, or 2 A ACB = segment ACB. Now 

the segment ACB = ^^^ (§ LIX), and A ACB = 
^ r^ SifL ; we therefore have the equation, 

1^ = ^ Sin. 0, 

^. In order to solve an equation of this kind between an 
arc and Its sine, there is scarcely a more convenient method, 
than that which the rule known by the name of False Position 
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presents. To apply this mode of calculation with advantage, 
make first a few rough guesses, in order at least to ap- 
proximate somewhat near to the value of the angle 0. Assume 

= 90^5 this gives, -^^ = ^ tt = 785 ... and 5m. 0=1 ; 

consequently must be >90^ If we assume = 120**; then 

-^ = J 7r= 1*047 ... and Sin. = 0*866 ... ; consequently 

< 120^ Hence it follows, that must be between 90 
and 120^ Put .•. successively = 100°, = 110°; then 
we have. 



When = 100°. 

fog-.J^o= 0-9408474- 1 
/o^.jSm.0= 9'9933515— 10 

Error 525041 
Subtract —92543 



When = 1 10°. 
fog-. -^0 = 0-9822401 - 1 
/og-.Sm.0= 9*9729858- 10 

Error —92543 



617584 Difference of errors. 

Now form the following proportion : 

617584 : 525041 = 10° : 8° 30^ nearly. 
We have .• . = 108°. SO', nearly. 

■ • 

3. This value found for does not differ very much from 

the real one, as the following calculation shews. In order to 

render it more accurate, try also further the assumption 
^ =5 108°. 35': we then have 



when = 108°. 30'. 
log. ^ = 976.771 - 1 
fog-.jStn.0= 9-9769566-10 



Error 
Subtract 



6795 
1342 



When = 108°. 35^. 
log. 
log.Sin.<p = 9-9767447—10 



I± = 09766105 - 1 



Error 



1342 



5453 Difference of errors. 
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Now form the following proportion : 

5455 : 1342 = 5^ : 1^ 13'^ nearly. 

IVe .-. have = 108^ 35^ + 1^ 13^^ = 108°. S6\ 13^^ 
nearly. 

4. Since the value of is only a little too small, as the 
following calculation shews, .'.assume only a few seconds 
larger ; we then have 



When0 = 108°. 36^ 13^^ 
tog. ^ = 0-9766916- 1 
hg.Sin.i^:=s 9-9766930—10 

Eyrpr 14 
Subtract — 4 



When0= 108°. 36^. 14^^ 

log. j^ = 0-9766927- 1 
log. Si».0= 9-9766923— jp 

Error —4 



Put.-.again^: 



18 Difference of errors. 



18 : 4 = 1^^: 13^/^ 



5. Since this last approximation is only represented by ^^\ 
this denotes that even the seconds in the values of found in .4 
are correct, and we .*. can put 6 = 108°. 36\ \3!\ If we 
wish to determine this value still more accurately, we must 
use logarithms with more than seven decimal places. Eul^ 
(Introduction to the Analysis Infinitorum, translated by 
Michelsen, 2nd vol. p. 452) performed this ; and by these 
means found 

= 108°. 36^ 13^^ 45^/^ 27'^ 6^ 

Remark. The method here adopted is founded on the well-known pro- 
perty of trigonometrical lines and their logarithms, that their differences, in 
small alterations of the angles, are nearly as the differences of the angles 
themselves, which supposition is the more correct, the smaller these changes 
are with respect to the angle. 
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SECTION LXIV. 

PjiOB. To bisect a semicircle by a chord which is parallel 

to the diameter. 

SoLUT. Let ADFEB (jig. 75) be a semicircle, and DE 
II the choi'd AB^ which bisects yj'^ 73- 

it ; let the radius = r, and the j^ 

angle i?CJ5 = 0. ^ 

1. Since the area of the se- 
micircle = ^ TT r^, and the area ^/ 

of the segment DFED = ^~4 ^' C 

— ^ r^ Sin. <p (§ LX), we have the equation 

1 -r r2 — iJLi — i r2 Sin th 

or 90** 7r £= 7r — 180° ^Sin. 0, 

1 TT (6 — 90°) «• . 

or also ^^^3Q0 = 'S^^^- 0- 

Since must necessarily be greater than 90°, put 

!^ = 90° + )/^ ; this gives <h = Cos. yp^ and instead of the 
bregoing equation, we then nave the one, 




180° ^ 



% Hence the value of 1/^ may be determined in the same 
way as in the foregoing §. oince ;jt must be < 90°, be- 
cause < 180 ; try ^ = 45°. This assumption gives, 

•^^= iTT = 0785 ..., Cos. yjj = 0707 ...; whence we 
180® ^ 

eoiiclttde, tha[t ^ ii^ actually less than 45°, but cannot be 
Widely different from it, because these two magnitudes first 
dififer in the second decimal place. If .• . we put -^ = 40° ; 

then we have —L = g ir = 0-698..., and Cos. tL=0766..., 

180° ^ 
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and consequently xfj > 40°. After having in this way pre- 
viously convinced ourselves, that the value of \p lies between 
40° and 45° ; we can then approximate it more nearly by 
means of the proportional parts. To effect this, try the two 
assumptions ^= 41°, i/* = 43°. 



180°"" 
log,Cos.\p= 



log. 



41°. 

0*8546613 - 1 
9-8777799 - 10 



Error 231186 
Subtract — 112184 



\Ij = 43°. 
fog. Co«. 1/^=9-8641275 



1 
10 



Error —112184 



Now put 



343370 Difference of errors. 



343370 : 231186 = 2° : 1°.*20^, nearly. 



3. We have . • . i/^ = 41° + 1°. 20^ Since this value differs 
but very little from the true one, as the following calcula- 
tion shews, calculate, in the second place^ on the assumption 

^ = 42°. 21^ 



t/; = 42°. 20^ 
%. £5^=0-8685598- 1 
log.Co8.\tj = 9*8687851 — 10 

Error 2253 

Subtract— 608 



;// = 42'. 21^ 

^^^•150°=^'^^^''^^®'" ^ 
fog*. Cos.\p=: 9*8686700— 10 



Error 



— 608 



2861 Difference of errors. 

Again, put 

2861 : 2253 = 1^ : 47^^ nearly. 

We obtain ••. ;// = 42°. 20^ 47^^ and in this value the 
seconds are perfectly right, of which we can be convinced, by 
assuming \p greater or less by 1^\ and making the trial with it. 
However, the approximation cannot be continued further, for 
then it would be necessary to make use of logarithms with 
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more than seven dceimal places. Euler> in the above-cited 
wofk) by these means finds 

}P = 42°. 20^ 47^^ 14^^^ 

From this value of xp we further obtain 

= ;/, + 90° = 132°. 20^. 47^^ W^^^ 

Remark. Kastner treats this problem in a similar but more general way 
(Geometrical Treatise, 2nd Collection, p. 129, &c.)> for he gives a method 
how to find a segment having a given proportion to the area of the circle. 



SECTION LXV. 

Pbob. Two circles intersect each other; the radii of these 
circleSy together with the line which joins the points of 
section, are given r Jind the area of the lune which 
is common to both, 

SoLUT, The two circles JFBG, AEBH, (Jig. 76) in- 
tersect each other in the points yi'g^. 761 

J^ B ; the radii AC := r^ 
AD = p, together with AB = a 
are given : find the area of the 
space included by the two arcs G\ 
AFB, AEB, or, as it is 
called, the lune AFBEA. 

Put A ACB = 0, A ADB == \p ; then, by § LXI, 
Sin. 4 0= — , Sin. i^ = — . Havins firom hence deter- 

mined the angles 0, \p, then 

Segment AFBA = """^^g^'^ - ir^ Sin. 0, 

Segment AEBA = ""^^f^o"^ - ip' 'S'm. xp. 

As the lune AFBEA consists of these two segments, con- 
sequently this last is found. 

Exam. Let r = 27^ p = iV, a = 9'. 5^^ ^^^'^ Here 

p 
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= 2O\ 21'. 4^/.7, \p= 39\ 50^ 2&^'9; consequently, 
Segment AFBA=%'105 D^ Segment ^J5?5;4=5S6l Q^ 
and .-. AFBEA == 8-066 D^. 

Cor When the lune AFBEA has been found, the 
areas of the \unes AFBHA, AEBGA may also be easily 
found ; for it is only necessary to subtract it from the circles 
AFBG, AEBH. 

If in any circle AFBG (Jig. 77^, the two radii AC^ CB^ 
are perpendicular to one another, ^ ji^ 77 

and AB be assumed as the dia- 
meter of thesecondcircle AEBH; 
then = 90% -^ = 180% AB^ 

For this case . * • 




Segment AFBA = ^'-^^g^" - i r^ */n. QO'^ = i ^ r^ - ir», 

Segment AEBA = i^^-J— - ir^ Sin. 180'' = i tt r«. 

Consequently the lune * AFBEA = ^ tt r^ — ^ r^. If we 
subtract this from the area AEBH'=. \iti^i we then have 
the lune AFBHA = ^ r^ = AJ^ = A ACB. The area 
of this last lune does not depend consequently on the quad- 
rature of the circle : thus it is always equal to the square of 
the radius of the lesser circle, or also equal to the triangle 
ACB. 

Since ACB is a right angle, then the circle AEBH passes 
through the center C of the other circle. If now the diameter 
XZ is drawn parallel to AB^ then there are two curvilinear 
segments ACX^ BCZ^ the first of which is inclosed by the 
arcs AC^ AX^ and the radius CX ; the second by the arcs 
BC^ BZ^ and the radius CZ, The area of both segments 
together is found by subtracting the lune AFBEA = 
i TT r^ — i r* from the semicircle XFZ = ^ tt r^. Conse- 
quently each of these segments is half of the triangle ACB^ 
or half of the lune AFBHA. 
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Let the curvilinear sector XCA^ be equal to the cur- 
vilinear sector XCA ; then the curvilinear A ACA\ inclosed 
by the circular arcs AA\ CA, CA'^ is equal to the curvi- 
linear A AC A' = A ACB, Further, ACB is a right angle, 
and . • . Z- ACJT = L. BCZ = ^R; consequently, if the 
straight lines CA\ AA' are drawn^ ACA^ is also a right 
angle, and A AC A' = A ACB ; . • . also the curvilinear 
A ACA^^ A AC A'. Since the arcs AA^^ AC are quadrants 
of their respective circles ; then Arc, AA^ : Arc. AC = r : p, 
and ••. (Arc. AA^ : (Arc. ACy = r^ : p^ = 2 ; 1. Hence 
it follows, that (Arc. AA'y = (Arc. ACy + (Arc. ACf. 
The area of the rectilinear triangle ACA^ is .*. equal to 
that of the curvilinear triangle ACA'^ and they have this 
common property, that the square of one of their sides is equal 
to the sum of the squares of the other two. 



VII. PROBLEMS, WITH their ANALYTICAt 
AND GEOMETRICAL SOLUTIONS, CHIEFLY 
WITH RESPECT TO GEOMETRICAL CON- 
STRUCTIONS. 



SECTION LXVI. 

Paob. TTie base of a triangle^ one of its angles, and the 
difference of the other two sides are given : find the 
triangle. 

SoLUT. In the triangle ABC (fg. 78, 79^, the base 
jBC, the angle ACB^ and the difference ^ 

of the two sides AC^ AB are given : 
find the triangle. Let BC =z a^ 
ACB = a, AC -- AB- ±d; the 
upper sign obtains for Jig. 78, the 
lower {or fig. 79. 




yig-, ^A 



1. If the angle BAC be known; 
then in the triangle ABC we have two 
angles and one side ; consequently the 
triangle itself. Put .'. BAC = 0. 

2. Then 

j^ a Sin. (« + 0) ^p a Sin, a 

om. bin. 

consequently, since AC— AB = ± rf, 

a [Sin. (a + ^) — Sin. «1 _ , 1 
ijin,' <p 

3. But Sin. (a + 0) — Sin. a=2 Cos. (« + i 0) Sin. i ^ 
and Sin, ^ = 2 Sin, ^ Cos. ^ ; we have . • . 
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2 a Cos. («+i^) Sin. |0 , 

2 Sin. i ^ Cos. i ^ ~" — ' 

or aCos.(a + itt^) _ ^ ^^ 

Cos. ^ ^ "~ * 

4. Co9. (a + i 0) = Cos. a Cos. i ^ — 5in, ^ jStn. ^ ^, 
and ^ * ^ ^ = Tan. ^ ; consequently 

a (Cos, a — »Sm. a Tan. ^ 0) ^ ± c?> 

J ^ , . a Cos. a + d ^ ^ ^ d 
and .-. Tan. i = 7: — ■ — = Cot. a + 



a Sin, a ' a Sin* a 

Exam. When a = 173^ d = — 27^ « = 56°. 25^ 13^^, 
then ^ =3 80°. 48^ 36^\ 

Const. To the given base BC, apply the angle BCA=za,\ 
on CA (fig. 78^, when CA > ^^, and consequently d is 
positive, or on CA produced (fi^. 79,), when CA < -^5, 
and consequently d is negative, take CD^d^ and draw 5i?; 
then make the angle ABB = ADB^ and produce the lines, 
till they intersect each other in A^ then ABC is the triangle 
sought. 

Upon AC^ BD^ draw the perpendiculars BE^ AF: then 
(because BC=a^ BCA=a), BJS=a Sin. d, CE^aCos.o^; 
.'• DE = a Cos. a + d, (tjie upper sign (ot fig. 78, and 
the lower for fig. 79) and 

Tan. DBE=^= a_Cos^^J 

tsE a om, a 

Now, since Z. ABD = L. ADB, by the construction, 
consequently ADB is an isosceles triangle, and . • ., because 
AFis perpendicular to the base BD, DAF=^ BAD=i 0. 
But Z. DAF = Z. DBE, because A ADF is similar to 
A DBE ; consequently also, 

^ , ^ a Co«. a + rf 
lan.^i^^ - — 

a foin, ot 

Synthetic Proojf, The triangle ABC has the given base 
5C, and the given angle BCA (by the construction). 
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Further, in the isosceles triangle JB = AD, and ••• 
AC- ABz^ AC-- AD^ ±CD^ ±d. 

Remark. If d is positive, and » a Cos. <f>, the formula gives Tan. i ^^0, 
and . * . <f> &= ; in the figure the point D will tben be in J?, and we have 
Z. jiBD = ^ ADB = 90®, consequently ^B \\ AC. U d > a Cos, ^ ; 
then Tan, | ^ is negative, consequently | ^ isan obtuse angle, and p > ISO*' ; 
then, in the figure, D is above E,.\ ACB, and consequentiy also ABC is an 
obtuse angle, and in this case the lines AB, AC, do not meet on this, but on 
the other side of the line BC. Since .'.for this case, the angle ACBvi no 
longer in the triangle ACB, but is an exterior angle of this figure ; conse- 
quently this solution, at least, cannot be made use of here. 



SECTION LXVII. 

Pros. T7i€ base of a triangle, the sum of its other two 
sides, and vertical angle are given : find the triangle, 

SoLDT. In the triangle BAC (Jig. SO), the base BC = «> 
the sum of the sides AB + AC = s, 
and the vertical angle BAC = a, are ^ 

given : find the triangle. / \ jfig. SO. 

1. Since BAC = a, ABC + ACB 
= 180° — a. The sum of the two 
angles at the base is consequently known, 
and it is only necessary to know their ^i 
difference, in order to find the angles 
themselves. Let .• . ABC — ACB = ; then 

ABC = 90°- i « + i 0> ACB = 90° - i a - ^ 0. 

^. We . • . have 

jr — Q ^^'^^ ABC ^ a Cos. i (« — 0) 

Sin, a "" Sin. a 

jn _ (i Sin. ACB __ a Cos, i (a + <p) 
"" Sin, a "" Sin, a 

Now since AB + AC = s, 

a [Cos. i (a + 0) + Cos, ^ (a — 0)] __ 

oin, a 

3. Cos, I (a + 0) + Cos. ^ (a — 0) =2 Cos ^ a Cos, ^ 0, 
and Sin, a = 2 Sin, ^ a Cos, ^ a, consequently 
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2 a Cos. ^ a Cos, ^ ^ __ 
2 Sin, ^ a Cos, ^ a "" * 

and Co,, i = i*^i5. 

4. Having from hence determined ; then we also have 
the angles ABC = 90° — i (a — ^), JCB=90°--i (« + 0), 
and consequently also the triangle itself. 

Exam. Fora = 125^-67, s = 1 52^39, a = 49\ 37^ 48^^, 
then = 118°. 48^ 56^^, then -4SC = 124°. 35\ S^"^ 
ACB = 5°. 46^ 38//. 

Const. Draw a line BD = * ; to D apply the angle 
52)C = i a ; from 5, with a radius BC =: a, describe a 
circle, which cuts the line DC in C ; make the angle DC A 
= ADCi and draw C^ ; then ABC is the triangle sought. 

Upon DC draw the perpendicular BE ; then 5JB = 

BDSin, BDC=8 Sin. i «, and Cos. CBE = 5? = i^^Ll? 

^ ' BC a 

= Cos. i ; consequently, C5£ = i ^, 5CJB = 90°— i 0. 
We .-. have ACB = DCB -- DCA =z go' ^ i4» -la, 

ABC = DBE + jB5C = 90*^ — ^a + i 0, which was re- 
quired. 

Synthetic Proof. Since A SDC = Z. DCA ; BAC 
= 52)C + DCA = 2 52>C = a; also BA ^ AC ^ BA 
+ -4-D = SZ> = *, and J9C = a; consequently BAC is the 
required triangle. 

Remark. The problem is only positiye, when a <«, and also s Sin. \ m 
<a: the first, because the sum of two sides of a triangle is always greater 
than the third side ; the second, because Cos. i <^ cannot be greater tiian 1. 
It is also evident fi^m the figure, that BC ^ a cannot be greater than BE 
a s Sin. J «, because otherwise it could not reach the line CD, which is 
required by the construction. 

If in the problem, the difference of the sides, instead of the stun, be 
given ; then it may be solved in a similar way. 
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SECTION LXVJII. 

Prob. JTie base of a triangle, the difference of the two 
angles at the base, and the difference of the sides, are 
given : find the triangle. 

SoLUT. In the triangle ABC (fig. 81^, the base BC = fl, 
the difference of the angles at the base, ^ 

or ABC'—ACB^a, and the difference k 

of the two sides, or AC^ AB = d, are / \ J^Iff ^^' 

given : find the triangle. / \ 

1. Since the difference of the angles / 3^/ 
ABC J ACB is given ; consequently it is 1^^ — ^"\1 

only necessary to know their sum, in B ^C 

order to be able to determine the angles themselves. Put .*. 
ABC+ACB=(b ; then we have, ABC:=z^ (* + «), ACBz:^ 
5 (0 - a) ; further, BAC = 180® - ^. 

2. Hence it follows, that 

AT — ^ *y^^' i (0 "i" ^) jji _. fl Sin* ^ (0 -- g) 
Sin, (p Sin. ^ 

Therefore AC-AB^ a[Sin.i(,p + a)-Stn.H<t>-c^)]^j^ 

tSin, 

8, Sin. ^ (0 + a) — Sin. i (0-a) = 2 Cos. ^ ^ Sin.^ay 
Sin. s= 2 Sin. 1 Cos. ^ ; consequently, 

2 fl Cos. i ^m. ^ a __ , 
S/S'm. ^0 Cosi^ "" 

and .*. ^Stw. ^ = , ^ . 

4u Having from hence determined the value of ^ ; wq then 
likewise have the angles ABC = ^ (0 +a), ACB^ i(^--*)> 
BAC = 180" — 0, and .•., since the line SC is ako given, 
the triangle ABCf is known. 

Exam. When a = 234^, d = 98^, a = 30^ 59^. 34^ 



GEOMETRICAL CONSTRUCTIONS. 113 

then i ^ = S9°. 38^ 22^^ ABC = ^ + i « = 55\ S\ 9^ 
JCB = I ^ — i a = 24^ 8^ 35^^ 

Const. To BC, the given base of the triangle, apply the 
angle CBD = ^ «, and from C, with a distance CD = d, 
cut the line £2) in D; draw C2>, and produce it; then 
make the angle DBA=zADB, and produce BA^ DA^ till 
they meet in A : then ABC is the triangle sought^ 

Produce BD^ and draw CE perpendicular to it: then 

rip 

CE = BC Sin. CBE = a Sin, ^ a. Sin. CDE = ^ 

= ^L^ji-^- ^/n 1 ; consequently CDE=:ADB=:ABD 

= 1^, ABC-ABD+CBD= |0 + J«, and ACB=ADB 

— C5D = J — J «> which was required. 

Remark. The problem is impossible, when CD is less than the perpen- 
dicular CE i for then the line CD cannot reach BD, This agrees also with 
the calculatioD, since d cannot be less than a Sin, | a, because otherwise 
Sin, i^> I, which is impossible. 



SECTION LXIX. 

Pbob. l%e vertical angle of a triangle, and the segments 
into which the perpendicular drawn from the vertex: of 
this angle divides the base, are given : find the triangle. 

SoLUT. In the triande ABC (fig, 82^, the vertical angle 
BAC = a is given ; also the seg- Jir^^p A 
ments BF^^a^ CF^h, into which ^^ ^^^^ 

the base is divided by the perpen- 
dicular AF, are given : determine 
the triangle. 

i. SinceSJP=a=: — ^ 




AF Tan. BAF, and CF=b = AF Tan. CAF: therefore 
fl ; i = Tan. BAF : Tan. CAF ; 
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consequently 

a+ j;a-ft= Tan.BAF+ Tan.CAF: Tan.BAF-Tan.CJF 

= Sin. (BAF+CAF) : Sin. {BAF^CAF) 

= Sin, a : Sin. (BAF^-CAF). 

% Hence we obtain 

Sin. \bAF - CAP) = ^°"/^f"'" 

• • • 

or, since BAF =90° -ABC, and CAF = 90''-ACB, and 
. • . BAF - CAF =ACB- ABC, 

Sin. (ACB - ABC) = ^""/If"-* 

3. Having from this equation determined the difference 
ACS ^ ABC of the angles at the base; then, because thdr 
sum is already known, we have also the angles ACB, ABCy 
for AC£ + ABC = 180« - «. 

Exam. When a = 247^ b = 53^, a = 113^. 20^. 54'', 
we find ACB^ABC=36^ 25\ 15^^-25. Now smce 
ACB + ABCz=:66\S9'.&^: therefore ^C5= 51^32^. l(//-62, 
ABC=z 15\&. 55^/-37. 

Const. On an indefinite line, make BF = a, C/* = J ; 
upon BC describe a segment of a circle BAC^ containing an 
angle equal to the given angle a. From F draw the per- 
pendicular FA^ which meets the segment in A^ and draw 
the lines BAy CA; then BACis the required triangle. 

Make FD = FC; then A /^^i? = A FAC^ L. ABC 
= Z- ACD ; fiirther 

BC : AB = Sin. BAC : Sin. ACB 

AB : BD = Sin. ABB : Sin. BAD 

= Sin. ACB : Sin. BAD, 

consequently BC : BD = Sin. BAC : Sin. BAD ; 

or since BC=a + b, BD=:a-b, BAC = a, BAD = BAF 

- FAD = BAF -- FAC = ACB ^ ABC, 

a-^b:a^bz^Sin.a : Sin. (^ACB - ABC) 
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and . • . Sin. CACB - ABC) = ^° ~/|f^' * , 
which was required. 

Cob. If the segments themselves are not siven, but 
merely their proportion to one another, and also the altitude 
of the required triangle : let m : n be the given proportion 
between the segments, and p the altitude of the triangle. 
First construct, as was done before, a triangle BAC^ whose 
s^ments BF^ FC are equal to the lines m, n, and upon the 
perpendicular AF^ produced if necessary, make AO = p ; 
through Of parallel to BC, draw tlie line MNy which cuts 
AB, AC, or these lines produced, in Jf, N: the A MAN is 
the required triangle. This method is very easily understood. 

If instead of the altitude of the triangle, one of its sides, 
viz. AM, be given : then in AB, or this line produced, it is 
only necessary to determine the point M, so that AM may 
be of the required length, and then from M to draw MN 
parallel to BC, in order to obtain the required triangle MAN. 



SECTION LXX. 

Prob. The vertical angle of a triangle, the sum of its 
sides, and the difference of the segments into which a 
perpendicular from the vertex of this angle divides the 
base^ are given : Jind the triangle. 

SoLUT. 1. Let BAC (Jig, 82^ be the required triangle, the 
sum of its sides AB + AC=a, the difference of the segments 
BF — CF = d, and the vertical angle BAC = a. If the 
difference of the sides AB, AC he also known ; then we 
can determine each of these. Assume therefore AB—AC 

^x: then JB=1±-?, AC= i— ?. Further,let BC^y 

2. Since AB' = AF" + BF', AC =. AF' ■\- CF' : then 
AB^ - AC = BF' - CF\ or 
iAB + AC) {AB - AC) = (5F + CF) (^BF - CF), 
or ax = rfy. 
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3. In the triangle BAC^ we have 

Ba = JB^ + JC?^2AB.JC. Cos. a, 

or 5,*= (-^j + \-^~) — Cos. a. 

If in this last elation we substitute im y its value — taken 
from 2, and solve the equation^ we then obtain 

-. J fl^<P(l - Cos. a) 
^ ■" ^ 2 a* - £P(1 + Cos.a:) 

or, since 1 + Cos. a = 2 Cos.^ Ja, 1 —Cos. a= 2 Sih.* Ja, 



a*£p Sen.* J « __ cd 5tit. J a 



SoLUT, S. 1 From S of the foregoing solution, we have 

a(AB '-JC) = dy, 

and.-. AB'-AC = ^. 

a 

2. Assume the angle ABC = ^; then ACB = 180° - 
(a -f- 0), and 

consequently. ^^ - Jg = ^ t'^'"' ^'^ 1^^ ~ "^^^ ^^ 

_ 2 y Cog. (^ « + ^) *yiw. 4 a 
"■ 2 ^ym. i a Cos i a ' 

_ y Cog. (i« + ^) 
"" Co*. ^ a 

3. If the two expressions for AB — -4C in 1 and 2 be put 
equal to one another, we then obtain 

d Cos. i a . 



Cos. (^ a + ^) = 



a 



whence the angle tp may be determined. 
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4. Further, since JB+AC=:a ; therefore from & we have 
y [Sin. (« + ^) + Sin. ^] __ 
Sin. a 



= 09 



2 y Sin, (j « + ^) Cos. ^ a ^ 
2 Sin. ^ a Cos. ^ a ^ ' 

, a Sin. I a 

and . • . y = 



Sin. (ia + ^)' 



further JE - 3^ ^^'«' (« + ») « a .9^. (a + 0) 

lurtner, ^/^ - ^m. « ^ 2 Cos. ^ a Sin. {^ + 0)' 

j^ _ y «S2W. ^ _ a Sin. ^ 

Since the second solution gives all the parts of the required 
triangle at once, by means of formulee, which are simple 
and easy of calculation, it is consequently preferable to the 
first. 

Exam. When a = 207', d = 13^ 7^\ a = 61^ 23^ 18^^ 
we find J a + ^ = 86^. 44/. 14^8, ^ = 56\ 9/. 35^^-8; 
and hence jBC=j^ = 105^-8357, Jjff = 107^-0022, -4C 
= 99^-9976. 

Const. Upon an indefinite line (jig. S3), take BD = d, 
and make CDG equal to half the 
adjacent angle of the given vertical 

angle, consequently = 90° — J a ,• / J^S^-^- \^ 

from B, with the radius BG = a, 
cut the line DG in 6, and join 
£6 ; then make the angle GDA 
= DGA, and from -4, with the "b ^^ 
radius AB, describe a circle, which 
cuts the indefinite line in C, and join AC ; then BAC is the 
required triangle. 

For since CDG ziiQQP ^^a; therefore jBG2>=90° — | 
a-^ABC; consequently Sin.BDG = Sin. CDG = Cos, I a, 
Sin. BGD = Sin. [90' - (la+ABC)] = Co*. (J (t+^J5C). 
But in the triangle BGD 

BG : BD = Sin. BDG : Sin. BGD, 
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or a : d = Cos. J a: Cos. (J a + ABC); 

consequently Cos. (2 « + ABC) = ^-^. 

But analytically 



^ ., . d Cos, I a 






we have .' . J a + -45C = J a + ^, and -4SC = ^, which 
were required. 

Synthetic Proof , Upon BCdraw the perpendicular -4F; 
then BF, FC^ are the segments of the triangle BAC. 

Since Z- GAC - 2 L. GDC, (Euc. III. 20); therefore 
GAC is the adjacent angle of the vertical angle in the required 
triangle ; consequently BAC is this vertical angle. Further 

AB + AC == AB + AG = BG = a, 

BF -^ CF^ BF- DF ^ BDz:^d. 

Q. E. D. 



SECTION LXXI. 

Pros. The base of a triangle^ its altitude^ and the dif- 
ference of the angles at the base^ are given : find the 
triangle. 

SoLUT. Let the required triangle he BAC (Jig. 82 J ; the 
base BC = a, the altitude AF = A, and the difierence of the 
angles at the base ACB — ABC = a. 

1. If from these data the sum of the angles ACB^ ABCj 
can be determined ; we then have the angles^ and conse- 
quently also the triangle. Put ••. ACB + ABC =: ^\ 
then ACB = J (^ + a), ABC = J (^ - a). 

2. From the right-angled triangles AFC^ AFB, wc 
obtun 

CF^h Cot. i{i> + a), BF=h Cot. H* - «)• 

Now since CF + BF =z a; we have the equation 
A [Cot. J (0 + a) + Cot. J (0 — «)] = a. 
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3. But Cot. H* + «) + Cot. J (* - «) 

_ Sin. ^ 

"" Sin. H* + «) Sin, J (0 - a)' 

Sin. 5 (0 + a) Sin. J (0 ~ a) = J [Cos. a — Cos. ^"j ; 

instead of the former equation, we consequently have the 
following one : 

h Sin. 

J [Cos. a — Cos, 0] "" . ' 

or Sin. 6 A — r Cos. = — - Cos. «. 

• 4. In order from hence to determine the value of ^ in the 
easiest way, we can make use of the following artifice. Put 

Tan. fi for --; consequently determine an angle fi such, that 

its tangent is equal in numerical value to the expression, 

-7 ; by these means the foregoing equation is transformed 

into the following one : 

Sin. <p + Tan. fi Cos. = Tan. fi Cos. a ; 

or, when we multiply both sides by Cos. fi, and substitute 
Sin. fi for Cos. fi Tan, fi^ 

Cos. fi Sin. (jt H- Sin. fi Cos. ^ = Sin. fi Cos. a, 

or likewise Sin. (0 + jj) = Sin. fi Cos. a, 

whence ^ may now be determined. 

Exam. Let a = 1365^, A = 789^ a = 21\ S9\ 18^^ 
Here hg. Tan. fi = log. — = 9*9370257, and .* . fi =z 

40^ 51'. 37'''55. Hence we obtain further, log. Sin. (0 + /m) 
log. Sin. fi + log. Cos. a = 9*7839362, and consequently 
A ;+ fi = 37°. 26^ 53''96j or 6 + fi— 142°. 33'. 6^^-04. 
The first of the two values found for + /u need not to be 
used here, because ^ + ju must necessarily be greater than /u. 
If •*. we take the second value, we then obtain, ^ = 
101^ 41^ 28^^-49, and hence JCfi=|(0 +«) = 6l°.40^ 23^^-24, 
ABC = J(^ - «) = 40\ 1^ 5^/*24. 
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Const. From 2>, the centre of the given base 5C, 
(fg. 84<J, draw KF perpendicular to it, and make DE=h ; 
from E draw the line EG pa- 
rallel to BC, and to ED apply 
the angle EDG = a ; then 
by these means the point G is 
determined. Draw EBj and 
from 2>, with the distance DG^ 
cut EB produced in H ; then 
describe upon BC an arc, 
including the angle HDK : 
and from the point Ay in ^ 
which this arc cuts the line ^ 
EGy draw the lines AB^ AC ; then BAC is the triangle 
sought. 

This construction may be derived from the analytical 
solution, in the following way : 

Since BD-\ a, DE=zh; therefore Tan. BED =^ = 

-- = Tan. fi; consequently BED = jx. Further, in the 

triangle HED, 

HD : ED = Sin. HED : Sin. DHE, 

or since HD:=zDG^ DE Sec. GDE = * 



Cos. a 



Cos. a 
: h = Sin. ju : Sin. DHE, 



consequently Sin. DHE = Sin. DHI = Sin. fi Cos. a. 

But by the analytical solution also, Sin. (^ + jii)=:«S'/n. /i+ 
Cos. a; we have .'. either tj^-^fi^zDHEy or <p'\-fi=^DHI. 
The first supposition cannot obtain here ; for since DH = 
DG > DEy consequently also A DEH > Z. DHE 
(Euc. /. 18^ ; ••• jtt > ^ + jtt> which is impossible. We .*• 
have DHI = ^ + /le, and consequently EDH = DHI — 
DEH = ^. Now since ^ denotes the sum of the twa 
angles at the base of the required triangle; consequently 
HDK must be the vertical angle of this triangle ; from whid^ 
all the rest necessarily follows. 

Synthetic Proof, The triangle BACy as appears immediately 
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from the construction, has the given hase and altitude; .*. 
it on^ remains to be proved, that likewise ABC — ACB = 
GDE = a. Produce . * . the line GE, till it cuts the circular 
arc in Z, and from the centre O draw the radii OA^ OB, 
OCj OL : then BOC = 2 BAC (Euc. III. 20), and BOD 
= J BOC = BAC ; but likewise HDK = BAC (construc- 
tion), consequently HDKz=zBOK^ and BO \\ HD. Further, 
smce DH = DG, OB = OA ; consequently DH : OB = 
DG : OA ; but likewise DH : OBznDE: EO, consequently 
DG : OA=:DE : EO, AAEO is similar to AGED (Euc. 
VI. 7), and .\0A\\ DG. Now draw CL, then ACL = 
BCL - ACB = ABC - ACB; further, ACL = J AOL = 
JOi; = GDjE ; consequently ABC - JCfi = GDE. 

Q. E. D. 



SECTION LXXII. 

Pbob. To divide a straight line, so that the rectangle 
contained by the two parts may he equal to a given 
square* 

SoLUT. The given line AB = a (jig. 85) is required to 
be divided in G, so that AG x GB 

Let AG = x; then BG = a 
—a? ; rectangle AG x GBzsx (a—^r), ^ 
and .*. 

T{a -r- x) = ft^ 

The solution of this equation gives 

x = la± A/(ia«- V). 

CovsT. Upon AB describe a semicircle AFB : from B 
draw the perpendicular J3Z, and then make BE = mn ; 
bom E draw the line £/^ parallel to ^£, which cuts the semi- 
eurde in Fyf; and from these points draw FG^fg, perpen- 
dicular to AB : then 6 or ^ is the required point of section. 

Draw the radius CF : then C(? ^ CF^ ^ FG" =: CB" --' 
BI?:=zl a^'^V; consequently CG :=: Cg :=: a/ {\ c? - If), 
and .-. JG = Ja+ V (ia^-i^). JG=Ja- ^ {W-h% 
which are the two values found for x. 

II 
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The synthetic proof of this construction is founded on 
Euc. VI. 13, 17. 



SECTION LXXIII. 

Pros. To produce a given line, so that the rectangle 
contained by the whole line thus produced, and the 
part produced, may be equal to the square of a given 
Kne. 

SoLUT. Let the line AB be given (Jig. %6) : lengthen it 
by the part BC, so that the 
rectangle AC x CB ^ mv? J^^g ^^' 

Make AB =: a, mn = h, 
BC = J? ; then AC=^ a+x, 
and we . * . have the following 
equation : 

X (^a + x) z= W. 
The solution g-Wes 

Const. Upon AB describe a semicircle ; from' B draw 
the perpendicular BE = mn ; and from the centre O draw 
the line OE ; to the point F, in which this line cuts the 
semicircle, draw the tangent FC^ which meets AB produced 
in C ; then BC is the required part, by which AB must be 
produced. 

For since, as is readily seen, A EOB is similar and equal 
to A FOC, and OE^ = 0B\^ BE'' = i o^ + 6^ ; Aen 
OC=:OE=^ V (ia2 + &«), and .-. 

BC =: OC - OB := a/ (i a^ + i^) - J a. 

If we produce the Hne^B in the other direction, and make 
Oc = OC, we then have JBc = 05 + OC — J a + 
a/ (i a^ H- 6*), which is the absolute value of this line. But 
with respect to the position, if J5c be opposite to J3C,' we 
. • . have analytically Be = —Ja— \/(ia^ + J*),' whidi 
is the second value of x. Since in the problem nothing is 
said as to which side the line ^ii is to be produced on, con« 
sequently both values of x veriiy it, because Bc,.cA ss 
BC . CA. But if it is expressed in the problem, that the 




GEOMETRICAL CONSTRUCTIONS. 



1S3 



line is to be produced . towards J3, then the first value of a; 
need only be retained. 

The synthetic ^roof of the construction is founded on 
Euc. III. 36^ and is easily deduced from it. 



SECTION LXXIV. 



Paob. To divide a given line into two parts, so that the 
rectangle contained by one part and another given 
line, may he equal to the square of the other part, 

SoLUT. Let (Jig. 87) two lines ^J5, iww, be given : 



fig. 87. 




divide the first in D, so that 
rectangle AD x mn= BD^. 
Let AB = a, mn = 5, 
BD =: x: then AD=^a—x, 
and •'., from the conditions 
of the problem, we, have the 
equation 

(a — a:) 6 = x^. 

The solution of this equation 
gives 

Const. Upon that part of AB which is produced, take 
BC^^mn^ and upon AC^ BC, describe two semicircles; from 
B draw the perpendicular SC, and from jF, the center of the 
semicircle BGC, draw the line FE ; to the point of inter- 
section £r, draw the tangent GD, which meets AB in D : 
then D is the required point of section. 

For since BE^ =zABxBC {Euc. VL 13, 17) = ah, and 
J?JF"= \BC = J6; consequently FE^ = BE^ + BF^ = 
«A.+ ii«, and FE ^ ^ (ah + \l^). But A DFG is 
vmilar and equal to A BFE, and . • . DF = FE ; con- 
sequently also DF = V(a4+i6^), and .-. DB^^DF-- 
Bp, = v(a6 + 4 ^) — Jij .which was required. 

The, second value of x, because it is negative, does not 
obtain here, otherwise the point 2), which, according to the 
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Eroblem, is to be an intersection of the line AB, will fall 
eyond the point B, and consequently not between A and B, 

Synthetic Proof. Since ADFG is similar and equal to 
A BFE : then BE^DG. Now BE^=ABx BC iEuc 
VI. 13, 17), DG^ z=z BD X DC {Euc. III. 36) ; conse- 
quently also AB X BC=:£D x DC. Take the rectangle 
BD X BC from both sides; we then have {AB—BD) 
BC = (DC - BC) X BD, or AD x BC:=^AD x mn^ 

BD^. Q. E. D. 




SECTION LXXV. 

Pros. To find two lines such, that the sum of their 
squares may be equal to a given square, together with 
the rectangle contained by these lines. 

SoLUT. Let AC (fig. 88^ the side of the given square 
= a ; let the given rectangle 
be MG, its sides MN = b, 
NG = c. Let X, y he the 
two lines sought. From the 
conditions of the problem, we 
obtain the two following equa- 
tions : 

xy = be, x^ + j/2 = a^. 
The solution of these eqiiatioQS gives : 

x^ ^[la^+ V{\a*-V(^)] 

Hence we get the construction. 

Const, Find the fourth proportional to the three lines 
AC, MN, NG CEuc. FL 12); let this be X, so that 
AC ; MTSI = NG ; X Then describe np(m AC a 
semicircle, and from C draw the perpendicular CD = JT ; 
from D draw DB parallel to AC, which meets the semicircle 
in B, and from B draw the lines BA, BC', these are the 
lines sought. 
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Draw the radius OJB, and the perpendicular BF. Since ^C; 
MN=:NG : X (Construction), or a : ft = c ; X; therefore 

JT = CD = JB F = - : consequently OF^ ViOB^-^ BP) 

ic? 2")- Hence we obtain further : AF^\a 

+ V(ia«-^), Cf=Sa-- V(ia«^^. Now 

since ^B« = ^C x AF ^\(f + a ^ Ud" -'^-W 

+ a/ (i 0* - V(?), BO =: JC X CF^^la^^ax 

ia« — -^j=|a2->v/(ia*~ft5Jc2): consequently JB=: 

^ [J«* + V (ifl*- ft V) 1, BC = V [Ja« - V(\a^ - ft^c«)], 
which was required 

Synthetic Proof. Since ABC is a right angle, conse- 
quently AO=:AB^+BC^, which verifies the first condition 
of the problem. Further, since AC : MN = NG ; X 
(= BF) : consequently rectangle AC x BF = rectangle 
MN X NG. But rectangle ^C x BF = rectangle 
AB X BC^ because both rectangles are double the triangle 
ABC; consequently also rectangle AB x BC = rectangle 
MN X NG. Q. E. D. 

Remark. We may also, as I presame to be already known, give the 
analytical expressions for x and y, the following more simple forms : 

* «i[V (a« + 26c) +V (a* -25c)] 
5f =»i[V(a«+2ftc)-V (a«-25c)]. 

The formuls given in the solution are, however, better adapted to the 
construction. 

SECTION LXXVI. 

Pbob. To find a right-angled triangle suchy that its 
hypothenuse is equal to a given line, and the rectangle 
contained by its two sides is equal to the square of the 
difference cf these two sides. 

SoLUT. Let ABC (Jg. 88) be the required triangle, 
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whose hypothenuse AC =: a is given, .and in which rectangle 
AB xBC^iJB-- BC)K 

Let AB = X, BC = ^ : then, from the conditions of the 
problem, we obtain the two following equations : 

a^ + y = a\ 03^ = (x — yy ; 

and these give 

2 2 

X- V^(3+ V 5),y= ^/|(3 - ^/ 5). 

In order to adapt these expressions found for x and y to the^ 
construction, give them the following forms : 

VaUa + Viia^^la^)l ^ a[\a ^ \^ (i a' - J c^) ]. 

Const. Upon a given hypothenuse AC = a, describe a 
semicircle; from C dmw the perpendicular CD=^AC==^af 
and from D draw DB parallel to AC, which meets the. 
semicircle in B ; from B draw the lines BAj BC : ABC 
is the triangle sought. 

Draw the radius OJB, and the perpendicular BF; 

then BF= CD = ^a, OB =: J a, consequently OFss 

a/(0B2- J5jP)= ^/(ia2^Ja2), and .-. ^Fsr Ja + 

>v/(ia2 - Ja2), CF=la -- ^/i^a^ - Ja^). Now since 

AB^^ACx AF, BC^=zACy,CF; consequently ^5= 

^ai\a+ x/Cia" - ia^)], 5C= ^/4J« - >v/(i«'-iaO], 
which was required. 

Synthetic Proof. Since A ABC is similar to ABFC: then 
-^5 ; ACz=i BF: BC; consequently also 3 AB: AC^ 
3 BF: BC= AC: BC, and .-. 3ABxBC== AC^. But 
because ABC is a right angle, AC^ = ^jB^ + BC^; we oonr 
sequently have 3 AB xBC==:AB^^BC^, and ABxBC=: 
AB^-^2AB X BC+ BC^=: (AB - 5C)2. q. e. d. 



SECTION LXXVII. 

Faob. At the extremity of the given diameter of a semi- 
circle, "a perpendicular is drawn: find apointinjbis 

\ 
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perpendicular such^ that when a line is drawn from 
this point to the other extremity of the diameter, that 
part of it which is without the drcle, may be equal to 
a given line, 

SoLUT. Let AB (fig. 89^ be the given diameter of a 
semicircle, BC a perpendi- 
cular upon it : find a point D 
such, that when DA is drawn, 
DE may be equal to a given 
line mn. 

Let AB = a, win = 6,^ 
AD = x, and draw BE. 
Since AEB is a right angle, 
consequently A ^i9j5 is simi- 
lar to A ABEj and .'. 

JD:'AB=: AB: AE 



fig^89. 




X : a=. a I x^h. 



Hence we obtain 



and 



x^ — hx = a^. 



Const. Upon BC, make BH^ mn = b, and upon BH 
describe a semicircle BFH ; from A through its center O 
draw the line AF, and with a radius AF, describe an arc, 
which cuts the line BC in D : D is the required point. 

For since AB=za, BO=ilBH=lb; consequently AO=i 
V {BO^ + AB^) = V (if + a2) ; then AD^AF^^AO + 
OjF=Ji4- '^{\V'\-c?)f which was required. 

Synthetic Proof. Complete the circle BFHG. Since 
BD touches the circle AEB^ and AB the circle BFHG ; 
.-. J52>«=: AD X DE, AB^ z=: FA x AG; consequently 
AD y. DE ^ FA x AG ^ BD^ + AB^ = AD', and .-. 
FA y. AG ^ AD^ -^ AD y DE = AD x AE. Now 
FA = AD ; consequently also AG = AE, and . ' . DE = 
GF, or, since GF= BH^ mn, DE = mn. q. e. d. 
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SECTION LXXVIII. 

Prob. In a given quadrant to describe a circle w/dch 
touches both the circumference and the two radii. 



;oLUT. Let JCB (fig. 90) be the given quadrant, and 
radius = a. Further, let fis-.so 




SOLUT 

its 

EFQ be the required circle, D 
its centre, and E^ F^ G^ the 
point$iin which it touches the 
circumference, and the two radii^ 
of the quadrant. 

1. Draw J)F^ DG: then rr^ 
DFB^ DGB, are right angles ^ ^ 
(Euc.IIL 18^; likewise JBC is a right angle; conse- 
quently BFDG is a parallelogram, and since DG = DF^ it 
IS also a square; .*. DBC is half a right angle. Produce 
BD; consequently this line passes through the point E* 
(Euc. IIL 2 J. 

2. Let DE ^ DF ^ DG = x; then BD = 
V'CjBG^ + DG^)^ ^/ 9,3?^ X ^/9,; consequently BE = 
BD -{-DEszxV^+x. Now, since also BE = a : therefore 

X V 2 -{• X ^ a, 

a 
and.-. x= ^ =a(A/2 -- 1), 

or likewise a? = V 2 a? ^ a. 

Hence we obtain the following construction. 

Const. Bisect the angle y^JSCbythe line£^; to the 
point E, where this line meets the circumference ^C, draw 
the tangent EII9 which meets BA produced in H; then 
make Sg = ^j5^ and firom G draw the perpendicular 
GD; from 2>, where this perpendicular meets j5iS7, with a 
radius DG^ describe the circle EFG : this is the required 
circle. 

For since BEH is a right angle, and EBH half a right 
angle ; consequently BE = EH sza , and . • . BH = 
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BH^ x/iBE^-}- EH^) ^x/9.a^ /consequently BG = AH 
= BH — BA = \/ 2 a^ — a, which was required. 

Synthetic Proof, Draw JOF perpendicular to BC ; then 
DFB = i3G5, DBG = Z>5/, £i> = BD ; consequently 
A DGB is similar and equal to A DFB, and DF = i>G^; 
hence the circle described with the radius DG passes through 
F^ and touches the lines BC, BA, in F, G (Euc. III. 16J. 
Further, since HBE = ^B: then BE=EII; but likewise 
AH-sz BG (Construction), consequently HG^AB:=:BE^ 
EH, and .-. A HGE is isosceles, and HGE = HEG. 
But also DEH = DGH {- R); consequently DEG = 
DOE, and .'. DG = i3jE?. Therefore the circle described 
with the radius DG^ also passes through E, and it meets the 
circumference AB in no other point, otherwise a line drawn 
from B to this point would be equal to BE, which is im- 
possible, (Euc. Ill, S). 



SECTION LXXIX. 



Pbob. Hielines drawn from the vertical angle of a right- 
angled triangle to the centre of the opposite sides, are 
given : find the triangle, 

SoLDT. Find a right-angled triangle ABC (fig. Ql) such, 
that the sides ABy SC, con- 
taining the right angle, when ^^^' A 

bisected in D, E, and the 

lines AE, CD are drawn, ^^ * 

AE =:mn= a, and CD = ' 



Fut BD=zx: then BC^ 

&2 - a2 




consequently BE^ = i jBC^ = 



^2 



X 



4 



2 62+15^ 



J5JE?=:4x2 + 

4 4 

we consequently have the equation 

s 



7 B E 
.aniiAE'^AB^'^- 

Now smce AE^a ; 
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tod hence jt = \/ 



4 

4a2- y 
15 ' 



Const. Upon any line A B^ to the point B draw a perpen- 
dicular CZ^ and make 5F— i;?9= ^b ; from /" with « distance 
JTO^ = wn = a cut jBZ in G^; in BA take any part BK^ 
from ^, with a distance Kl = 4> BK, cut JBZ in I ; and 
from G draw G^fT parallel to Kl, which meets the line BA 
in jET; then from H make HE ^ ipq =:ib cut the 
line 5C in ^, and make BC =: 2 BE, BA^A^BE. 
Draw ^C: then ABC is the triangle sought. 

For since FG=a, BF=^b (Construction) : then BG^ = 
TG^ - BF^ = a^ - i i^. Further, because A BHG Is 
similar to A BKI, GH : BHr=. Kl : KB ^ 4k : 1 (Con- 
struction), and .-. G£r= 4 BH, GH^ = l6 BH\ BG^^ 
GH^ ^ BH^=^ 15 BH^ ; consequently 15 BH^ = fl« - 

i 6^^ 5i?2= ^-~^S .-. (because :r = i ^5 = 2 iBF), 

— — 5 and jT = V z — 5 which was requirea. 

15 15 



22 = 



Synthetic Proof. Assume BD = 2 J5jy= i-4B, and 

draw CD : then, because also 5(7= 2 5iS, C2? || HE, and 

.•. CD =: 2 HE = pq (Construction); wherefore the line 

CD, which is drawn from Cto the centre o( AB, is of the 

given length. Further, because the trianglesr BKI^ BGH, 

are similar, as was proved before, GH^^BH^ and also 

AB = 4 BH (Construction) : then AB = GH, and . • . 

GB^ = GH^ -. 5i72 = AB^-- BH\ But ^jE? - H£« 

= AE" - 5i?2^ (because ^£2 ^ ^52 + jg£2^ ^£» - 

BH^ + 5£«), consequently GJ52 = AE^ - jB'^«. But 

likewise GB^=:GF^-'BF^=GF^-HE^, (because by the 

Construction, BF=:^pq=:HE) ; consequently we have AE^ 

- i7JE;« = GF^ - jETjBS and .. AEz^ GF; hence, since 

GF= mn (Construction), also AE = mn. q. e. d. 
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SECTION LXXX. 

Pbob. An angle and a point in it are given : describe a 
circle which touches both the lines containing the angle, 
and passes through the given point. 

Soj^UT. Let the given angle be BJC (fig. 92 J, the given 
point D, PMD the required y^V. 92. 

circle, which touches the lines 
ABj JCf in P, My and passes -^ 

through the point />. 



1. Through O, the centre 
of the circle, draw the line 
AE; consequently this bisects 
the angle BAC. Further, 
since the point D is given, ^ 
we likewise have the angle 
DAE, and the line AD. 
Therefore let BAE = a, DAE = 




g, AD = a. 



9,. If the angle ADO be known ; then in the triangle 
ADO we have one side and two angles, consequently also the 
lines AOj OD^ and at the same time the centre and radius of 
the circle. However, this angle can be very easily found; 
for since AO : OP^AO : OD, and AO : 0P=1 : Sin. a, 
AG : OD = Sin. ADO : Sin. : then 

1 ; Sin. a = Sin. ADO : Sin. jg. 

Sin. 



and 



Sin. ADO = 



Sin. 



Hence we get the following very simple Construction. 

Const. Bisect the angle BAC by the line AE^ and then 
take any point F ; from this point draw FG perpendicular to 
AC, and with the distance FH = FG, cut the line AD in 
H : then from D draw DO parallel to HF : O is the centre 
of the circle. 

For since FH=zFG (Construction) ; therefore AF : FG=. 



138 



GEOMETRICAL CONSTRUCTIONS. 



AF: FH. But AF : FG^l : Sin. a, AF : FH=:Sin. AHF 
: Sin. P; consequently 1 : Sin. a = Sin. AHF: Sin. 0, and 

Sin, ff 



Sin. AHF = Sin. ADO = 



quired. 



Sin. a 



, which was re- 



Syntheiic Proof. Draw OP perpendicular to AB : then 
OP II FGy DO II HF; consequently AF : FG = AG : OP, 
and AF: FH ^ AO : OD. But AF : FG = AF : Fk, 
(because FG = FH, by the construction) ; consequently 
AO : OP = JO : OD, and .-. OP = OD. A circle de- 
scribed with a radius OD, will consequently pass through P, 
and at this point touch the line AB, consequently also AC. 

Remark. Since there is another point besides H in the line ADy from 
which FH =s FG : consequently strictly there are two circles, which verify 
the problem, 



jTig'. 03 



SECTION LXXXI. 

Prob. ^n angle, and a circle within it, are giy^n: 
describe another circle, which at the same time touches 
the two lines containing the given angle and the given 
circle. 

SoLUT. Let BAC (Jig. QS) be the given angle, Kl the 
given circle, whose centre is 
O, and MLK the required 
circle, which touches the lines 
AB^ AC in M, L, and the 
circle in K. The centre D 
of the required circle must, 
as in the preceding section, be 
in the line AD, which bisects 
the angle BAC ; further, the 
centres of the two circles, and 
the point of contact, must B 
be in a straight line (^Euc. 
HI. 1 1/) 

\. In AD take any point P, and draw PO : then, besides 
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the angle BJC, and the radius OK of the ffiven circle, the 
Imes -iP, PO, and the angle OPD may be considered as 
given. Therefore let DJC=^ ^BAC^a, OPD=0, AP=^a^ 
PO = b, OK=r. 

2. If the angle POD be known ; then we can draw the 
line OD^ and then the centre D is determined. Assume •*. 
POD = : then 

no - ^ ^^^' pn - ^ ^y^'^' ^ 

consequently DK =: DO -h OK ^ ^.^ f'^' ^ , + r, 
■ '' Sm. (|3 + 0) 

JD^^PD^AP::. J^f^'"^ , +a. 

S. Now DK = 2>ilf = ^Z> Sin, a ; we consequently have 
the equation 

, ^n.(g + 0) +^- Urn. (g +%) -^ ^J'^^^* "' 

or 

bStn.$+rSin.{p-\'<f}=:bSin.aSin.^ + aStn.aSin.{ff+^) : 

from which equation the value of ^ may be determined. 

4. Since the point P may be assumed arbitrarily : deter- 
mine it • * ., so that the obtained equation may be more simple. 

This is the case, when we put JP= a = --^ ; for by 

otn. a 

these means the foregoing equation is transformed into the 

following one : 

Sin. = Sin. a Sin, 0, 
and this gives Sin. ^ = y. * ; 
from which we obtain a very easy construction. 

Const. Bisect the given angle BAC by the line AT; 
from A draw the perpendicular Aa = r, make ab parallel to 
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ABy and from the point P, where it cuts the line AT, drjivr 

PO to the centre ot the given circle, hi AT take any point 

E, draw EF perpendicular to ai, and with the distance 

EG = EF, cut the line PO in G. Through O draw the 

line DK parallel to EG ; then the point 2>, in which this 

line meets AT, is the centre, and DK the radius of the 
required circle. 

For we have AP = -^ j^^- = -zr- . as was required. 

Sin. APa Sin, a ^ 

Further, because EF = EG (Construction), EF : EP = 

EG : EP; but EF : EP = Sin. a : 1, EG : EP = 

Shu&:Sin.PGE; consequently ^Fzn. a; 1 = Sin.p:Sin,PGE, 

Sin. p 



and .-. Sin. PGE = Sin. POD = 



Sin, a 



Synthetic Proof. Draw DM perpendicular to AB : then 
Dca^DMA^R ; consequently, since also EFP—R (Con- 
struction) Dc II EF. Now likewise DO \\ EG, hence PE : EF 
= PD : Dc, and PE : EG = PD : DO. But PE : EF 
= PJe : EG (because EF = EG), consequently PD : Dc 
= PD : DO, and .'. Dc = DO ; and since also cM = -4a 
= OK ; then Z>Jf = DK. A circle described with the 
radius DK, passes .*. through M, and touches the line AB, 
consequently also AC. But since the two circles touch in K, 
it appears, from hence, that they can have no other common 
point, because otherwise a line drawn from D to this point 
must be equal to DK, which is impossible (Etic. TIL 8. J 

Remark. Since in PO there are alirays two points, such as G, from 
which EG ss EFi consequently there are also always, as in the foregoing 
^(SctioB, two circles, which verify the problem. 



SECTION LXXXII. 

PftOB. ^n angle and a point within it are given : through 
this point draw a line, which meets the tivo lines 
including, the angle, and with them forms a triangle of 
a given area. 

SoLUT. Let BAC (Jig. 94i) be the given angle, and D 
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the given point within it : through 
this point draw a line MN sudi, 
that the A NAM has a given 



fig-. 04. P 



area. 




1. Through D draw aline FG 
parallel to AC: then the lines 
AFj FD may be considered as 
known. To AF apply a paral- 
lelogram AFGK^ which has the 
given area (Euc. /. 45j : conse- 
quently the solution of the prob- 
lem depends merely upon this, to draw the line MN in such 
a way, that A NAM = pardlelogram AFGK, 

2. If this be done : then A DGH= A DNF^ A HKM. 
But ADGH: ADNF=zDG^:DF^, and ADGH: AHKM 
= 2>G« :KM^ (EOc. VI. 19>; consequently also A DGH : 
A DNF -f A HKM = DG^ : DF^ + KM^, and since 
ADGH^ADNF+AHKMy then likewise DG^z:^DF^ 
•\-KM^^ and .•. 

KM = ^/ (2>G« - DF^). 

Hence, since the lines Z)G, DF are known, the line KM, 
and at the same time also the point M, may be very easily 
determined, both hj calculation and by notation. 

Const. After having applied a parallelogram AFGK to 
AF^ as required in the solution, upon AC draw from K the 
perpendicular KL^ and with the distance LM = DGy cut 
the line KC in M : then from ilf through D draw the line 
MN: what was required is now done. 

The proof readily follows from the solution itself. 



SECTION LXXXIII. 



PsoB. Thva lines intersecting each other at right angles, 
and a point which is equally distant from these two 
lines are given: through this point draw a line, so 
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that the part of it contained between the two lines con* 
taining one of the right angles may be equal to a given 
line. 



SoLUT. Let the two lines Bb, Cc (Jig. 95) intersect each 



Jlg^^s. 




other at right angles in the 
point A ; let the point D be 
so situated, that the two per- 
pendiculars DP^ Dp are equal 
to one another; through D 
draw a line DM^ so that its 
part EM^ which lies between ^ 
the lines Ah^ Ac, may be 
equal to the given line JTZ. 



1. If the line Z)£ or Z>ilf 
be determined: then the prob- 
lem is solved. Instead, however, of finding these lines 
inunediately, it will be better, to assume theur sum for the 
unknown magnitude in the calculation, because their di£^- 
ence is already given. Let . • . DP = Dp = a, DM — DE 
= ^Z = 26, DM + DE=^2x: then jDilf = x+6, DE 
= X — i. 

2. Since A DPE is similar to A EAM: therefore 

DE:DP=EM: AM 

or X — & : a = 2 i : AM; 

2ab 



and . 



AM=z 



x-V 



,, . 2 ai a(x '\- b) 

Mp:=a + T = -^^ r^. 

3. Now DM^ = Mp^ + Dp^ ; we . • . have the equation 

or jr* - 2 (a« + i^^ X* ^ j4 _ 2^j» « 0. 

This bi-quadratic equation is a quadratic one for a^ ; its 
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solution gives 

4. Consequently x has four v;[|lue«, ^U of which verify the 
equation. For since it was not e^j^essed in the prehlein, in 
whioh of the four right angles the part EM I^tween the lin^9 
containing the angles was situated; ponseq^ently ^hi^ line 
may have four di&rent situations ; viz, either the poii|ion 
EMf within the angle bAc, as was 9ssunied in the solution, 
or the position E'M\ within the angle BAC^ or even the 
two positions E^^M^^, E^^'M'^\ within th^ angk WC If 
the line EM be bisected in R : then j!}R =^ i (DM + J)E) 
^ X ; likewise if the lines E'M\ E''M^\ E'^'M'"', be 
bifieoted in R', R\ R^'' : then J)R\ DR'\ DM'"', are the 
thsee oAer values of jr. The linos DR^ DR^9 are equal with 
resq^ect to their absolute magnitudes, and only differ in their 
positions ; these are expressed by the two values ± s/ [a* + 
fi' 'f a -i/ (a* + 46^)]. In like eaanner, the lines DR'^^ 
DW\ only differ in their position, and are £xpressed by the 
two values ± a/ [a^ + 6^ — a \/(a* -f 4 ¥)\ The two 
first vaiues of x^ which otnrrespond to the lines DR^ DR\ 
are always positive; the two last are only so, when a^ + 
b« >a v'Ca^^ 4^*), or a* 4- 2a«6« + 6^ n, ^4 ^ ^^£^2^ 

that is ft* > 2 o^ ftS and ft^ > 2 a«. 

Const. Let Sft, Cc, (Ji^, QQ) be the two lines intersecting 
each other, D the given point, 
and DP = Dp = a, be two 
perpendiculars to the former of 
these lines. In Dp take the 
part DS = XZ (preceding 
figure) = 2ft, and draw PS ; 
then in DP produced, take 
PT -PS; upon DT de- 
scribe a semicircle, which cuts 
the line Cc in ilf, and draw 
DM : then the part EM, which lies between the two lines 
including the angle bAc^ is equal to the given line XZ, 

For since DP =z a, DS =z 2b : then PS =: V (a« + 4ft-), 
and.-. DT=DP+PT=:DP+PS = a-\^ V (a« + 4ft2). 
Now draw MT^ and the perpendicular Mm, Since Z. TMm 
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= L MDT^ and DP = Mm : consequently the right-angled 
triangles TWrn, DPE^ are equal, and . • . MT = DE. 
KEM be bisected in R : then 2>-S = i QDM + DE) = 
i (DM + J/T). Now DM" + J/T* = DT^, and 
DMxMT=:MmxDT^a.DT,henceDM^ + 2DM.MT 
+ ilf r« = Z)T2 + 2 a . Z>r = DT {2a + DT) = 
[a + V (a« + 4i«)] X [Sa + v/ (a« + 4*^)1 = 
4a2 + 4i« + 4a >s/(a* + 4*2), and .'. DM ^ MT - 
A/[4a« + 4^6"^ + 4^aV (a^ + 4 &«)], DR =z V [a^ + i* 
+ a \/ (a* + 4i*)], as was required. 

Synthetic Proof. Since ^if« = AM^ + ^^S and AP^ 
= (^£ + JBP)* = AE^ +2AE X EP+ EP^: therefore 
AM^ + 2 ^£2 ^2AE X EP + EP^ = jBJf « + jpe^ or 

AM^ + 2PA xAE + EP^ = EM^ + />/». In the si- 
milar triangles AEM, DEP, DP : AM = PE : AE ; and 
DPxAE(=PA X AE) = AM x EP. We therefore have 
AM'+^AMxEP-^^EP^^^EM'+DP^, or (AM + EPf 
=:EM^ + DP^; consequently since J<ilf=Pm, and-BP=m7', 
(Pm + mT/ = PT^ = jBilf* + DP^. But likewise 
PT« = PS^ = DaS* + DP^; hence ^ilf^ + />/» = 
DS' + Dpa, .-. EM^ = JOSS'S and IJilf = DS. d. e. d. 

Remark. The circle cuts the line Cc twice in E^. If the line D3f be 
drawn through this point, which meets Bb in M*: then, if EM* be bisected 
in It, DR is the second value of a denoted by the same letters as in^. 95, 
and consequently « DR. This is very easily proved. For the other two 
values of *, a similar construction may be found, which, however^ I shall 
not give here, in order that I may have room for other matter. 






VIII. POLYGONOMETRICAL PROBLEMS. 



SECTION LXXXIV. 



DBFINITIONS. 



1. If Irom all the angular points and extremities of a 
rocdEed line ABCDEF (fig. Ql), the perpendiculars Aa, 




Bh, Cc, Dd, Ee, Ff, Gg, be let fall upon any given straight 
line PQ: these are called Ordinates. Further, if in the fine 
PQ we assume any point S ; then the parts of this line 
which lie between this point and the ordinates, are called 
Abscissx ; thus Ra is the abscissa of the point A, Rb the 
abscissa of the point B^ and so on : further, PQ is the axis 
of abscissa:, R the origin of ahscisste ; the abscissa and ordi- 
nate of a point form together the co-ordinatea of this point. 

If the Go-^dinatcs of a point are given ; consequently also 
the point itself is. But the ordinate of a point may fell 
oa both sides of the line PQ : consequently the detonnination 
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of the absolute magnitude of the ordinates is not sufficient ; 
vfe must also know their position. In order to distinguish the 
above two positions from one another, the ordinates above the 
line FQ are expressed by + ; on the other hand, those which 
are below it, by — . Therefore the points -4, S, C, D, £, 
F, G, have the ordinates + ^a^ + Bby — Cc^ + Dd^ 
-h -Ee, + Ff^ — Gg. There is a similar relation between 
the abscissae ; thus, the abscissas which are from Ry in 
the dhrection ot Q, are denoted by -f , and those which af&ili 
the direction of P, are expressed by — . 

2. The lines AB, SC, CD, DE, EF, FG, of which the 
crooked line ABCDEFG is composed, are called its lines ci 
division. But if the crooked line inclose a space; conse- 
quently these lines, as we already know, are sides of the 
figure thus formed. If a line of division be produoed, in 
order to avoid mistakes, it is denoted according to the ordei; 
of the alphabet. Produce . * . (when the contrary is not ex- 
pressly required) the line AB not towards A, but towards B ; 
m like manner BC^ not towards j8, but towards C, and so on. 
In this case it is advisable to denote the crooked line, from 
its first to its last point, according to the letters of the al- 
phabet. 

3. When from any point R of the axis of abscissae, which 
tieed not be exactly the beginning of the abscissa, a eireb is 
described, and the radii Ra^ i?jS, iZy, i?8, iZs, iZ^, are re- 
spectively drawn parallel to the lines of division ABy BC^ 
CDf DEy EF, FG^ according to the order in which they are 
produced : then these radii are called the corresponding radii 
of these lines ; viz. Ra is the corresponding radius o( ABy 
R0 the corresponding radius of jBC, and so on. 

4. By the exterior angles of a crooked line are here meant 
those angles which the continuation of a line of division 
makes with the other at their point of junction ; thus CBoy 
DCb, EDc, FEd, GFe. 

It is known, that when two lines, say M, iV, are parallel 
to two others, s^ P, Q, viz. M \\ P, N \\ Q, the angle, 
which the lines -Ji, N form at their junction, is equal to the 



4 
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angle included by the lines P, Q. Consequently also the 
exterior angle of two lines of division, is equal to the atigle 
formed by their corresponding radii; consequently aBb = 
t= «JBft bCc = pRy, cDd = yRBi dEe = Si?£, 

eFf = eRZ. 

The absolute magnitude of the exterior angles is not suffi- 
cient, however, to determine the situation of two lines of divi- 
sion, because these lines may form a convex as well as a 
concave angle, although the exterior angle continues to be of 
the same magnitude : this . * . must be considered. With 
this view, imagine a moving line turning round the point JS, 
and advancing successively in the directions Ra^ Rff^ i?y, 
JSS, Re 9 RZ9 which, by these means, describe the angles 
aRff fc: aBbf $Ry = bCc^ yRS = cDd : then it is evi- 
dent, that this radius in advancing from Rp towards JSy, 
must have a motion, which, as to its direction, is exactly con- 
trary to that which it describes in moving from Ra towards 
Rff, If . • . we consider the angles, whicn are generated by 
the motion of a -radiiid from the object Q towards the 
o1]gccts ^, P, Z, as positive; those angles which re- 
quire a contrary movement may be considered as n^ative. 
Therefore the angles &Cc, dEe^ ei^ require the sign -f, 
and the angles aBb^ cDd^ the sign — . 

Let the exterior angles of a crooked line aBb, bCc^ 
cDdf dEe, eFf^ with their proper signs, + or— , be 
constantly expressed according to tne order, by the single 
letters By C, D^ E^ F ; .• . m the foregoing Bgure jB = — 
aBby C= + bCc, JD = - cDJ, E = dEe, F = eFf. 
Further, let the angle which the first corresponding radius, 
and consequently also the first line of division, makes with 
the line of abscissae, here qRa^ be denoted by J. Let the 
line Ra be above the line rq, then ^ = — qRa. 



SECTION LXXXV. 



Pbob. T%€ lines of division of a crooked line, its exterior 
angles y and the co-ordinates of the first point , together 
with the angle, ivhich the first corresponding radius 
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makes with the tine of abscissa:, are given i determim 
the co-ordinates of each angular point. 

SoiDT. Let ABCDEFGHIKL (fg. 98 J be thcaooked 




line, its lines of division AB = a, BC ssb> CD=e, DE=d, 
EF = e, FG ^f, GH = g, HI = h, IK = i, EL = kj 
let the corresponding radii of these lines, according to thdr 
order, bo Rx, R&, Ry, Rl, Rt. Further, let if be the 
origin of the abscisss, the abscissa of the first point Ra = p, 
its ordinate Aa = q. 

1. From the poiiitB B, C, D, E, Sec. to the line of ab- 
scisEK PQ, drav the perpendiculars Bb, Ce, Dd, Be, &c 
We then have 



Bb = Aa—Aii= 
Cc ^Bl+CV = 
Dd=Ce+ D^= 
Ee = Dd-De= 
Ff = Ee-Ei' = 
Gg = Ff+ef= 
m = Gs-Gg'= 
li = m+ K = 
Kit = It +Kt/= 
LI =Kk-Kr = 



q — a Sin. 
Bi + bSin. 

a + cSin. 
Dd-dSin. 

Ee - eSin. 
.Ff+fSin. 

Gg-gSin. 
■Bh+hSin. 
: Ii+ iSin. 
■ Klc-kSin. 



ABaf= 
CBb/ = 
Da ^ 
I)Ed'= 
EFi ^ 
GFf = 
GH^^ 
IHl = 
KIV -. 
KLV = 



q — aSin. qRa 
Bb + hSin.qBn 
Cc + cSin-pRf 
Dd-dSin.pRS 

.Ee— eSin.q Rt 
Ff + fSin.qBti 
Gg~ g Sin. q Rn 
Hh+hSm.pH% 

: li + iSin.p Itt 
Kk-kSin.qBK, 
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further : 

Ba := p 

Rb z=z Ba -{- ab =^ p + a Cos. ABd^ p + a Cos. qRa 
Be == Bb + bc = Bb-hb Cos. CBV =r Bb+ b Cos. q B fi 
Bd z^Bc^cd-Bc — c Cos. DCd = Be- c Cos.p B y 
Be =z Bd -- de=z Bd-dCos. DEd^= Bd- d Cos.pB 8 
Bf =z Be ■{- ef=: Be + e Cos. EFe^ =z Be + e Cos. q B e 

Rg =^Rf + fg^Bf+fCos.GFf^Bf + fCos.qBZ 
Bh = Bg + gh:= Bg + gCos.GHg^=Bg+ gCos.qBn 
Bi - Bh'-hi= Bh-h Cos. IHV = Bh- h, Cos.pBd 
Bk = Bi - ik = Bi - i Cos. KW = Bi- i Cos.pB l 
Bl =zBk'{-kl =: Bk -J^kCos.KLV^ Bk+ kCos.qBK. 

2. But 

Sin, A = Sin. '■^ q Ba z= — Sin. q Ba 

Sin. (A-^B) = Sin.(^qBa + aBe)=^ Sin. qBp 

Sin. Ia+ B+ C) = Sin.(—qBa + aB0^ 0By) = 

Sin. qBy zs, Sin, p By 
Sin.(A+B-j-^C+D)=:Sin.{-qBa + aBfi + fiBy+yBS) 

= /Sm. 9 ^ 8*) = - Sin.p B 8 
Sin.(A^B^C^D^E)^Sin.^'9^;%f^^^^^ 

= Sin. 9 ii € = — Sin, q Be 

= Sin. (360" + qR^ = Stn.qJlZ 

C-qBcc+aRff+^Ry-) 

Sin. {A+ B+C+ ... + G)= StH.j+y]iS+SRs + tR}^ 

= Sin. qBr\^ — Sin. q Bti 

* The asterl^ above Sin. qRl denotes, that by ; A ^ is to be understood 
not the concave, but the convex angle. 
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Sin, (A + B + C+ .. +H) = SinJ+yRS + SRt-^ eRK\ 

= Sin. (360^ JtqRO)^Sin.qRe^ Sin.p R 

C-qRct + aR0 + 0RyJ 
Sin.U + B + C+ ... +i) = Sin.}+yRS+SRe + BRiy 

l-^tRB + vRe+dRi) 

= Sin. (360° + qRi)^ Sin. p R i 

r^qRa+aRg^pRy 

«. / ^ n /-I . . irx Cf J -i-yRS+SRe-^-BRti^ 

Stn. {A^B + C+ ... +K) == '^^M^^/j^+^iJg + eJle 

(. — iRk 

=s jSm. q Rk^ ^ — Sin* q Rk; 
and in like manner 

Cos. A = Cos, -^ q Ra =z Cos. q R a 

Cos. (^ + 5) = Cos. qRff 

Cos. Ia + B + C) ^ Cos. q Ry == -- Cos.p H y 

Cos. (A ^ B^ C + D^=: Co5.5f As = — Cos.p RS 

Cos. (A + B + C + D + E) =z Cos. qRt- Cos. q R e 
Cos.lA+B+B + ... + F)=::Cos.(36o^-\-qRZ)-Cos.qRZ 

Cos. {A + B •}- C + ... + G) =: Cos. q kri= Cos. q Rri 
Cos. Ia+B+C^.. +H);^Cos.(360''+qRe):B^Cos.pRe 
Cos.lA+B+C+... + I)=Cos.{36o'^-\-qBi)=z^Cos.pRi 

Cos.(^A + S + C + ... + iT) = Cos.qRK=s Cos.qRK. 

3. Now, if we substitute the values of Sin. qRa, Sin* qRfi, 
Sin. pRy, Sin. pRSy &c. Cos. qRa, Cos. qRp^ Cos.p Ry^ 
Cos. pRSy &c., found in Z^ in the expression in 1, for tx» 
liQfes Aay jB6, Cc^ &c., Ra^ Rh^ Rc^ &c., we obtain 

A a = q 

Bh = flf + a Sin. A 

Ce tx Bb + bSm.(A^B) = q + aSin.A + bSin (^+5) 
ZW= Cci'€Sin.(A+B+C) = q-]'aSin.A'\-bStn.(A'{-m 
+ cSin.{A + S •{- C) 

Ee = Dd + dSin.(A -h B + C + D) =^ q -ha Sin. A 
+ b Sin. {A + B) ^ c Sin. (,A + B + C) 
+ dSin.(A -h B + C + D) 

* Fide Note in pcec6(Kng fAg«. 
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#y= Ee^eStn.(A'{- B + C + .. .-{-£):=:: q + aSin. A 
+ h Sin. (^ + 5) + c Sin. {A -^ B -{- C) 



Ll^Kk'\' kSin.(A+B-{-C+ ... + K)z=z q + aStn. A 

'hhSin.{A+B)+cStn.{A+B'\-C)+dSin.(A+B+C'{-D) 

+ e Sin. (J + B + ... + E) +fSin. (^ +5+ ... +F) 

+ gSin.{A + B+... +G) + hSm.(A + B -h ... + H) 
+ I Sin. {A + B + ... + I) ^ kSin. {A + B+ ... +K). 

Likewise, 

Ha =|> 

Rb =r j!> + a Cos. A 

Re z=zp + a Cos. A + b Cos. (A + fi) 

Rd — pJ^-aCos.A +bCos.{A + 5) + cCos.{A + B + C) 



Rl=p + aCos.A + bCos.{A + B) + c Cos.(A -{- B + C) 
+ *. + k Cos. {A + B + C + + iT). 

Cor. These formulae also obtain^ when^ as in Jig. 97? the 
crooked line is intersected by the line of abscissae^ or when 
the beginning of the abscissae is within the crooked line. 
For it is only necessary to suppose, that the line of abscissae 
and the beginning of the abscissae, are first without the 
crooked line, and that thisr last moves more to the right 
towards Q, but the former parallel with itself vertically : then, 
because the angles A, B, (7, 2>, &c. and the lines of divi- 
sion a, 5, c, dy &c. remain the same, the expressions ob- 
tained undergo no further change, than that the co-ordinates 
of the first point difier. If . • . these are properly determined 

u 
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according to the alteration in the position, then all remains 
the same. 

If the line of abscissa; passes through A^ and we also 
assume this point as the origin of the abscissae; then 
/) = 0, a = 0, and . • ., when y denotes any ordinate, and x 
any abscissa, 

y - a Sin. A + b Sin. (^A + B) + cSin. (A + B+C)+&c. 
X =za Cos. A ■{- b Cos. (-4 + JB) + c Cos. (^ + S + C) + &c. 

Exam. Let (Jig. QS) a— 54^9,, h=.6QS, c=511, d=469, 
c = 970, /= 902, g = 689, A = 660, i = 299, k = 783, 
p = 817, ^ = 711 ; ^ = — 47^ 45^ JB = + 94°. 31^, 
C = + 66\ 19\ 2> = + 84^ 15\ E =z + 92\ 34/, 
F = -h 126^ 32^ G = — 115°. 12^ H= + 168°. 49^, 
/= + 33°. 5/, Jr= — 161°. 50^ 

Here 

Sin. A = Sin. - 47°. 45^, = — Sin. 47". 45^ 
Co5. A = Cos. — 47°. 45' = Co5. 47°. 45^ 
Sin. (A + JB) = ASm. 46". 46^ 
Cos. {A + B) = Co5. 46'\ 46' ; 
Sin. {A + B+ C) = Sin. 113°. 5' = aS/w. 66°. 55', 
Cos. {A-{- B -\-C) = Cos. 113°. 5' = -. Co5. 66\ 55'; 
Sin. (^ + fi + C + J9) = ASm. 197°. 20' = - Sin. 17°. 20^, 
Cos. (^ + S + C+ 2>) = Cos. 197°. 20' = - Cos. 17^ 20'; 
Sin. {A + B + .^ + E) = Sin. 289°. 54' = --Sin. 70°. 6', 
Cos. (^ + S + ...+ ^) = Cos. 289°. 54' = Cos. 70°. 6'; 
Sin. {A + B + ...+ F) = >Sm. 4l6°. 26' = Sin. 56°. 26^ 
Cos. (A + B + ... + F) = Cos. 416°. 26^ = Cos. 56\ 2&; 
Sin. (A-{-B + ... + G) = Sin. 301°. 14' = .- Sin. 58\ 46^, 
Cos. (A^B + ...+ G) = Cos. 30J°. 14^ = Cos. 5S\ 46'; 
/SYn. (J + JB+...+^) = Sin. 470°. 3' = >y/n. 69°. 57^ 
Cos. (^ + S+. .. + -») = Cos. 470°. 3' = - Cos. 69°. 57^; 
.S/w. (J + S + ... + /) = iSin. 503°. 8' = Sin. 36\ 52', 
Cos. (J + S + ...+ /) = Cos. 503°. 8^ = - Cos. 36\ 52'; 
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Sin. (J + jB-f-... + Jr) = Sin.34:l\ 18^ = - Sin. 18°. '42^, 
Cos. IJ-\-B + ...+K) = Cos. 341°. 18^ = Cos. 18°. 42^ 

Therefore we have 
a Sin. A =—542 Sin. 47°.45^=— 401-1981 

h Sin. {J + B) = + 698 Sin. 46°.46'= + 508-5420 

c Sin. {A-^B + Cj = + 511 Sin. d6°.55^= +470-0870 
dSin. {A + B+C+D) =— 469*S'm. 17°.20^= — 139*7292 
c Sin. (^ + jB+. ..+£) = -970 >y;n. 70°. 6^= -912-0794 
/ Sin. (J + B+ ... + F)= + 902 Sin. 56°.26'= + 751*5852 
g->ym. (^ + JB+... + G)= +689 *S'm.58°.46'= -589-1382 
A aSiw. (J + S+...+jHr)= +660*51/1. 69'.57^= +619-9998 
t Sin. (J + JB+...+/) =+ 299 *S'iw.36*°.52^= + 179-3865 
Jb Sin. (^ + JB+ ... + JSr)= -783 iSm. 18°.42^= -2510400 

a Cos. A = + 542 Cos. 47°.45^= -| 364-4228 

ft Cm. {A + B) = + 698 Co5. 46°.46''= + 478*1098 

C Cos. (-4 + jB+C) =—511 Cos. 66°.55^= -200-3475 

dCos. {A + B + C+D) = -469 Cos. 17°.20'=- 447-701 5 
c Cos. (^ + jB+... + 1:)= +970 Cos. 70°. 6^= +3301681 
/Cos. (J + JB + ... + F)= +902 Cos. 56°.26^= +498-7219 
g Cos. (J + JB+ ... + G) = +689 Cos. 58°. 46'= +357 2633 
A Cos. (-4 + JB+ ... + -H7= -660 Cos. 69'.57'= -2262744 

tCos. {A + B+... + I) =-299 Cos. 36°.52^= -239-2101 
fcCos. (^ + S+... +Jr)= +783 Cos. 18°.42/= +741-6656 
Hence it follows that 

Bb = 711 — 401-1981 = 309*8019 
Cc = Bb + 508-5420 = 818-3439 
Dd = Cc + 470-0870 = 1288-4309 
Ee =: Dd - 139-7292 = 1148-7017 
Ff = Ee -- 912-0794 = 236-6223 
Gg = Ff + 751-5852 = 988-2075 
Hh- Gg - 589-1382 = 399*0693 
/i. - Hh •\' 6199998 = 1019-0691 
Kk = // + 1793865 = 1198-4556 
LI = Kk — 251-0400 = 947-4156 
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and in like manner, Kb = 1181*4228, jRc 
Rd = 1459-1851, Re = 1011-4836, Rf 
Rg = 1 840-3736, Rh = 2197*6369, Ri 
Rk = 1732-1524, Rl — 2473-8180. 



1341-6517, 
1971-3625, 



Remark. If the co-or^nates of the crooked line are found, it is easy to 
express this line. The formulae here foun^ form, besides, the baas of all 
polygonometry, as we shall now show. 



SECTION LXXXVI. 

Prob. In a quadrilateral^ three sides, and the two angles 
between these sides, are given : Jind the fourth side, 
and the remaining angles. 

SoLUT. Let ABCD (Jig. 99) be the quadrilatearal ; 
AB, BCy CD, the given sides, and ^^ ^ ^^ 

ABC, BCDy the given angles. Let .Z^'''' 

AB = a,BC = i, CD = c. ^ 

1. Consider ABCD as a crpoked 
line, which both begins and ends in 
A^ and through this point draw any 
line PQ, which may be its line of p 
abscissae. Let A be the beginning 
of the abscissae, and about this 
point describe a circle ; let Aa, A^, Ay^ be the corresponding 
radii of the sides AB, BC, CD. By comparinc ^g«. 97, 
9S, we get J= + QAa, B=z ^aA0 = - aBC, C= -g^y 

= - hCD. 




% Draw Dd perpendicular to PQ ; then by § LXXXV 
when, for shortness sake, we put A z=: a, A + B = P, 
A + B + C == y, we obtain, 

Dd = a Sin. a + b Sin. g + c Sin. y ; 
Ad =: a Cos, a + b Cos. g + c Cos. y ; 
consequently 
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B^z=.a^ Sin.^ a + b^ SmJ^ P+(? Sin.^y + 2 ab Sin. a Sin. fi 

+ 2 ac Sin. a Sin. y + 2bc Sin. p Sin. y 
AJD^zsa^ Cas.^ a+V Coa.^ ^+c« Cos.^y^^ ab Cos. a Cos. & 

+ 2 ac Cos. a Cos. 7 + 2 ic Cos. Cos. y. 
Hence, because AD = V {Dd^ + Ad^)^ we obtain 
JD = -v/f ^^ + *^ + ^^ + 2 06 Cos. {& — a) -1 
L+ 2 ac Cos. (y — a) + 2 ic Cos. (y — g)J 
C^g. I and lO.J 
or, since ^ a^ Bj y — a = J?4- C, y — ^ = C, 
AD = A/f a^ + *• + c« + 2 ai Cos. B "i 
L+ 2 ac Cos. (S + C) + 2 he Cos. c\ 

an expression, which, as must be the case, does not depend on 
the angle A. 

3. We must further determine the two angles BAD, 
ADCf or even one of them only, because we then know three 
angles, and consequently the fourth. With this view, sup- 
pose the line PQ turns round the point A, and moves towards 
AD : then we have 

Ddz=aSin.A + bSin. {A + B)'¥cSin. (A + B+C) = 0, 

where A = DAB. 

4. By solving this equation, we obtain (^. 9) 

r a Sm. A + b [Sin. A Cos. B + Cos. A Sin. B] 1 
l+c[Sin.ACos. (JB 4- C) + Cos.ASin. (B + C)]}"^' 

and by dividing by Sin. A, 

r a + b [Cos. B + Cot. A Sin. B] 1 = q • 

L+ c[Cos. (jB + C) + Cot. A Sin. {B + C)]j ' 

hence further, 

n * >t n* T^Ajy a + b Cos. B + c Cos. (B-^- C) 

Cot. A = Cot» DAB =: — -j—cT' n—. cP p . At( » 

b Sin. B + c Sin. (^B + C) 

5. If the line PQ be so turned that it falls on AB : then we 
have A = QAa = 180°. On this supposition the line Dd is 
converted into Dd\ and the line Ad into — Ad^. The 
two equations 

Dd=za Sin. A + b Sin. {A + By+c Sin. {A + B + C) 

Ad=:a Cot. A + b Cos. {A + B) + c Cos. {A + B+C) 
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are transformed into the following ones : 

or 

Dd! - -h Sin. B ^ c Sin. (S + C) 
Ad' = a+i Cos.B^c Cos. {B + C). 

Hence we obtain, as in 4, 

r / njn^-d^ a + fc Cos. B + c Cos. (g + C) 

Lot. VAB - ^^/ - J g^^ jg ^ ^ g^^^ (.B + C) • 

6. If the side AD be calculated ; then also the following 
formula may be used to determine the angle DAB : 

Dd' h Sin. B + c Sin. (B + C) 



Sin. DAB = 



AD'' AD 



Exam. Let -4fi=a=452, BC=:b=6lO, C2>=c=411, 
ABC = 92^ 5^, JBCZ> = 68°. 53^ Here JB = - aJ?C = 

— 87°. 55', C = - 6C/) = - 111". 7^ and .-. B '\- C =: 

— 199°. 2^; we then have, Cos. B Cos. — 87^ 55' = 
Cos. 87^ 55^ Cos, C^Cos.'-Ul^ 7^= Cos. 111^ 7'= - 
Cos. 68^ 53^ Cos. (jB + C)=Cos.-199". 2^= Cos. 199". 2' 
^-Cos. 19\ 2^ Sin. B=Sin.^8T. 55'=z--Sin. %'7\55', 
Sin. (B + C) = Sin. -. 199". 2^ = - Sin. 199°. 2' = 
A^m. 19°. 2' ; 

a^ -f i^ + c2 = 745325 
2 ai Cos. S = 20046 5 

2 ac Cos. (B+C) = — 351231-3 
2 Jc Cos. C = — 180645-6 ; 

consequently by the formula in 2, 

AD = V (745325 + 20046 5 - 351231 3 - 180645-6) 

= 483-2127. 
Further we have, 

b Cos. B = 22-1753, iiSm. B =—609-5966 

c Cos. (B+C) = -388 5302, c Sin, (i5-hC) = 134-0346; 
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consequently 

a + i Cos. B + c Cos. (JB + C) = 85 6451 

b Sin. B -V c Sin. (JB + C) = — 475-5620; 

. • . by the formula in 4, 5, 

Cot. DAB = .l^'ltll = 0-1800924 

475-5620 

and DJB = 79°. 47^ 26^^. 

By the form In 6, we have 

Sin. DJB = ^'^^'^^^^ == 0-9841670 

483-2127 

and DJB = 79^ 47^. 26^^ 

as before. 

When the angle DJB is found, wc have also JDC : thus it 
is 

JDC=^360''-'JBC'-BCD--BJD=:119\ 14^. 34^^ 



SECTION LXXXVII. 

Phob. Four sides of a pentagon^ and the three angles 
included by them, are given : Jind itsjifth side and the 
two remaining angles. 

SoLUT. Let JBCDE (Jig. 100^ be the pentagon, JBj 
BC, CD, DE, the given sides ._ 

and JBC, BCD, CDE, the ^/^ 

given angles. Let JB = a, 
BC =zb, CD=: c, DE = d. fig^^^' 



Da 



1. Through -4, one of the ex- ^ ^--^^^"^^^ \^ 

treraities of the required line JE^ ^^W^ y^ — 'K/^S 
let any line PQ be drawn, and ^^C^ i/C^ '■ 

from tne other extremity E the jp [ ^^k^ / ) j ^ 

perpendicular Ee. Further, let V \^y 

a circle be described about -4, and ^^v \y 

let Ja, JPf Jy, JSy according to 

their order be the corresponding radii of JB, BC, CD, DE' 
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From the opposite situation of these radii we obtain for the 
present figure, -4 = + QJo^ S =s — aJB = — aJ?C, 
C = + 0Ay = + bCD, 2>=-'y-i8=- cDE. 

% By § LXXXIV, in the crooked line ABCDEA, 
when, for shortness sake, we put Assia^A+B=^0^A + B 

+ C = 7, J + S + C 4- D = 8, we get 
Ee =i a Sin, a + i Sin. + c Sin. y + d Sin. 8 
Ae =s a Cos. a + b Cos. p + c Cos, y + d Cos. S, 
and .*. 

Ee^ = a2 Sin.^ a + fr^ Sin.^ jS + c^ iSm.^ y + d^ -Siw.^ 8 
+ 2a6 aSiw. a Sin. + 2ac ASin. a Sin. y + 2adSin. a Sin. 8 
+ 25c Sin. g Sin. y + 25d Sin. Sin. 8 + 2cd Sin. y 531.8 

Ae^ = a^ C<w.« a + i« Cos.^ jS + c« Co«.2 y + d« Ccw.« 8 
+ 2a6 C(w. a Co*. 0-{-2ac Cos. a Cos. y-\-2ad Cos. aCos.d 
+ 2bc Cos. Cos. y + 2id Cos. Cos. 8 + 2cdCos. y Cos. 8. 

3. Now since AE^ V (Ee^ + Ae^) : .•. (fig. 1 and lo;, 

r a^ + &« + c« + d« + 2 aJ Co*. (/9 — a) + 
-4JBs= >\/^2ac Cos. (y—a) + MdCos. {I —a) +9bcCc 
( + %bd Cos. (8 — e) + 2cd Cos. (8 

or, since g — a=5, y — a=:S+ C, 8— a = 5+ CH- D, 

y-./S = C, 8-|S=C + A 8-7= D, 

Ca« 4- 6^ + c^ + 2abCos.B + 2acCo«.C5 + CX 
JjB = >v/^+ 2 ad Cos. (S + C + i>) + 2 ic Co*. C +\ 
i 2bd Cos. (C + D) + 2 cd Cos. D 

4. Let the line PQ so move towards P, that it coincides 
with JB: then ^ = 180'', and -Ee is converted into -Bf'. 
We consequently have 

E^ =z aSin.lSO'' '\'bSin.{l%0 + B)-JtcSin.{l%Qf '\- B + C^ 

+ dSin. (180° 4- fi + C + I>), 
or 

Eef^'-b Sin. B - c5/w. (S + O - dSin. {B+C+Dl 

E(f 
Now since Sin. BAE = /Sm. JB-ie^ = -j^ : therefore 
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Sin. BAE + ^^^'^'•^+<^*yg'»'(-g+0+ dSm.{B+C^D) 

AE 

If . • . the side AE Is calculated by means of the fonhula iii 
iy we then obtain from this formula the triangle BAE, 

B. But if the line PQ move towards Q, in the direction 
AE; then A =r BAE^ and Ee = 0, and we have the equa- 
tion^ 

SaSin. A + hStn. (A -{^ B) + cSin.(A + B + C)l _ ^ 
1+ dSin.{A + JB + C+D) \ " ^' 

at 

a Sin. A + b [Sin. A Cos. B + Cos. A Sin. B\ +) 
\c\Sin.A Cos. (jB + C) -f Cos. ASm.(B+ Oj-h C= 0* 
.d[Sin.ACos.{B +C'{'D)'\' Cos.ASin.{B+ C + D)]} 

Divide this equation by Sin. A, substitute Cot. A for 

Cosm A 

Uy. * , and subtract Cot. A = Cot. BAE : this gives 
Am. A 

Cot. BAE::^ 

a^bCos.B'\-cCos.{B'\-C)'\-dCos.{B'\-C'{-D) 
bSin. B + cSin. {B-\-C)'\-dSin.{B + C'{-D) 
or also 

Tan. BAE- 

bSin.B+cSin.(S4'C) + dSin.(B + C+D) 

a+bCos.B + cCos.{B+C) + dCos.{A + C-^D) 

We have . * . two different formulas for the angle BAE, which 
mutually serve to prove the calculation. 

Exam. Let a = 640, b = 519, c = 438, d — 5S6, 
ABC=^4,e'. 38', BCD - 136". 5', CUE = 38". 51'; con- 
sequently B=-138*. 22^, Ci=4S°. 55', D=-14l"'. 9^. 

iSem SiUi B = Sin. — iss\ 32' = - Sin. isa". 82' = — 

Oh. 46". 88', Cos. BsCos.-lSS". 29f=Coa. 138". 22'= — 
Cot.46*.S8'^ Cos. C=Cos. ^S'.BS', Cos. JD= Cos. -141«. 9' 
= Cm. J4iV 9', = - Cos- 38". 51, Sin. (B + C) = 
Sin, - 89". 27' = - Sin. 89". 27', iS««. (B + C + D) = 
Cot. - 89". 27' = - Cos. 89'. 27', Sin. CB + C -i^ D) = 



154 POLYGONOMETRICAL PROBLEMS. 

Sin. — 230°. 3& ^ '-•' Sin. 230". S6^ = Sin. 50\ 86^, 
Co*.(B+C+Z;)=Co«.-230°. 3&= Cos. 230°. 36^ = - 
Co*. 50°. 36\ Cos. (C+D)=:C(w.-97^ 14^=Cm 97^ 1*' 
= — Cos. 82°. 46^ ; consequently 

a* + i^ + c* + d^ = 1040101 





2 ab Cos. B = 


— 384889*4 




2 ac Cos. ( B + C) = 


4540-8 




2adCo5.(B + C+D)= 


— 367432-8 




2 Jc Cos. C = 


327502-5 




2MCos.(C+D) = 


- 70052 5 




2 cd Cos. D = 


= 365670-3; 


and .*. 


^E= -v/ 184099-3 = 


429-0679. 


Further 






- 


i*ym. B ==- 


377*2996 




& Cos. B = - 


356-3720 




0*9^.(5 + =- 


437-9797 




c Cos. (B + C) = 


4-2044 



dSin. {B + C + D)=i 4141852 
dfCos. (JJ-f C+Z)) = - 340 2155, 

. • . by the formula in 4, 

Sin. BAE = ^^iti = 93^8033 

429-0679 

And by the formula in 5, 

^'"- ^^^ = - isri^ = - '-''''''': 

from both we obtain 

B^E=110°. 48M3^/. 

The negative co-tangent which is obtained firom the seooii^ 
formula, shows that the angle is obtuse, which leaves the tM 
indeterminate, because two angles belong to each sine. 

When BJE is found, we have also Uie angle AED. 
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SECTION LXXXVIII. 

pKOB. All the sides of a polygon except one are given, 
also all the angles included by these sides : find the 
unknown sides and the two remaining angles. 

SoLUT. The treatment of the quadrilateral and pentagon 
in §§ LXXXVI, LXXXVII, clearly shows the method 
to be adopted for every other polygon. The law by which 
the formulae are governed is simple, and easily discovered : 
it may be expressed by words in the following way : 

1. Tn order to find the unknown sides of the polygon, take 
the squares of all the given sides ; take, further, twice the 
products of every two of these sides combined in every possible 
way, and multiply each of them by the cosine of the alge- 
braical sum of the exterior angles between the respective sides ; 
then add all together, and extract the square root from the 
product. 

2. In order to find one of the two required angles of the 
polygon, assume the given line which is adjacent to the 
required angle for the first, and multiply each of the remain- 
ing given sides both by the sine and the cosine of the alge- 
braical sum of all the exterior angles between it and the above 
first side ; then add all the products arising from the casines 
to the first side, and divide the sum by the sum of all the 
products arising from the sines ; the quotient, with a different 
sign, gives the co-tangent of the required angle. Or, divide 
the sum of the products arising firom the sines, by the side 
found by the first rule : then the quotient, with a different 
^g^s gives the sine of the required angle. 

Thus, if a, i, c, d, c, in the order in which they are 
here placed, be the five given sides of a hexagon, and iJ, C, 
D, £ the four given exterior angles formed by these sides : 
then the unknown side = 



V- 



•a«+62+c2+ cP + c2+2a&Cos.jB + 2acCo5.(J5 + C) 

+ 2adCos.(B + C+D)-f 2aeCos.(J5 + C+D+£) 

+ 26cCo*.C + 2WCos.(C+D) + 2ieCos.(C + I>+JB) 

-f 2cdCo«.D + 2ceCo5.(D+£) + 2deCo9.E 



us 



tfe 



cf die iw|uiifa tmot 



m. = 



«+*C«. B+eCW.(B+ C) + rfC«.(B+C+fl)+1 
<CW. (g+C + D + E) J 

\hSm.b-^ cSm. {B + C) + dSm. {B + C + D} +1 
L eSm.{B + C + D + E) J 



[• 



#r die siae of this an^ t= 






eSauiB-^ C+ D + £) 






wfaeie X dcnotef the l e quii e J side. 

Tbat these fimmihe are abo s^^kahk to the triaa^b^ «■! 
thatheoee the knovn trigonometrical rales maj he dami» 
aie iwfasitiji oonseqneDees : this subject is treated ia DiaiRi 
Elementaof Gomometiy; Moindiy 1800. 



SECTION LXXXIX. 



PaoB. In a polygon^ all the sides except two aregufen, 
likewise all the angles : find the two unhunon sides. 



SoLUT. Thus, let JBCDEF (fig. 10l> be a 
in which all the angles, and /> 

all the sides, except the two 
jlFy CD, are known. 



1. Throudb ^ draw any line 
of abscissas pQf and Ff per- 
pendicular to it : then, when 
ABCDEF is con^ered as a 
crooked line, by § LXXXV, 



ly = AB. JSin.J + BC.Sin.{A + B) + CD.S%n.{A + B + C) 

+ DE.>ym.(^ + B+C+D) + £JF.6Vn.(^+B+C+D+i!) 
4f-^B.Co$.A'¥BC.Cos^A-\'B) + CD.Ca8.{A + B'^C) 

in which A = QAB. 
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S* Let the line PQ move towards Q, so that it may fall on 
AF; then Ff=Of and 4f= AF, and instead of the two 
foregoing equations, we have the following one : 

0=zAB.S{n. A^BC.Sin. {A + B)-^CD, Sin. (J + fi+C) 
+2>jB.^fM.(J + J?+C+i?)+£i?'.iSin.(i+i?+C+I>+J5) 

AB-AB. Cos. A + BC. Cos.{A + B) + CD. Cos. (A+B-^C) 
+DE.Co8.{A+B'\-C'\'D) + EF.Co8.{A+B^C+D+E), 
in which A = FAB. 



3. From the first of these two equations, we obtain 

jrAB.Sin,A+BC.Sm,(A'\'B)'\-DE,S{n.{A+B+C+D)'i 
L -hEF.Sin.CA+B+C+D+E) J 

^^~ Sin.(^A + B+C) 

Having from hence determined CD; then the second equa- 
tion gives the line AF. 

ExAK. Let ABz=i 1040, BC=^ 624, 2>£=: 533, EF^ 481; 
ABC = 23°. 52^ BCD = 69'. 14^ CDE = so*. 24^ 
DEF ==: 115^ 30^, ^jF£ = 46°. 44^ and consequently 
BAF = 83°. 44^ Let Aa^ Aff, Jy, AS, A^ according to 
their order, be the corresponding radii of the sides AB^ BC^ 
CD^ DEyEF: then it follows from the situation of these lines 
with respect to each other, and to AF^ into which PQ moves, 
that A = FAaziz83\ 4^4/, B=:~ aA$= — 15&. 8^ C^g^y 
^ 1 10\ 46^ 2)= — yJ8= - 149°. S6\ EzriSAe- 64°. 30^ 
We consequently have Sin. (J + jB)=*S'm. — 72°. 24^ = — 
Sin. 72°. 24^, Cos. (J + 5) = Cos. -72°. 24'= Co*. 72°. 24^, 
Sin. (-4 + S 4- C) = Sin. 38°. 22^ Cos. QA + B + C) ^ 
Cos. 38°. 22^ Sin. (J + B + C+2>) = Sin. - 111°. 14^=» 
- Sin. 68°. 46'', Cos. {A + B + C + 2))= Cos. -111°. 14' 
= — Cos. 68\ 46', iSm. (J + J? + ... + JF) = 
:Sfi». - 46°, 44'=— iSin. 46°. 44', Cos. (A + B + ... + E)^ 
Cos. -— 46°. 44' = Cos. 46°. 44' ; consequently, 



I 
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AB. Sin. A = 103S'785S 

AB.Cos.A — 11 3-5«22 

EC, Sin. (J + J5) = — 5947909 

EC. Cos. (A + E) = 188 6788 

DE. Sin. (A-{- E+ C + D) =- 4968 168 

DE. Cos. {A + E + C + D) =-^ 1930349 

EF. Sin. (^ + jB + C + Z>4--E)= - 350 2507 

EF. Cos. {A +E + C + D + E)= 329 6749 

Hence we find, 

— (1 0337853 — 594-7909 — 496 8163 — 350-2507) 



Sin. 38". 22' 

4080726 ^^rrAAO. 

= ^m.380.22^ =^^^'""^^- 

CD. Cos. {J + E + C) = 515 4753, 

^F= 113-5222 + 188-6788 + 515-4753 — 1980349 
+ 329-6749 = 954-3163* 

In the values found for CD^ AF^ the error which occurs 
on account of the incompleteness of the logarithmic tables, 
cannot amount to 001. 

Remark. Although in the solutioD, the calculation^ for the sake of per- 
spicuity, has only been performed for one figure; yet it is sufficiently 
evident from hence, how we are to proceed in the case of every other 
figure. 

Cor. If CD be parallel to AF : then FAy = FAa - 
oAfi -f- &Ay = -rf+fi+C=0; consequently Sin. {A + 
jB + C) = ; the expression for CD, and consequently also 
that for AF^ is determined. Of the accuracy of this result 
we can easily convince ourselves merely by inspecting the 
figure. For let the points A^ Ey C, retain their places, but 
move the angle DEF between the two parallel lines AFy 
CDj forwards or backwards, in such a way, that the Iine$ 
DE:, EFy continue to be parallel to themselves, consequently 
by these means neither the lines DE, EF, nor the angles 
CDE, DEF, AFEy undergo any change with respect to 
their magnitude or position ; whence follows the indeteiini* 
nateness of the lines CD, AF. 



POLYGONOMETRICAL PROBLEMS, 159 



SECTION XC. 

Pbob. In a polygon all the sides but one, and all the 
angles but two^ are given, likewise the two unknown 
angles are at one of the given sides : find these angles 
and the unknown side. 

SoLUT. For the sake of perspicuity, take the pentagon 
JBCDE (Jig. 100^; let CD be the unknown side, and 
BAE^ DEA the unknown angles. Let AB = a, BC^b^ 
CD =zx,DE=z d, EA = c. 

1. By §§ LXXXVII, LXXXVIII, we have 
AE^ (= c«) = a^ + i2 + ^ + 52 ^ 2 oj C(w. 5 

+ 2aT Cos. (B+C) + 2adCosQB+C-\-D^ + 2bx Cos. C 

+ 2bdCos. lc+D) + 2dx Cos. D. 
This equation^ when solved, gives 

a: = - a Cos. (fi + C) — 6 Cos. C— d Cos. D ± 
Tea - o^ - i^ _ ^2 _ 2^ Cos. B -^Qad Cos. (5 + C+ Dy-J 

"^L-^bdCos.iC + JD) + [aCos.{B + C) + bCos. C+ dCos.Df] 

Having from this determined the line CD ; then the angles 
BAEf DEA, may be found by the formulas given above. 

Exam. Let a = 540, b = 519, d = 536, c = 4290679> 
/5= — 133^ 22^, C= 4>3\ 55^, jD = - 141^ 9^; which 
values are taken from the example in § LXXXVII, where 
AE = e was sought, whereas here, on the contrary, e is 
assumed to be known, while in the above example c was 
assumed to be unknown. Here c^ — a*— 6^ — cP= — 
66415773718959 ; further, we have 
a Cos. (5 + C) = - 540 Cos. 89'. 27' = 5-1835 

b Cos. C = 519 Cos. 43°. 55' = 373'86l4 

d Cos. D :=z -- 536 Cos. 3S\ 51' = - 41 7*4317. 

The other members, of which the expression found for x is 
composed, are already calculated above. We consequently 
have 
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X = — 5-1835 — 373-8614 + 417*4317 ± 
r — 664157-73718959 + 384889*4 + 367432*8 1 
L + 70052-5 + [5-1835 + 373-8614 — 417'4S17PJ 

or xsz 38-3868 ± 399*6129 ... = 4379997 ... 

Th6 negative value cannot be used here. In § LXXXVII, 
we assumed c = 438 ; the difference does not quite amount 
to 0-0003. 



SECTION XCI. 

PfiOB. In a polygon all the sides but one are given^ afso 
' all the angles ejpcept two, hut these last are not^ as in 
the foregoing problem, assumed to be at one side: find 
the unknown side^ and the two unknown angles. 

SoLUT. In the polygon ABCDEFGHIK (Jig. 102^ 
all the angles, except KAB, HGFy 
and all the sides except CD^ are J^-^o^i, 

Draw the diagonal AG^ and by 
these means divide the polygon into 
twoothers. In the polygon'^ AT/iffG^, 
all the sides, except AG, and the 
angles K, /, £t, included by the 
given sides, are given; conse- 
quently by I LXXXVIII, the 
two unknown angles KAG, AGff, and the sid6 AO 
may be found. If AG be found, then in the poIygoK 
ABCDEFG, we have all the sides except CD, tod all the 
aujdes except BAG, AGF; these may .'.be ibutfd hf 
§ aC. Having by th^e meaud detcamined the' ffuclei 
KAG^ AGH, BAGi AGF; we consequently have KAB^ 
KAG + BAGy HGF ^ 360^ - AGH - AGF. 
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SECTION XCII. 

Peob. In a polygoUy all the sides ^ and all the angles' 
except three, are given : find the unknown angles. 

So£UT. Let ABC ... K (fig. 102^ be a polygon, all of 
whose sides, and all its angles except the three A, Dj G, are 
given. 

Draw the diagonals AD, AG, DG. Then in the polygon 
ABCD all the sides except AD, and the angles included 
by these sides, are known ; consequently (§ LXXXVIII) 
the angles BAD, CD A, together with the side AD, may be 
found. In like manner, in the polygon DEFG, we find the 
ade DG, and the angles EDG, FGD, and in the polygon 
AKIHG the side AG, and the angles KAG, EGA. 
Since *'. the three sides of the triangle ADG are known; 
consequently we also have its angles, from which, and the 
above-named, the angles A, D, G, may be determined. 
Thus we have KAB = KAG + GAD + DAB, CDE = 
CD A + ADG + GDE, HGF=: S60° - (HGA + AGD 
+ DGF^). 

SECTION XCIII. 

Peob. In a quadrilateral, three sides, and the angles 
included by them, are given : find its area. 

SoLUT. Let ABCD (fig. 103;) be the quadrilateral 

whose area is sought ; AB = a, ^ 

BC ^b,CD=z c, the given sides, >€ "^^'^^^^ 

koAABC, BCD, the given angles. ^/^^\^ 

Let PQ be any line of abscissa, j)^.. -.~-.J^!l!!^v^ 

Dd perpendicular to it, and Aa, v "'•^i'' — "^/^ 

Afi, Ay, AS, the corresponding \\ / 

radii of the sides AB, BC, CD, \ J^Tx^ 

1. By § XXVI, A BCD = ^^-^ 

^bcStn. BCD; or since BCD = ISO'^- iCJ9 = 180° - 
BAy^ 180°- C, 

ABCDz=: ibcSin. C 

Y 
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% By § LXXXV we have 
Dd=zaSin. A '\- b Sin.iA ^ B) ^ cSin.{A + 5 + C), 
where A = QAk. 

3. Let the line PQ so move, that it coincides with AB : 
then A z=: Oj and Dd is transformed into Dd' ; we conse- 
quently have 

Ddf = h Sin. 5 + c Sin. (5 + C), 
and .*. 
ABAD=:-i AB X Dd'=i abStn. B + ^ac Sin. (B + C). 

4. Now from 1 and S it follows, that ABCD = A BAD 
•^ ABCD=^i[abSin.B+acSin.(B-{- C)+bcSin. C]. This 
is the same expression, which, by a suitable alteration of the 
exterior angles into interior, was found in ^ XXXVII. by 
another meSiod. 

Cob. The expression found is still correct, when the qua- 
drilateral has an angle tending inwards. For let the point 
C be in C^ : we must then take the triangle BCD away 
from the triangle BADy instead of adding it as before* 

But for this case also, the angle C is negative, which 
follows from the change which takes place in the position of 
the corresponding radii, and we obtain for the triangle 
BCD = i 6c Sin. C a negative value. 

Exam. Let A = 682, b = 6l6, e = 407, B = 113^46^, 
C=63\ 49'. Here ab Sin. 5=384484-l ; ac Sifi. (B+ C) 
= 11704-3 ; be Sin. C = 224985*6; consequently the qua- 
drilateral ABCD = 310587. 



SECTION XCIV. 



Fbob. In apent€tgon,four sides, and the angles included 
by them,, are given : find its area. 

SoLUT. Let ABCDE (fig. 104^ be the pentagon; 
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Ji^. 104. 




DE = dy the given sides, 
and By C, Dy the given 
angles. 

1. Divide the pentagon by 
the diagonal BEy into the 
quadrilateral BCDEy and 
the triangle BAE ; through ^ 
A draw any line of abscissae 
PQ, and the perpendicular 
Et. 



2. Then by § LXXXV, 

Ee = aSin. A + b Sin. (^- + B) + c Sin. (A + B -^ C) 

+ d Sin. (^ + 5 + C + D), 

in which A = QAa. Now let the line PQ move towards 
Qy so that it coincides with AB : then A = Oy and Ee is 
transformed into Ee^ ; we consequently have 

Eef ^b Sin. B + cSin. (B + C) + dSin. {B + C + D) 

and .-. A BEA ^^AB x E^ = 

^[abSin. B ^t ac Sin. (B + C)^adSin.iB + C + D)]. 

3. But by the foregoing section, 

quadrilateral BCDE = i [be Sin. C-hbdSin. (C+2?) + cd 
Sin. 2?] ; consequently pentagon ABODE == 

r ab Sin. B + ac Sin. (B+C)+ad Sin. (B + C+ D)l 
*L+ be Sin. C + bdSin. {C + D) + cd Sin. D J 

Exam. Let a = 332, b = 248, c = 128, d = 152, 
B = 132^ \^'y C = - 38°. 29', B = 140^ 47^ Here 
Sin. B = Sin. 47^ 46^ ^m. (B + C) = iSm. 93°. 45^ = 
i^in. 86°. 15^ Sin. (B + C + 2>) = iSm. 234°. 32^^ = - 
i^tn. 54°. 32^ Sin. C= — iSin. 38°. 29', Sin. (C + D) - 
Sin. 102°. 18' = Sin. 77'. 42', Sin. D = iSin. 39'. IS'; 
we consequently have 

ab Sin. B = 60962-69 

ac Sin. (B + C) = 42405- 01 
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ad Sin. (B + C+ D) = - 41100-56 
be Sin. C = - 19753-88 

bd Sin. (C + D) = 36830-71 

cdSin.D = 12301-15; 

and .- . pentagon ABODE = 45822*56. 



SECTION XCV. 

PsoB. In a hexagoUy Jive sides^ and the four angles iU' 
cluded by them^ are given : find its area, 

SoLUT. Let ABCDEF (Jig. 105^ be the hexagOD; 



jfig.205. 




AB=:a,BC=:b,CD = c, _ 
DE :=d,EF=: e, the ^ven ^ 
sides, and B^ C, Z>, E^ the 
given angles. 

1. Draw the diagonal BF, 
and by it divide the hexagon 
into the pentagon BCDEF, 
and the triangle BAF ; fiir- 
ther, let PQ be the arbitrary 
line of abscissae, and Ff, 
perpendicular to it : then 
(§ LXXXV), 

FJz=z a Sin. A + b Sin. (^ + 5) + c Sin. (^ + J5 + C) 

-^d Sin. {A-^-B + C^- D)'\'e Sin. (A+B+C+D+E), 

in which A = QAa. Let the line PQ move into AB: 
then A=Of and Ff is transformed into Ff ; we consequently 
have 

Ff=,bSin.B + cSin.{B + C) + dSin.{B-\- C + D) 

+ eSin.{B + C+ D + E)y 

and.-. ABAF= iAB x FJ^ = 

liaft Sin. B + ac Sin. (5 || C)-\'adSin. (5 + C+i?)) 
H +aeSin.{B+C-{'D + E) ) 

% By the preceding section, pentagon BCDEF = 

, (be Sin. C + bd Sin. (C+Z>)+ic Sin. (C + Z^+iB)! 
^\ -{-cdSin. D+ceSin.(D+E) + deSin.E i 
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we .-. have hexagon ABCDEF = 

(abSin. B + ac Sin. (B+C) +ad Sin. (B + C + D)) 
1 J -\'aeSin.(B+C-\'D+E)+bcSin.C+bdSin.(C+D) I 
^) +be Sin. (C + D+ E) +cd Sin. D+ce Sin.{D + E)C 

^ + de Sin. E J 

Exam. Let a =: 324, b = 288, c = 1102, d = SQS, 
e = 504, £ = — aAg =t — 60\ 52^ C= ^^7=129^ 2(y, 
D = 7^8= 139°. 43^ ^ = 8^£ = — 55°. 50^. Here 
abSin.B = - 81507*02 

ac Sin. (B+C) = 332127*56 

odiSin. (jB + C + 2>) = — 80796-33 

ae iJin. (5 + C + JO + -B) = 85780-64 

be Sin. C = 245481*35 

bdSin. (0+ D) = — 15204307 

ic Sin. (C + D + E) = — 7951 522 

cdSin.D = 376209*31 

cc iJm. (2> + JB) = 552245-95 

deSin. E = - 22918298; 

and .- . hexagon ABCDEF = 48390009. 



SECTION XCVI. 

Prob. All the sides of a polygon but one^ and all the 
angles included by these sides, are given : find its 
area. 

m 

SoLUT. From §§ XCIII, XCIV, XCV, the law may 
be easily perceived, by which the area of every polygon may 
be calculated from the parts given ; this may be expressed in 
words as follow : 

^0 calculate the area of a polygon from the parts given, 
assume half the sum of the product of every two of the given 
sides, combined in every possible way, each multiplied by the 
sine of the algebraical sum of the exterior angles lying be- 
tween them. 
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Cob. If a polygon has a great number of sides, as 
ABCDEFGHI (^. 106), and if all its sides and angles 
are known: then the b^t Jisr.106, 

plan would be, to divide it n n 

by a dia^nal AE into two y =^ 

other pofygons ABCDEF, / \^ 

FGHlA^ so that one may q/ y^ 

have the same number of sides / y^ 

as the other, or one more, ^(- ^ 

and then to calculate each \ x. 

separatelv, while we consider \ If ^v 

AF as tne side of both poly- V^-"'^'""""^ --^^^^V 

eons which is not given. By •^ G 

these means we obtain this advantage, that it is not necessary 
to calculate so many terms as we otherwise should have: 
likewise the sums of the angles are also less, by which the 
calculation is essentially shortened. 



SECTION XCVII. 

Pbob* All the angles and sides of a polygon are given: 
find any arbitrary diagonal of this figure. 

SoLUT. Let ABCDEFGHI (fig. 106; be any polygon, 
and AF the diagonal sought. 

In the polygon ABCDEF^, which is divided by the dia- 
gonal AF, the sides AB, BC, CD, DE, EF, and the 
angles included by them, viz. B, C, D, E, are given: it is 
required . • . to find AF (% LXXXVIIi;. 

Cob. But the line AF may also be found from the other 
polygon FGHIA, which is cut off by this diagonal. ^ We 
consequently have two different expressions . for these lines ; 
and since this likewise obtains for every other diagonal ; hence 
.•• there are a great number of equations, which ex 
the relations between the sides and angles of a pol] 
Thus, for the diagonal AF, when the sides AB, BC, CD, 
DE, EF, FQ, GH, HI, I A, are respectively denoted by 
a, b, c, d, e^f, g, h, i, we obtain the following equation: 
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a« + 6« + c* + cF + c^ + 2 aft Cos. B + 2 oc Cos. (J5 + C) 
+ 2adCo8.CB+ C + />) + 2acCos.(JB + C+D+JS) 
+ 2 6c Cos. C+2bd Ca8.(^C+ D) + ^beCos.(^C+ D + E) 
+ 2cd Cos. D + 2ce Cos. (Z) + £) + 2 dc Cos. E 
-r+g^ + A* + 1« + 2/g- Cos. G+ 2/A Cos. (G + H) 
+fiCos.{G + H+l) + 2ghCo8.H+2giCos.{H-^I) 
+ 2 Ai Cos. /. 



SECTION XCVIII. 



Paob. To' determine the distance between two places, 

when it is rather considerable. 

SoLUT. Let A, Fy (Jig. 107 J be the two places, whose 
distance is required. 

Connect A, F^ with proper B Jw-^oz 

distances AB, BC, CD, DE, 
EF: measure these lines in 
a direct or indirect way, also 
the angles included by them, 
viz. ABC, BCD, CDEy 
DEF : hence AFmsLj be de- 
termmed by § LXXXVIII. 
Thus, if we denote, as before, the sides AB, BC, CD, DE^ 
EFjhj a, ft, c, d, c, respectively, and the exterior angles by 
B, C, j9, E : then 

a« + J2 + c* + iP + c* + 2 aft Cos. JB ^^ 
2acCos,(JB+C) + 2arfCos.(B + C+D) + 
2acCos.(JB + C'\'D + E) + 2ftc Cos. C + 
2ftdCos.(C+D) + 2fteCos.(C+Z)+£) + 
2cciCos.D+2ceCos.(D+£) + 2deCos.jE 

where £ = - aAfi = - (180° - ABC), C = - pAy = 
- (180° - BCD), D = yAS = 180° - CDE, E = 8^c 
= 180° — DEF. 




AF^^/ 



Remark. The extension which has been here given to the problem in 
I LXXXVIII, is correct, if in the proofs on which its solution is founded, 
nothing is assumed which is not applicable to erery divided line included 
by it. 
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SECTION XCIX. 

Prob. To find the area of a polygon from one of its 
sides, the two angles adjacent to it, and the angles^ 
which the diagonals drawn from the angular points of 
this side make with it. 



SoLUT. Let ABCDEFG (figs. 108, 109) be a polygon, 



Jig- 208. 




Jig. 209. 



D, 



E 







\ 2>i>=*P/' 


V\ 


F 
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i / / v 

• ,:./ > 

\ i // ><•■ 


1 • 
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in which the side AG^ together with the angles BAG, CAG^ 
DAG, EAG, FAG, EGA, CGA, DGA, EGA, FGA, 

are given ; from them find its area. The polygon, J^. 108, 
has all its angles outwards, the figure 109 has some of its 
angles inwar£. 

1. From the given angles we may find the angles BAC, 
CAD, DAE, EAF, FAG, likewise ABG, ACG, ADO, 
AEG, AFG, merely by subtraction. If these are found; 
then from the triangles BAG, CAG, DAG, EAG, FAG, 
we obtain the followmg expressions : 

.^ AG Sin. BGA .^ AG Sin. CGA 



Sin. ABG 



Sin. ACG 



AD^ 



AG Sin. DGA ^^_ AGSin.EGA 
Sin. ADG ' ^^ " Sin. AEG ' 

AG Sin. FGA 



AF = 



Sin. AFG 



9,. Hence, and from § XXVI, we obtam 
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A BJC -iJB,4C iSin, BAC « 
i AQ' Sin. BGA Sin. CQA Sin. BAC 

Sin, ABG Sin. ACG 

A CAD = iAC . AD Sin. CAD = 
i AG» Sin. CGA Sin. DGA Sin. CAD 

Sin. ACG Sin. ADG 

A DAE := ^AD . AE Sin. DAE - 
i AG* Sin. DGA Sin. EGA Sin. DAE 

Sin. ADG Sin. AEG 

A EAF =zlAE. AF Sin. EAF = 
i AG^ Sin. EGA Sin. FGA Sin. EAF 

Sin. AEG Si». AFG 

A FAG =: iAF . AG Sin. FAG = 
i AG» Sin. FGA Sin. FAG 

Sin. AFG 

8. Now sinee the heptagon ABCDEFG = A BAC ± 
A CAD + A DAE + A EAF + A FAG, (the «pper 
of the two sigi^s + obtaios for 7^. 108) ; then it is = 

Si». BGA Sin. CGA Sin. BAC s 
Sin. ABG Sin. ACG 
. Sin. CGA Sin. DGA Sin. CAD 



MG* 



Sin. ACG Sin. ADG 
Sin. DGASin. EG A Sin. DAE 

Sin. ADG Sin. AEG 
Sin. EGA Sin. FGA Sin. EAF 

Sin. AEG Sin. AFG 






+ 



Sin. FGA Sin. FAQ 
Sin. AFG 



4. If ve take 6, iastead of Ay for the common vertes of 
the triangles, we then obtain besides, faeeause ABCDEFG^^ 
± A FGE + A EQI>± A DGC + AC^B^A BOA, 
the foflowiBg expression fw Ae lum : 
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/ Sin. FAG Sin. BAG Sin. FGE ^ 
* Sin. AFG Sin. AEG 
Sin. SAG Sin. DAG Sin. EGB 



+ 



kAG*i± 



+ 



Sin. AEG Sin. ADG 
Sin. DAG Sin. CAG Sin. DGC 

Sin. ADG Sin. ACG 
Sin. CAG Sin. BAG Sin. CGB 






I 



+ 



Sin. ACG Sin. ABG 
Sin. BGA Sin. BAG 



Sin. ABG 



/ 



Cos. Although the calculation has been effected here fin s 
heptagon, we can readily perceive from hence, how to proceed 
in the case of every other polygon. The law, which the 
terms of the expressions in 3 and 4 observe, may be more 
easily understood by inspection than by words. Moreover, 
these expressions mutually serve to prove the calculation. 

Exam. Let (fig. los; BAG = 120", CAO = 101°. 37', 
DAG = 8l». 20', EAG = 48". 49', FAG = 2S». 48'; 
FGA = 88°. 14^, EGA = 70°, DGA = 51». 27', CGA 
= 84°. 7', BGA = 22°. 10'. Here ABG = 37*. SC, 
ACG = 44°. 16', ADG = 47°. IS', AEG = 6l». 41', AFG 
= 67°. 58'; BAC = 18". 23', CAD = 20°. 17', DAE 
= 33°. 1\ EAF = 24°. 31'; FGE = 18°. 14', EGD = 
18°. 33', DGC = 17°. 20^, CGB = 11°. 57'. We dmse- 
quently have 

Sin. BGA Sin. CGA Sin. BAC 



= 0>1 558865 



s 0-2968328 



Sin. ABG Sin. ACG 

Sin. CGA Sin. DGA Sin. CAD 

Sin. ACG Sin. ADG 

Sin. DGA Sin. EGA Sin. DAE ^ -, „„«-„ 
A^^ jj)C Sin. AEG =^'^^^'^^^9 

Sin. EGA Sin. FGA Sin. EAF ^ ,„„^«„ 
Sin. FGA Sin. FAG 



Sin. AFG 



=0-4,35188l 
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•nd . • . , by 3, heptagon JBCDEFG = 0-992b'125 . AG^. 
Further, we have 

Sin. FAG Sin. EAG Sin. FGE 



Sin. AFG Sin. AEG 

Sin. EAG Sin. DAG Sin. EGD 
Sin. AEG Sin. ADG 

Sin. DAG Sin. CAG Sin. DGC 



= 01155552 



= 0-3635294 



Sin. ADG Sin. ACG 



= 0*5631592 



Sin. CAG Sin. BAG Sin. CGB ^ , , „„„„, 
Sin. ACG Sin. ABG =<^-^'^^^^' 

Sin. BGA Sin. BAG „ ,„„„^„^ 
mrjBG =0-«327207; 

and .-. by 4, heptagon ABCDEFG= 09926125 . Aff, 
as before. 

Now, in order to determine fully the area of the heptagon, 
it is only requisite to know the length of AG, Thus, let 
AG = 450: then heptagon ABCDEFG = 20100403 
nearly. 

Cob. This mef^hod of calculating the area of a figure, may 
be very advantageously made use of in its division. Thus, 
if we wish to cut off fths from the heptagon just calculated, 
by a line drawn from the point A^ we have 

I ABCDEFG = 0-6203828 . A&. 

Now, by the above calculations A BAC= 0-1558865 . JfG^, 

A CAD = 0-2968328 . AG\ A D^£= 0-6197669 . AG^; 

whence it appears, that the line of sec^tion Aa falls between 

AD and AE, and that A DAa = 0-1676635 . AG^. 

Consequently we have A DAE : A DAa = 6197669 

: 1676635=:Z>£; jDa,orapproximatelyZ)£ ; 2)^=920 :257, 

which is found by means of Continued Fractions. Accord- 
ing to this proportion . * . the line DE must be divided in a, 
and then, when Aa is drawn, we have ABC Da = 
UBCDEFG 
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SECTION C. 

Prob. From the same parts as are given in the foregoing 
problem, to find any side whatever of the polygon. 

SoLUT. Let ABCDEFG (fig. 108^ be the polygcm, ih 
which the same parts are given, as in the foregoing problem: 
find the sides AB, BC, CD, DE, EF, FG, 

In the triangles ABG^ AFG, all the angles and the side 
AG aie given ; consequently also the sides AB^ FG mav 
be found. The remaining sides can be found by the seventn 
solution in § XLVIII. Thus, if it is wished to determjoe 
the line DE, then the comparison with the above sdutton 
gives a = AG,a=: DAG, p = EAG, y^EGA, ^= DVA, 
and we • * . have 

2 Sin. DGA Sin. EGA Cos. (DAG -^ EAG) -! 

Sin. A Sin. B J 

in which A = 180« - DAG - EAG, B = 180* — EGA 
-EAG. 

Remark. The foUowing anthors treat of Polygonometty : Lezell (De 
Resolutione Polygonorom Rectifineoram; Cbmraenti^ NoVL Pettrof. T. 19) 
20) ; L'Huilier (Polygonometrie, ou De la Mesare des Kffores RcctOigiies, 
&c. Geneve et Paris, 1789) ; Neumajm (New Contribtations to Practical 
Geometiy. Munich, 1800) ; Dazel in the aboye-mentioned work ; Masch^- 
roni (Probletol di Geometrica. MUano, Anno X (1802), p. 105, et seq.); 
and also in a particular woiic (Metodo di misnrari i Poligcni PUmi), whkh 
appeared at Pavia in 1787 « and which contains all the problems to be fbood 
in L'Huilier's Polygonometry, which appeared in 1789 ; I have not htA 
able, however, to get a sight of it On Tetragoaomc^, in paitMlTj 
Lambert has treated in his Contributions, part It p. 175, et seq.; J.T. 
Mayer (Tetragonometriae Specimen I. Gbt 1773); Bitfmaea (IntrodtKlio ift 
Tetaragonontietriam ad meutem v. c. Lambert Analytice Conscryta Hafnia^ 
1780). There is also much matter respecting this subject amoqgst otlhen 
to be found in Camot's Geometric de Position, Paris, ISOd, |p. 304) Iec 
which part was printed befok-e the author became acquainted ih^ lit above- 
mentioned work of L'Huilier. 



IX. A FEW IMPORTANT PROBLEMS in 

PRACTICAL GEOMETRY, CHIEFLY RELAT- 
ING TO THE MODE OF TREATING NEGATIVE 
ANGLES. 

SECTION CI. 
YEELIMIKARIES. 

1. Let J, J?, C, 2), E^ (fig, WO) be a system of points; 
O a point, for which, in the >/ ai ^ y?«. 7//1 

relativeposition of these points \ ;ix 

in the assumed figure, and \^ ?H^ 

for any calculation founded x\ •' » vv(5> 

upon it, we assume, AOB ss / \ / \ A \\. 

DOE=r:S. Suppose, that t4--~~X.\^^-^^ 
after having completed the I 7/^^?^-..^^^ /.. 
calculation, we wish to apply \ J^ / \ \ --.^ ""^Tsi- ^ 
any algebraical expression ,^r^-^ / \^ 

taken from it to a ])articular \/ Vv 

case ; but that the point O has ^ — 4? — ^ 

not the position supposed in 

the calcmation with respect to the system, but is situated in 
(y : then it is evident, that with regard to the absolute mag- 
nitude of the angles, we must put, a := A&B^ p = BCyC^ 
y = CCyDy 8 = D(yE. Now, in order to determine, like- 
wise, which angle, according to the change of position, is to 
be considered as positive, and which as negative, may be dis- 
covered by the method in § LXXXIV, with this difference, 
that here the corresponding radii coincide with the positions 
idof the lines containing the angles, instead of their being as in 
the above section, drawn according to the direction in which 
they are produced. This change takes place merely for this 
reason, oecause in the present case we have to do with the 
angles themselves, while in § LXXXIV their adjacent angles 
were considered. 
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S. Let . * . a circle be described about O, which cuts the 
lines OA^ OBy OC, OD^ OE^ or these produced in the points 
a, 6, Cy dy e : then Oo, Ob^ Ocy Od, Oe, are the corresponding 
radii of these lines. Let now the point O move into (/, and 
let the lines Oaf, OV^ Ocf^ Odl^ Oe, be drawn parallel to the 
lines OA, CKJ?, (yC, GD, (yE, respectively : then the first 
are the corresponding radii of the latter, ^ith reference to C/, 
and we have a^OV z=zA(yB, VOd = B&C, dOd' = CO^D, 
dfOd^DCyE, Again, as in § LXXXIV, suppose a moving 
radius, which turns round the point O ; this, in order to 
move from Oa\ into OV^ must have an opposite motion from 
that which it has when it moves from Oa into Oh. The two 
angles aOh^ dOV^ and • ' . also AOB^ A(yB are consequently 
opposite to one another in position, and we . * . have a = — 
AcyB. The same obtains of the angles bOc^ VOdy and . • . 
alsoof J50C, J50'C; consequently g= ^ BOX. On the 
other hand, the moving radius has the same direction, 
whether it move from Xic into Orf, or from Od into 0& ; 
consequently y is positive, and we have y = CO^D. For a 
similar reason 8 is positive, and we . • . have 8 = DO^E. 

3. Hitherto it has been assumed, that the point O alone 
moves, while, on the other hand, the points A^ J?, C, D, £, 
retain their places. But even for the case where the points 
of the system itself change their positions with respect to each 
other, the above rule admits of no exception. Suppose the 
pomts -4, J?, C, 2>, Ey O, have the position A\ B'y (7, ^, 
^\ ^9 (fiS* 111^, so that A moves into A\ B into B^y and 
so on, and that we wish to 

find the values of a, ft y, S, ^.--^'f'^-^^ J^g--^^- 

accordingly: then draw the 
radii Oa'y OV, Od, Od\ Od, 
corresponding to the lines 

&A\ O'B'y o^a, &D\ 

O^E', and compare^. 110 
withjfjg-. 111. Then we get 
a= -^a'OV = -- A&B', 

fi = VOd = B'ac\ 7 = \ ^ ^^^ . 

- dOd^ = - caD\ 8 = > -r::::^- ;:::::--• 

- dVd = - lyO^E'. E ..••••* 

It will not be necessary, in n"^ 

order to distinguish between 
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tlie positive and negative position of the angles, actually to 
draw the corresponding radii. After a little practice, the 
turning the compasses only will be sufficient, as every person 
may easily perceive without any diffuse explanation. 



SECTION CII. 

Pbob. Two inaccessible points are given in position and 
distance : determine the positions and distances of two 
other points with reference to the former^ without 
measuring any line. 

First Solution, 

Let J(, B, C, (Jig. 112 J be the three points; the dis- 
tances AB, BC^ and the angle ABC Jigiii2. 
are given : find the positions of two j^ 
other points ilf, N merely by measur- ^ — "TC 
ing angles. ^ \ \ 

I shall assume, that all the three \ // \ 
points Ay Bj C, can be seen both firom \ / / \ 
M and iV, and that at these last points \ / / \ 
(if we suppose MC^ NA drawn), the y \ 

angles AMB, BMC, ANB, BNC, ^^-4;^^- \\c 

can be measured. For this case, the ^^^"^""^^A 717 

Eoints il/, JV, may be determined singly ^^iV 

y § LIV, and the distances MA, MB, MC, NA, NB, 
NC, calculated. But the distance MN may also be easily 
computed : for in the triangle MBN, we then have the angle 
MBN = ABC - ABM - CBN, and the sides MB, NB. 

Second Solution, 

1. I shall now assume, that from M the points A, B, N 
can be seen, but not the point C, and that from N the points 
B, C, M, but not the point A. Then the angles AMB, 
BMN, BNC, CNM, can be measured. Let AB =z a, 
BC = b, ABC = B, AMB = a, BMN=: p, BNC = y, 
CNM = S. If, besides, the angle MAB is known, then ail 
the rest are known. Put .*• MAB:=^(^, and draw J36, ic 
parallel to the lines CN, BC. 
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S. From these assumptions we obtidn BbM 33 CNM s S, 
ABM as 180° - (« 4- ^), -MBA = 180° - (|S + 8), and 
lience iBC = ^J5C - ^Bilf - JlfBi = B +a + 0+8+* 

- 360° = Cci ; consequently Nbc = Cc5— CNM=B-\-a-\-& 
+ ^-360°, BCiV=180°-iBC=540°-(B+a+g + 8 + ^), 
CBA'=180°-BCJ\r-BJyrC=sfi+a+g+7 + 8+*— 360°. 
If .". for shortness' sake, we put B + a + j3 — 360° = ic, 
a + a + lj^y + g — 360° 5= X : then Nbc = ic + ^, 

CJ5Ar=r7 + 0. 

3. The triangle -ijBJIf gives 

^ AB Sin. MAB _ a Sin. ^ 
^^ " Sin. AMB " Sin.a ' 

and the triangle MBb, 

P^ _ BMSin. BMN aSin. » igm. g , 
^^ " ^i>i. B6itf '^ Sin.aSin. 8 ' 

further, the triangle Nbc, 

^^ "" ^in. CJVTif "^ Sin.S ' 
and the triangle BNC, 

^ „ _ gC Agm. CBN _ b Sin. (X4-») 
" &'n. BA^C ■■ /Sin. y * 

4. Now CiVr= Cc +Nc = Bb + Nc: we .•. have Ae 
equation 

ft <ym. (X + 0) _ fl <ym. g <sy». ^ ft *y«n. (k + ^) 

iS'tn.y "" Sin. a Sin. d Sin.S 

or, when we expand Sin. (X + ^), Sin. (k + 0), divide by 

Sin, 0, and substitute Cot. ^ for ^. ' ?, we get 

ijtn, (^ 

ft («ym« X Cot. ^ + Cog. X) _ g <Sfa. g 
Sin. y "~ iSV n. a Sin. 8 
ft (iStn. X Cot. it + Cos. k) 
'^^ SJO ' 
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whence we obtain 

a Sin, jg Sin, y+b Sin, a (Sin, y Cos. K-^Sin, S Cos. X) 
b Sin. a (Sin. 8 Sin, X—Sin. y Sin. k) 

Exam. 1. Let a = 351, b = 402, B = 167°. 4.^ 
a = 33°. 3^, 0= 90°. 51^ 7 = 27°. 19^ 8 = 76°. 20^; .-. 
ic = — 69°. 2^, X = — 20°. 1^, and consequently Sin. k = 
-Ayen. 69°. 2^ Co5. K=Co5 69°. 2^ >Sm. X-Sin. 20^ 1^ 
C05. X = Cos. 20\ 1^. We . •. have 

a Sin. & Sin. y = 161-0590 

b Sin. a Sin. y Cos. k = 36*0009 
b Sin. a Sin. 8 Cos. X = 200-1631 
b Sin. a Sin. 8 Sin X = - 71 9193 
b Sin. a Sin y Sin. k = — 93*9490 



and •'., 



Cat. ^ = 



consequently 



161-0590 + 360009 — 200*1631 
— 72-9193 + 93-9490 

= —0-1475627; 
^ = 98°. 23^. 39^^. 






Exam. S. I shall assume, that the points J, By C, My 
Ny have the positions A\ B'y Oy M'y N'y (fg. 113> 
Here we must first of all ascertain ^/ 
which of the given angles, a^eo- 
ably to this change in the positions, 
we are to consider as positive, and 
which as negative. In the first 
plaee, suppose two circles described 
about My M' ;■ then we shall im- 
mediately perceive, that the corres- 
ponding radii of MAy MB have 
an opposite position from that which _ 
the corresponding radii of M'A'y B^ 
M'B' have, and that this is- likewise the case with the cor- 
responding radii oi MBy MNy compared with those o£M^B\ 
M'N' ; consequently both a and j3 are negative. In the 

2 A 
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same manner it may be shown, if two circles are described 
about By B\ that B is likewise negative. If, on the otha 
hand^ two circles are described about iV, N\ then it is evident, 
that the angles BNC, B'N^C\ also CNM,^ CN^M, have 
the same position, and . * . that y and S remain positive. 

Now, let 5 = - A'B'C = - 5&. 1^ a = - A^M^B^ 
= -103°. &,0= ^B^M^N^= - 4l<». 8^ y = 5W/C' = 
144°. 27^ 8 = CN^M^ = 50°. 43^ a = ^^5' = 980, b = 
5^C7 = 1000. Here ic = 5 + a + g — 360°= — 560\ 15', 
X=:5 + a + j9 — 7 + 8 — 360°= —653°. 59^; consequently 
Sin. ic=>Sin.— 560°. 15'= Sin. 560°. 15'= -AJin. 200°. 15' 
— >Sm. 20°. 15', Cos. K = Co«. — 560°. 15'= Co». 560°. 15' 
= Cos. 200°. 15'= "Cos. 20°. 15', ,yin. X=>Sm. — 653°. 59^ 
= — Sin. 653^ 59' = - Sin. 293°. 59' = Sin. GG". l', 
Cos. X = Co5. — 653\ 59' = Cos. 653\ 59^= Cos. 293°. 59^ 
= Cos. 6&. l' ; hence 

a Sin. Sin. y = — 374*8122 

b Sin. a Sin. y Cos. k = 531'2812 
b Sin. a Sin. S Cos. X = — 306-4307 
b Sin. a Sin. 8 Sin. X = - 688*7940 
b Sin. a Sin. y Sin. ic =— 196OOOO. 

We have .*. 

r* # ^ - 374-8122 + 531*2812 + 306-4307 

i^Ot. Q =: :;; : ^ 

^ — 688-7940 + 196-0000 

+ 462-8997 
= — : ^^ = — 0-9393371, 

-492-7940 ^^o^ootx, 

and consequently either^ = 133°. 12'. 30", or ^ = — 4ff . 

47'. 30". The first of these two values for ^ cannot be made 
use of here, because BA'M*-\-A'M^B* cannot be greater 
than 180°. We .•. merely have 

= — 46°. 47'. 30". 

Since ^ is here negative, consequently A^My as the figure 
shows, must fall beyond the line j<'£'. 

When B'A'M' is found, then all the remaining parts of 
the figure may likewise be calculated. 
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Cob. The two required points may also be found by the 
following very simple notation. 

Let Ay B, C (fig* 114^, be the three given points. Upon 
AB as a chord, describe a circle 
BDMJy which includes the angle 
a, and upon BC another circle 
CNEBf which includes the angle 
y ; then take the arc BD = 2 j?, 
and the arc CBE = 2 S, and 
through the points thus deter- 
mined, viz., 2>, Ey draw the line 
I)Ey which produced meets the 
two circles in JIf , N; then Jlf, N are the two points sought. 
For since BD = 2jg, and CBE = 28 : then BMD = ft 
CNE = 8 ; also immediately from the construction itself, 
AMB^a, BNC^y. 




SECTION, cm. 

Pros. Four inaccessible points are given in position and 
distance : determine the position of three other points 
in reference to these, without measuring any line. 

SoLUT. Let Ay B, C, D (fig. 115^ be the four given 
points, and Jlf, iV, P the three 
whose position it is required to be 
determined. If now from each of 
the points sought, three of the given 
ones are seen ; then these may be 
determined singly by § 54. Since 
this case involves no di£Sculty, I 
shall •'. assume, that from Jf the 
three points A, 5, N only are seen, and from P the three 
points 2), C, N only ; but from N only one of the given 
points, say C, and the two required ones Jf, P. On this 
supposition we can .*. measure the angles AMB^ BMN^ 
CNMy CNPyCPNyCPD. Further, since the four points 
Ay By C, X), are given in position and distance, we therefore 
have likewise the Unes ABy BCy C2>, and the angles ABCy 
BCD. Let .-. AB = ay BC =z by CD = c, ABC =^ By 
BCD^Cy AMB^Uy BMNz^&y CNM^yy CNP^iy 
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CPN=z €, CPDsiK' If besides we had found the angle 
MAB; then all the rest of the figures would be known. 
Put .*. MAB = ^, and draw Bb parallel to CNy andic 
parallel to BC. 

1. Then ABM = 180° - (« + ^), BbM = CNM = y, 
and . •. MBb = 180^ - BMb — BbM = 180^ - (g + ^); 
consequently Ccb = ft5C = ABC — ABM-- MBb=:B+a 
+ i> + e + y — 360% JVic = Cci - CiVJlf = jB + « + ♦ 
+ 7 — 360°. Further, smce in the heptagon ABCDPNM 
the sum of all the angles=10iZ=900°; therefore CDP^ 
goo'^'-iAMN+MNP+NPD+BCD + ABC + ilf J5)= 
900° - (a + g + 7 + 8 + £ + ? + C + B + 0). If we 
abbreviate by putting jff + a + g — S60° = ic, 900° — (a + j9 
+r+8+£ + ?+5+C)=X; theniVic=ic+^, C2>P=rX-f 

2. In the triangle J^Bitf, 

i>^^__ AB Sin. MAB ^ a Sin. ^ 
Sin.AMB "" ^/n. a ' 

in the triangle ilfBi, 

jj J _ JgJlf >ym. BMb _ a Sin. 4^ Sin, p 
Sin. BbM "" Sin. a Sin. y ' 

in the triangle Nbcy 

Nc =s *^ '^^^' ^^ _ & ^/w. (ic + ^) 
Aym.ftJVc ~ ^in. y ' 

in the triangle CDPy 

^p _ CD Sin. CDP _ cSin.(X^<^) 
•" Sin. CPD - SKX ' 
and in the triangle CPN, 

CM , g^ Sin. CPN _ c Sin. (X-0) Sin, c 
-Sin. CJVP Sin. Z Sin. 8 ' 

S. Now since CJVr= Cc + iVc = 56 + NC : therefore we have 
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the equation 

c Situ (X*-^) Sin, c __ a Sin. ^ Sin, g b Sin. {k+<P) 
Sin. Z Sin. 8 "" Sin. a Sin. y Sin. y 

Expand Sin. (X— ^), Sin. (ic + ^)j divide the equation by 

Sin. ^9 and put Cot. ^ for y. '^ ; this gives 

c Sin, c (Sin. X Co^ ^ — Cos. X) _ a Sin, g 

iSiw. 2 &*«. 8 "" Sin. a Sin. y 

h (Sin. K Cot ^ + Cos. ic) 
Sin. y ' 

and hence we obtab. 

Cot. ^ =: 
a Sin. g Sin. S jS^m. ? + & SVn. a &';!. S Sin. Z Cos. k1 

4- c Sin, a Sin, y Sin, e Cos. X J 

— b Sin. a Sin. 8 Sin. Z Sin. k+c Sin. a Sin. y Sin. e Sin. X 

whence the angle 0, and consequently all the others, may be 
found. 

Exam. A^^B^, Cj 2^, (fig. 116) are four points, whose 
position is known ; ilf, JV^, .^hz^^^ j^/y^. 
P^^ three others, whose po- I nT^'''^'-^---^-..^^ / 
sitioB is sought. From M I N. ^^^I^^^ p' 

fflily A^f jB% N^^ are visi- ^""^"^ 

ble, from N^ only C\ M\ 
P\ and from F^ only C^, 
ly, N^. Let the angles 
measured from these points 
be as follow ; A^M^B^ = 
S0\ 8\B^M^N^=:24^\ 55^, 
aN^M^124P. 1&, CN^P^ :=9S'. M^,aP^N^ = 29°. 13^ 
CyP^Zy=51°. 19^. For the points ^/, JS^ C^, i^, we have 
A^B^^BIS, B^a:=z670j C^2)^=:660, ^^S^C/ = 49°. 54^ 
S^C'Zy = 73°. 57^ 

The comparison otjigs. 115 and 116 shows immediately 
their relation, and then, when what has been said in § 101, 
is applied to every two corresponding angular points, we have 
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a=-80°. 8\ j9=24^ 55', 7= - 124^ l6\ 8= —98^ 44^ 
c=-29^ IS^ S=-51^ 19^ 5=49^ 54^, C= -73°. 57'; 
likewise a =8 15, 6 = 670, €=660. From these data we 
obtain k = — 365\ 19^ X = 1282°. 48^; .-. Sin. k = 
Sin. - S65^ 19'= —«m. 365°. 19^= -Sin. 5°. 19^, Cos. k 
= Cm. - 365°. 19' = Cos. 365\ I9' = Cos. 5°. 19^, Sin.\ 
= Sin. 1282°. 48^ = Sin. 202°. 48' = - Sin. 22'. 48^ 
Cm. X = Cos. 1282°. 48' = Cos. 202°. 48'= - Cos. 22°. 48'. 
Further, Si«. a = - Sm. 80°. 8', Sm. = iSw. 24°. 55', 
Sin. 7 = - Stn. 124°. I6' = - Sin. 55\ 44', Sin. 8 = - 
St». 98°. 44' = - Sin. 81°. I6', Sin. e = - Sfn. 29^ IS\ 
Sin. Z=i^Sin. 51°. 19^. We consequently have 

a Sin. & Sin. 8 Sin. Z, = 2649228 

b Sin. a Sin. 8 Sin. Z Cos. k = - 507-1091 

c Sin. a Sin. y Sin. t Cos. X = 241*8042 

b Sin. a Sin. 8 Sin. Z Sin. k = 471 919 

c Sin. a Sin. y Sin. e Sin. X = 101*6451 ; 
and .*. 

C t ih — ^6^'9^^8 -- 507*1091 + 241*8042 _ — 0*3821 
^ ' * "" — 471919 + 101*6451 "" 54-4532 

= _ 0*0070170. 

We consequently have, either, = 90°. 24'. 7^^ or = — 
89°. S5'. 53''. In the figure, for which this calculation has 
been made, has the second value, and .*. B'A'M' ^ 
89°. 35'. 53". 

In order to prove the calculation, it is merely requisite 
to substitute the value here obtained for in the equation 

c Sin. (X — 0) Sin. €__ a Sin. ^ Sin. g b Sin, (k + ^) 

Sin. Z Sin. 8 "" Sin. a Sin. y Sin. y 

which was found in Solution 3. Since this proof contains 
some important information, I shall give it here. 

Since X=1282°. 48', ic=-365°. 19^ ^=—89°. 35'. 53": 
therefore X— ^=1372°. 23'. 53" j k + 0=— 454°. 54'. 53"; 
.-. Sin. (X— ^)=S'w. 1372°. 23'. 53" = Sin. 292°. 37^. 53'' 
=^r-Sin. 67°. 36'. 7^ Sin. (ic+0)=ASVn.-454°. 54'. 53":=^ 
- Sin. 94°, 54'. 53" s - Sin, 85°. 5'. 7". We .-. have, 
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l^^^^lflhJ = S860368 

a Sin* <b Sin* B 
iSm. a Sin. y 

Sin. y 

Thus .*. 386-0368 = — 421-7018 + 807-7391; and this 
is correct within 0*0005, which error arises from the incor- 
rectness of the Tables. , . 

When the angle ^ has been found, it is easy to calculate 
all the lines of the figure. The best mode of proceeding will 




we find the general expression for MN (Jig. 11 5 J. By 
Solution 1, Nbc = ic + 0, .• . Neb = 180° — bNc — Aic=± 
180° - (y + K + 0), and MBb = 180° ^ {ff + y) : we 
consequently have, 

^. _ BM Sin. MBb _ BM Sin, (g + 7) 

~ Sin. MbB Sm:^ 

__ a Sin. ^ Sin, (g 4- 7) 



and 



j^ _^bc Sin. Neb __ b Sin. (7 + k + ^) 
"" Sin. bNc "" Sin. 7 ' 



MN=Mb+ Nb^ 

a Sin. ^ Sin, (g + 7) b Sin. (7 + k + ^) 

Sin. *7 Sin. 7 

If we now apply the expression to Jig. 11 6, we get 
a = 815, A = 670, Sin. ^ = — Sin. 89^ 25^ 5S^^y Sin. 7 
= - Sin. 124°. 16^ = - Sin. 55''. M\ Sin. (g + 7) = 
Sin. - 99^ 21' = — Sin. 80°. 39^ iSin. (7 + ic + » = 
iStn.-579°.10/53^/= -Sin. 219M0.^53//=iSi». S9M0./5S^^ 
Hence we obtain, 

mn. 7* 
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bin. y 
and .-. M^N^ (fig. 116) = 665-2225 

Const. Upon AB^ CDy (Jig. 117^ as chords, describe 
two circles, so that the arc 
BkA contain the angle a, 
and the arc CID the angle 
^; then assume the arc 
BkH = 20, and the arc 
CIJ = 2£, draw HI^ and 
upon this line as a chord 
describe a circle such, that 
the arc HNI may contain 
the angle 7 + S : then make 
the arc HK = 27, oi IK 
= 2S, and through K^ C, draw the line KCy which produced 
cuts the circle in N. Now draw the lines JETJV, IN, whidi 
cut the other two circles in JW, P : then JIf, iV, P, are the 
three parts sought. Thus we have AMB = a, BMN = j?, 
CNM^ 7, CJVP= 8, CPiy^= €, CPD^Z- 

The proof of this construction is founded on the rule, that 
the angle at the circumference is equal to half the arc upon 
which It stands, and is easily found. 




SECTION CIV. 



Prob. Four points are given in position and distance: 
required to find the positions and distances of two other 
points, from ea>ch of whichy besides the other point 
sought y only two of those given are seen. 



SoLUT. Let J, By Cy Dy (fig. 118J, be the four given 



points, My Ny the two sought : from 
JIf only Ay By JV, and from JNTonly 
Cy Dy Jf , are seen. At Jf, Ny mea- 
sure the angles AMB^ay BMN=:py 
CNM = 7, CND = 8. Further, 
there are given AB = a, BC = J, 
CD = c, ABC =; By BCD = C. 
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1. If the angle MAB is known; then we know all the 
Test. Put .•. MAB ^ ^, and draw £C parallel to CN^ 
and he to BC» Now, if we compare ^y^. 118 with^. 115, 
then we perceive at the first glance, that when we take 
the trian^e CDN from the former, and the quadrilat^al 
CDPN from the latter, all the remainders, even the expres- 
sions for the angles and sides, amree. Consequently, as in 
the f(H:egoing section^ when for shortness-sake we put 
-B + a + g — S60° = K, we obtain here also, 

tih — ^ ^^^' ^ Sin, g vr _ * 'S^^^* ('c + ^) 
"" Sin, a Sin. y ' "~ Sin. y ' - 

ana .*. 

Wf — ^ *^^^' i> ^^^' , ft Sin, (k + ^) 
"" iS^iw. a Sin. y Sin, y 

2. In the hexagon ABCDNM (Jig. 118^ all the angles 
taten together = 8JB = 720\ We .-. have CDN = 
720^ — (« + iS 4- y + 8 + J? + C + ^) ; or, when we put 
720" -(a + i3 + 7 + 8 + jB+C) = X, CDJNT = X - 0. 
The triangle CZ)iV consequently gives 

^^ " iSin. 8 • 

3. If we put the two expressions found for CN in 2, 3, 
equal to one another, we obtam the equation, 

c Sin. (X — ^) a Sin. 6 Sin. . ft Sin. (k + ^) 
Sin. c Sin. a Sin. y Sin. y 

and^ tMsr equation, when we treat it as we did a similar one 
in § cm, gives 

Cot. ^ == 

a Sin, S Sin. 8+ ft Sin, a Sin. 8 Cos.K-^-eSif^.aSin. y Cos. X 
^^h Sin. a Sin, 8 Sin. k+c Sin. a Sin. y Sin. X 

Exam. Let A^, B\ C\ ly^ (Jig. ligj, be the four given 

2 B 
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points, and if, N', the two points 
whose position is sought, and of 
which it is assumed, that from M^ 
only A^y B\ N^, and from N^ only 
C\ ly, J^f^ are visible. The 
angles when measured are as fol- 
low : A^M^B^=S6\ 54,^, B^M'N' 
= 46^ 51^ CN^M' = 138°. 21^ 
ON'I>z=z %T. 25^. The following 
lines are given viz. A'B' = 760, 
j5/C/=800, C'ly^lW, and the angles A'B'C^ZO\ 9XJ, 
B'Ciy = 39°. 3V. 

The comparison oi Jig. 119 with /g-. J18> immediately 
shows their relation, and hence we get a = 760, b = 800, 

C = 720, B = 30°. 20^ C = - 39°. 34^, a = — Sff*. 54', 

g = 46^ 51^, 7 = — 138^ 21^, 8 = — 87°. 25^ For this 

example .*. k = — 369^ 43^, X = 995°. 3', and consequently 

Sin. K = Sin. — 369°. 43^ = — Sin. seg"". 4^S' = - 

Sin. 9°. 43^ Cos. k = Co5. - 369°. 43^ = Co5. S69^ 43' = 

Cos. 9'. 43', Sin. X = Ay/w. 995°. 3' = Ajm. 275\ 3' = - 

Sin. S4P. 57', Co5. X = Cos. 995\ 3' = Cos. 275". 3' = 

Co5, 84°. 57'. The calculation, when continued^ gives 

a Sin. jS iy/w. 8 = — 553'9063 

b Sin. a Sin. S Cos. k = 7865693 

c Sin. a Sin. y Cos. X = 42-0580 

b Sin. a Sin. 8 Sin. k = — 134'6863 

c Sin. a Sin. y Sin. X = — 475*9416. 

We . • . have 



Cot.f^=^ 



— 55S906S + "IS&beg S + 42'0580 _ +274*7210 

"" — 341'25i;S 



lS4i'QS6S —475-9416 
= — 0*8050307. 
Consequently either ^ = 128°. 50'. 6", or 0=--51^ 9^.5^'- 
The first of these two values cannot obtain here, for otherwise 
A^WB^ + M'A'B would be greater than 180°. We con- 



^ 



MA'Bf s 



sequentlr have A = — 51". g'. 54", and .* 
51". 9". 54/'. 
When the angle M'A'B' is found, it is easy to detennine 




NEGATIVE ANGLES. 187 

the remaining angles of the figure which are not known. 
Thus J^B'if = 180'^- {A'M^B-^B'A'M') =41^ 5&. 6^ 
CyS^M^ = J^B^M^ + A^B^C = 72^ l6\ 6'^. Now, since 
in the quadrilateral B'ON^M/ the convex angle CN'M 
= 221^ 39', B'M'N= 46\ 51^, CB'M' = 72^ 16^. &'; 
then B'aN^=zl9\ 13^ 54^ .-. D^C^N^z^zB'CN'+BCD' 
= 58^ 47^ 54^ and CiyN'^ 1 80« - (Z)/CW + CW^/^) 
= 33°. 47^ 6^/. 

Exam. 2. Let ^^ B\ C\ D\ (fig. 120^ be four points 
in a given straight line, whose dis- ^/ 

tance from each other are given, fig. /jso. 

80 that AB = 840, SC = 110, * ^ 

CZ> = 500. M' and JV^ are two a!^-^ D ' 

Saints, whose position is sought ; 
om M' only A' ^ B\ N\ and 
from N^ only C^ 2>^, ilf, are seen. 
According to this hypothesis, the ..:•;:"./>* 

angles, which the visible points ^ ^ 

m^e with each other, are measured at il/^, N\ and we have 
found, that A^M'B'=105\ 47^ B'M'N':=65\ 3l\ CN^M 
= 35^ 54^, CW'^D^ = 91'. S5'. 

By comparing ^g-. 120 with fig. 118, we get a = 840, 
ft = 110, c = 500, S = 0, C == 180^ a = — 105°. 47^ 
j9 = €5°. 31^, 7 = 35\ 34', 8 = - 91^ 35^ We .-. have 
jc = — 400°. 16^ X = 6S6\ 17^ and consequently Sin k = 

- Sin. 400°. 16^ = — Sin. 40°. 16^ Co5. k=Cos. 400°. 16^ 

— Cos. 40°. 16^ Sin, X = /Sm. 276\ 17'' =-Aym. 83°. 43^ 
Co5. X = Cos. 276\ 17^ = Co5. 83°. 43^ Further 

a Sin. p Sin. 8 = — 7641770 

ft Sin, a Sin, 8 Cos, k = 807395 

c Sin. a Sin. y Cos. X = — 306293 
ft >Sm. a ASin. 8 Sin, k = — 68-3913 
c Sin. a Sin. y Sin. X = - 278 1787 

We . • . have, 

i^ . . — 764-1770 4- 807395 — 30'629S 

Cot. <b = 7i 

^ 68-3913 + 278-1787 

= - 2-0603826, 
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consequently, either ^= 154°. 6^ 38^^ or ^= -^25^ sy. 22'^ 
The first of these two values cannot be used here, because 
othermse B'J^M^+ A^M'B^>1S0\ Therefore fi^^^if 
=25°. 53\ %^^\ whence all the rest of the figure can be 
determined. 

Coa. We can always, if we think it advisable, ficom Ae 
formula already calculated for any fimre, derive a particular 
formula for every similar figure, in order to elucidate this 
by an example, I shall suppose, that we wish, from^. 
120, to find a formula for the angle B'A^M\ which obtains 
for all similar figures. Assume, then, A^M'B' = al^ 
B'MN' = |S^ aN^M = /, CN'D' = 8', B'A'Mf^^\ 
comparing it withj^jg^. 118 we get a-sz^a^ = fif^ 7 =^ T^j 
8= -8^ B = 0, a = 180°. We .-. have jc = — a' + jS' 

- 360°, X = 720° - (^a' + ^ + /— 8^4- 180°) = 540°+/ 
—0^—7^ + 8^. If these values be substituted in the equation 
in 3, we then obtain 

— Cot. ^' = 

- a Sin. p^Sin. ^ + & Sin, of Sin. l^Coa. K--eSin^SinyCo8.\ 

—b Sin. fl/ Sin. 8' Sin, k— c Sin. oJ Sin. y /StJf. X ' 
or 

Cot. 0^ = 
-- a Sin. 0Sin. 8^ + ft Ayin. a^Sin. ^Cos. k ^ c Sin.c^Sin.*/C<»X 

b Sin. of Sin. 8'' Sin. k + c Sin. of Sin. y Sin. X * 

We can also find this formula inunediately firom the figure 
itself. With this view draw B^V parallel to ON^j whidi 
meets M^N^ produced in Vj and from V draw Vtf parallel to 
B'C\ which meets ON' produced in d. Then M'VB = 
M^N^a = Y; consequently M^B^b^ =; 180° -^ (j3«' + /). 
Further, J//5''^^=180°-(a^+^'), and.-, A'BV^OdV 
= lyC'N' = MB'V - MB' A' = «' + «^ -/S' - /, and 
iV/ftV=l80°~(yc^ft^-.ft^iVV=180°-a'4-/3^+'/-*'-y= 

i8o°-a'+is^-f . Also ciyN'^x%o'''--iyaNf'-aN'Bf 

= 180°-a>'-^^ + g>' + y-.8^ If .-.weput 180°-«^ + ^ 
= ic^ 180°~a/ + g^ + y-8^=rX^ theniV^ft'c = ic^-#^ 

aiTN' = y ^ ^\ 
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Hence in the triangle VN'd^ we obtain 

A7V .^ ^^ Sin. N'Ve _^ h Sin, {vf-fj/) 
Sin. ViJfd "" W«. 7^ ' 
in the triangle A'MB\ 

■Pi n^f _ ^'-g' Sin. BU^M _ a Sin. »^ 
Si«. if^JS^^^ ■" Sin. of ' 

in the triangle MWV^ 

n/L/ _ ^^-B' Sin. B'M'V _ a Sin. »^ Sin. ^ . 
Sin. MVB' "" Sin.alSin^' 
in the triangle ONiy^ 

Now, since JS^y = ON' + iVV : we therefore have the 
equation, 

a Sin. ^' Sin. c Sin. (X'-f ) , & 6'm. (1/ - ^Q 
Stn. a' Sin. y' ^ SmTW "^ Sin.y'. ' 

whence, by the usual method, we obtain 

Cot. ^' = 
aSin. Sin. ^ -f hSin. tJ Sin. ^ Cos. 1/ + cSin.afSin.y'Coa.y 
bSin. of Sin. ^ iSm. i/+c Sin. of Sin. -^ Sin. W ' 

In order to perceive the agreement of this formula with the 
foregoing, it is merely necessary to express k^ X by 1/, X^ 
Now, smce k = 1/— 540, X = 720® — X'; then Sin. k = 
Sin. W - 540°) = - Sin. (540^-icO = - Sin. (l80°-i/) 
= — Sin. 1/, Cos. K = Cos. (1/ - 540°) = Cos. (540« - kO 
= Cos. (180® - kO = - Cos. iff^ Sin. X = Sin. (720° - XO 
= Sin. - X' = - Sin.W, Cos. (720° - XO = Cos. - XO 
= Cos. y. If we substitute these values of Sin. k, Cos. k. 
Sin. X, Cos. X, in the first formula, we then obtain the 
second. 

SECTION CV. 

Pbob. Of the three problems solved in %% CII^ CIII, CJVj 
that in % CHI is the most general ; it includes both the 
others as single cases. But there are besides some 
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other remarkable cases, whose solution may be derived 
from it without much trouble. We shall now proceed 
to show how this is done. 



First Case, 

Let the point P (Jig, US) move into the line CiV, as 

fg. 121 shows. For this case, in § 103, S=0, csslSO'^, 

and .*. Sin. 8=0, lyiii. £=0. If B C 

we make the substitution in the for- 

mula there found for Cot, 0, then '^ I \ yj> 

Cot, A = — , which leaves its value 
^ ' 

undetermined. But we must neces- 

sarily obtain an expression of this 

kind, because the position of the point P in the line CN is 

not given. 

Divide the numerator and denominator of the above ex- 
pression by Sin. 8 ; this gives 

Cot, = 
aSin.pSinX + bSin.aSin. ZCos.K + cSin.aSin.yCos.X.-^ — * 

! '. '. '. Sin. B ' 

^bSin.aSin.t^Sin.K+cSin.aStn.ySin.\.-jTr-^ 

Now let CJig^ 1 1 5;, CiV=/, CP = g. Then §^ = ^, 

loin^c g 

and 

Cot. (jt = 

cf 
aSin.pSin^Z+bSin.aStn. ZCos. k + — Stn»aStn.yCo8.\ 

S L_; 

cf 
~ b Sin. a Sin. ZSin. k + -^Sin, a Sin. y Sin. X 

S ^ 

in which 

ic=J5 + a + g-.360',X=900°-(a+^ + 7+84-£4-S+5+C). 

This expression is always correct, wherever the point P may 
be situated; consequently also when, as in^^. 121, it is in 
CN,. But for this case 8 = 0, € = 180^, consequently X = 
720^ -(a + g + Y + J + 5 + C). 
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Now put O^g". 121) f=:g : then P is situated in N,. and 
the figure is transformed into^g*. 118. We then have 

Cot. = 
a Sin, g Sin. Z,-{-b Sin, a Sin, Z Cos, k + c Sin, a Sin, y Cos. X 
—6 Sin» a Sin, Z, Sin, k + c Sin. a Sin. y Sin. X * 

which completely coincides with § CIV, merely by putting, 
suitably to the notation there used, 8 for Z* 

Second Case, 

Again, let the point D (fig. US) move into B : then this 
figure is transformed into^^. 112, and Z into ^ Zi further, 
C=0, and c=i. Then the expression just found is trans- 
formed into the following one : 

Cot. <j>^ = 
— a Sin. Sin. Z^ — h Sin. a Sin.Z Cos. Kf + b Sin.a Sin.y Cos,\ 
b Sin. a Sin, Z Sin. icf + b Sin. a Sin. y Sin. A * 

where Kf=:B + a+ 0—360% X^ = 720°-(a+g+7 + ?+5). 

If this expression be compared with that found in § CII 
for the case, we must, in the first place, to suit the notation 
there used, put 8 for y, and y for Z* Then X'' = 720° — 
(a-fg+8— 7 + jB). In the section above-mentioned, ic = 
5 + a + g— 360^ X = 5 + a+g— 7 + 8-360°; we.', have 
i/ = ic, X^ = 360° — X ; consequently Sin, k! = Sin. k, 
Cos. i/zizCos, ic, Sin. y= — Sin. X, Cos. y==Cos. X. The 
substitution of these values in the above expression, after 
making the proper change with respect to y and ^, gives 

Cot, <j> = 
a Sin. p Sin, y-^b Sin. a Sin. y Cos, k— ft Sin. a Sin. 8 Cos, X 
— b Sin. a Sin. y Sin, K-\-b Sin. a Sin. 8 Sin. k 

which perfectly agrees with § CII. 

Third Case, 

I shall now assume, that the points ^, j5, C, 27, Af, N, 
P, injig, 115, have the^sitions A^, B\ O, IV, M^, W, 
J?'y (Jig, 122 J, and that it is required to find for this and all 
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Other similar figures a particular 
formula by which the position of ^/^^< 
AT, N\ r' may be determined. 
Let the measured angles be A^M!B' 

=5^ the given ones A'B^a^W^ 
BOB' = G. Let the required 
angle be MA'W = f . 

The comparison oi figs. 115 and 122, in reference to 
|CIII, gives B^Wy C= C^, «=/, g = ^, 7=-/, 
S=:S^ e=€^ ti^Vi <t>=<t>^i the substitution of these values 
in the formula there found for Cot. 0, consequently j^ves 

Cot <j>' = 
raSin.efSin. Z' Sin. V + b Sin. a' Sin. i' Sin. Z'Cos.icfl 

L — c Sin, od Sin, y Sin, t' Cos. X J 

— b Sin. a' Sin. S^ Sin. Z/ Sin.Kt — cSin.afSin.y'Sin.^ Sin. \f 

in which k! =: B' -^ of -{■ ^ 360°, X^ = 900° - {af+ef'^i 



Fourth Case. 



Let A', B\ C^ Zy, 0^. 123^ be the four given points, 
M'^ N\ P^, the three whose p/ y^ «? 

position is sought. We have ^ ^^^T^. J^^ • 

the following measured angles: -^ 
^^ilf/5^ == a', WWW = ^, ^ 
ON'M = /, C^iV'F = 8^, 

These angles are given, viz. 
A'BU^W, B'aD'^O.foiSL 
the sides A'B' = a, B^C = 6, 





= — ^^. Substituting these values in the formula in 
cm, we get 
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— Cot. i\if = 

Ta Sin. Sin. 8 Sin. Z' - b Sin. a' Sin. 8^ Sin. X/ Cos. Kf-i 

L + c Sin. of Sin. V Sin, ^ Cos. y J 



+ c Sin. a! Sin. */ Sin, ^ C os. W 

b Sin. of Sin. S^ Sin. V Sin. i/ -{- c Sin. oJ Sin. Y Sin. ^ Sin. Xf' 

or 

Cot. 0^ = 
--a Sin. ef Sin. 8^ Sin. Zf + bSin. a! Sin. 8^ Sin. Z/Cos.k! 

— c Sin, a! Sin, y^ Sin. ^ Cos. X 

b Sin. of Sin. 8^ Sin. XJ Sin. k^ + c Sin. a! Sin. / Sin. ^ Sin. V 

in which i/ = jB^ — a^ + ^ — 360°, X^ = 900°-(— a^ + g^ 

+ y _ g/ _ £/ -- g/ + £/ + CO. 



[ 



r 




Fijlh Case. 

Let A^, B\ C'^ ly, (Jig. 124; be the four given points, 
and M\ N\ P\ the three points pj 

sought; the latter are here in a 
direct line. . Let A^B'a = B\ 

= ^^ oNw = 7^ ON'F' ^y ^ 

= 180° - Y^, OP^N' = 6^ CFiy 
= XJ ; the required angla M/A*B' 
= ^'. The comparison with ^g*. ^ 
115 gives a=a/, jg= — ^^, y = — 7^ 
8=-8^e=-.e^,2 = ?^5 = B^ 
C ^= C^, A = ^'. Consequentl]^ 
values in the formula, § CIII, gr 

Cot. ^* = 
Va Sin. Sin. 8 Sin. V- b Sin. a! Sin. 8' Sin. XJ Cos. ic^T 

L + c Sin, a! Sin. ^ Sin, ff Cos. X^ J, 

bSin.afStn. S'Sin.i:'Sin. tcf-^^cSin. a! Sin. YSin.e'Sin.\' 

or, since Sin. 8' = Sin. y\ 

Cot. i\if = 
aSin.0 Sin.X/ "bSin.c^ Sin.X,^Cos.K! '^-cSin.a/ Sin.^Cos. y 
b Sin. a' Sin. V Sin. wf + c Sin. a/ Sin. i' Sin. X' ' 

in which 

2 c 



the substitution of these 
gives 
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■f £'+C0 = 1080° - {pJ - ^-^/h-^z + jB^ + CO, because 
y' + 8^ = 180^ The angle M'A^By and consequently the 
position of the points M^ F^^ depends . * . £br this case not on 
the angles y, 8^ ; which, indeed, is the case. 

If the points C\ D^y are in the line A^B\ then the for- 
mula here found for Cot. 0^ remains the same; but the letters 
K^, \\ have different values, according to the order in whidi 
the points A\ B\ C\ ly^ are relatively situated. Thus, if 
these four points be placed in the following order, viz. A\ 
B\ B\ O, then W = 180^ O' = ; consequendy ^ = 
of ^0 ^ 180°, X = 900° — (a^ — ^ - fc' + $0- K Aqr 
succeed one another in the order D\ A^^ B', O : then 
B^ r=:i 80°, C^ = 0, and »/, X'', have the same values. But 
if they are in the order A\ B\ C, ly : then B^ = 180, 
C = 180°, and .-. ic^ = a^ - e^ - 180°, X^ = 540° - 



j^'fi^' ^^^' 



Sixth Case* 

A\ B, C\ D\ (f^, 125), is a given quadrilatend 
M^, N\ are two points, whose posi- 
tion is required to be determmed. 
From M\ only the side A^B^, and 
the point N^ can be seen ; from N^ 
only the side Uiy, and the point 
M^ are seen. The measured angles ^^ 
are A^MB'^a!, B^MN^z=,^\ \ 
CN^M = y\ ONiy = If. We ^ 
have given, A'B = a, B'O = V, 

aiy = c, A^B^a = b^, B^ciy 

= C^. Let the required angle JV" 

MIA^B' == ^. By comparing with the scheme^ )i|gv. U8^ wa 
get, in reference to § CIV, Br=zB', C = CV t^^—af, 
/S = g^, y = y, 8 =5 — 8^, 0= -.^/. By the substitution rf 
these values in the formula there, round for Cot. 0, we obtain, 

— Cot. 1^' = 

-aSin.fifSin,^ +bSin.o^Sin,WCoa,K! -cSin.a^Sin.yfCos.X' 

-^ b Sin. of Sin. S' Sin. k^ - c Sin. a' Sin.y Sin. X^ 
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or, 

Cot. ^f = 

- a Sin. ^Sin.i^ + bSin.afSm.^Coif. ^f-^-c Sin, a' Sin. y'CosX' 

b Sin. ^ Sin. 8' Sin. k^ + b Sin. of Sin. i Sin. X' 
in which 

Again let the point ly move into A^. Tlien a = 0, the 
quadrilateral A^B^Oiy is transformed into a triangle, and 
we obtain, 

^ f __h Sin. $^ Cos. k' — c Sin. y^ Cos. X^ 
•* "" b Sin. S' Sin. v! --'i'Sin.WSm.V' 



SECTION CVI. 

We can likewise, if we choose, solve the formula Sw every 
similar figure immediately from this figure itself, as was shown 
in § CIV by an example. As this is a very useful practice 
for the young geometrician, I will here give another example, 
and with this view make use of the fourth case in the pre-^ 
ceding section. 

Draw, (fi^. 123) WV parallel to GN'y which meets 
M!N' produced in V^ and from V draw Vcf parallel to B'C. 
We then have, WVM = 180° - C'N'M =: 180" - 7^ 

MB'V = BMN' - WVM = ^ + 7^ - 180°, A'&M 

= 180° - {^A'MW + Ar^^fio=i8o° - {oi + ^% awy 
= A'wa + A'WM + Mwv =z B' -^e" + y -^ - 

farther, B'C'c- 180°-CVy=180°-5/-^-y+a'+^^ 

TyaNf = B'C'd - B^c'iy = i8o° - 5^ - c^ - ^ -^ ^^ 

+ o^ + ^^• .-. in the quadrilateral lyCN'P, CD'P' 

=r a6o° - jyoN^ - CN^p^ - N^p^iy=z sgo'-^d^c^n^ 
- aN'P' - cp'N' - ap'iy = i8o° + js^ + c/+^ 4- 

7^ — a' — 0^ — 8' — t'' — 2^. If .• ., for shortness-sake, we 
put, 5^ + ^ - «^ = K^\ 180° + 5/ + C' + g^ + 7' - «' 
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_ 8' _ j/ _ 5/ = X'' ; then N'V</ = k" - ^'» CiyP' » 

Consequently in the triangle A'B'M', we have 

p/ »« _ ^'^' Sin- M'A'B' _ a Sin. ^' 
Hin. A' MB' ~ Sin. oi * 

in the triangle B'VM, 

„, _ B'M Sin. B'M'b _ a Sin. ^' Sin. 0' 
Sin. B'bfM' ~ Sin. a! Sin. 7' ' 

in the triangle N'b'c', 

„/ _ l/</ Sin. N'Vd _ b Sin, jii" - ^) 
Sin. cTN'V ~ Sin. / ' 

in the triangle C'DT', 

^p, _ gp'Sin.cyiyp' _ c sin, p^" -> »^) 

Sin. C'P'D - Sin. l' ' 

in the triangle C'P'N', 

ON' - ^'^ ^"'- ^'^'^ - c Sin. (\" - i>') Sin. ,^ 
~ Sin. C'N'P' ~ Sin. 8' Sin. V ' 

Now CyN' = C*/ + iVV = B'b' + N'</: we .-. him 
the equation 

c Sin. i\"-^') Sin. ^ a Sin. ^' Sin.0 h Sin.W' - V) 
Sin.S'Sin.'/ ~ Sin. a^ Sin. ■/'^ Sin.-/ 

whence we obtain. 

Cot. ^' = 
Ta Sin. ^ Sin. V Sin. V- b Sin. a! Sin. B' Sin. V Cot. k"] 

L +c Sin, a! Sin. Y Sin. ^ Cos. \" J 

— b Sin.afSin. 8' Sin. XJ Sin. isf'+c Sin. a! Sin. -/Sin. ^ Sin. \". 



If we compare this formula with that for the fourth ease of 




of both formule is evident. 
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SECTION CVII. 

Paob. Five inaccessible points are given in position 
and distance : required to determine the position of 
four other points. 

SoLUT. Let Jy B, Cj D, E, (Jig, 126^, be the five 
points, Mj Nf P, Q, the 
four required ones. From 
Mi only Ay 5, iV, can be 
seen, from iV, only C, J/, P, ^^ 
from P, only 2?, N, P, and 
from G, only A £, P. 
Let the given lines and 
angles be AB = a, jBC = ft, 
C5=c, J9^=d, ABC=.B, 
BCD^C, CDE=:D: the 
measured angles -4 JfS = a, BMN = /3, CNM = y, 
CiVP = 8, 2>PiV = £, 2?PG = ^, Z>QP = ,,, DQE = ». 
Further, let the requir^ angle be MAB = 0. 

1. Draw j5& parallel to CW, ftc to BC, cd to 27P, and de 
to C2?. Then £6Af = CNM =^ 7, Cdi\r= i?PjV= e; 
consequently MBb = 180° — (5ilf6 + BbM) = 180° — 
(|S + r)> NCd = 180° — (8 + c). Further, in the qua- 
drilateral ABbM, ABb = 360° - (A Mb + BbM + MAB) 
= 360° — (a+jg + y + ^), and in the pentagon ABCNM, 
BCN = 540° - {ABC + -^il/iV^ + CiVM + MAB) = 
540° — (5 + a + j3 + 7 + ^). We consequently have 
hBC^ABC - ABb-B + a + g+y + ^- 360°= Cci, 
dCJ9 *i BCD - 5CiV - jVCd = 5+ C + a + jS + y 
+ 8 + £ + ^ - 720° = Dedy and .•. iNT&c = Cc6 - bNC 
= 5 + a+^ + ^ — 360° ; Pdc = Ded — rfPjD = jB + 
C + a + ^ + 7-f8 + ^ — 720°. Further, in .the nona- 
gon ABCDEQPNM, the angle J9£Q = 1260° -(^5C+ 
fiCl? + CDE + ^il/i\r + J/iVP + NPQ + -/>/^5) = 
1260° -(J5+ C + 2? + a+|S+7 + 8-|-€ + ?; + >j + 
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+ 0). Now, if for the sake of brevity, we put, B + a + fi 
- 360^ = ic, 5 + C + « + j5 + 7 + 8 - 720« = X, 1260" 

then Nbe = le + ^, Prfe = X + ^, DEQ = /li — ^. 

2. In the triangle ABM, 

^^' "^ ~SmrAMB^ " Sm. « '' 

in the triangle MBb, 

_ BM Sin. BMb _ a Sin. » Sin, g ^ 
"* Sm. jB6A/ "" Silt, a *Sm. 7 ^ 

in the triangle iVic, 

TVT- — ^^ iSjn. iS^&j ___ ft Sin, (k 4- ^) 
" Sin. bNc Sin. y ' 

consequently Cti = Cc + Nc = jB& + JVic = 
a Sin. A Sin. B h Sin. (k + 0) 
om. a oin. y Sin. y 

Further, in the triangle NCd, 

^ , _ CNSin. CNd _ CN Sin, g 
~ Sin. CdN ^ Sin. e ' 

and in the triangle Pde, 

p — <fe *Si^' Pde __ c^^(»^_(X + ) 
"" Sin. dPe "" SmTl ' 

consequently DP z=: De + Pe =z Cd '\- Pe zn 

CNSin.^ c Sin. (X + ^) _ 
Sin. € Sin. c ~ 

a S/7t. <t> Sw. jS Sm, 8 h Sin. (K+<t>) Sin. 8 c Sin. (X+0) 
Sin. a Sin. y Sin. e Sin. y Sin. c Sin. b 

3. But an expression may be found for DP. Thus in the 
triangle DEQ^ 

j^r. _ DE Sin. DEQ _ d Sin. (^ ~ 0) 
^ "" Sin. DQE - Sin. ' 
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and in the triangk DPQf 

DP - ^ ^^'^' ^^P _ d[ Sin, ill - 0) g/Vt. n 
"" Sm. J9PQ "■ Sin. Sin. Z 

4. If we equate the expressions found for DP in 2 and 3, 
we then obtain the equation, 

a Sin. ^ Sin. Sin. S b Sin, {k 4- ^) Sin. 8 
Sin. a Sin. y Sin. e Sin., y Sin. c ' 

I <? ^Sm. (X + 0) _ d A^m. (/x — ^) <Sm. t? 

or, when we solve Sin. (k + ^), Sin. (X + 0), Sm. (fi — ^) 
divide by, Sin. 0, and substitute Co^. for .^. ' ^, 

g <Sin. g Sin. S h Sin* S (Sin, k Cot ^ + Cos. k) 

Sin. a Sin. y Sin, c Sin. y Sin. e 

c (Sin. X Cot. + Cos. \) ^ d Sin. ?j (Sin. fi Cot. — Cos, fx) 
Sin. e "" Sin. Sin. Z 

Hence we obtain, 

Cot. = 
raSin.0Sin.dSin.ZSin.d+bSinaSin.SSinXSin.eCos.K+-l 
\,cSin.aSin.ySih.ZS m.0Cos.X^d Sin.aSin.ySin.eSin.riCos.iij 

['^Sin.aSin.BSinXSin.OSin.tc^Sin.aSin ySm.^S»»iftSin.Xl 
+ d Sin. a Sin. y Sin. c Sin. ri Sin. fi J 

Remark. In a similar maimer we can generally solve the problem when 
n points are given, to determine the position of « — I other points. 



SECTION CVIII. 

PfiOB. In a quadrilateral, two of its opposite sides, 
together mOA the angles which thejf make with one of 
the other two sides, are given. This quadrilateral is 
seen from any one position, and from hence the appa^^ 
rent distances of the angular points from one another, 
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are measured ; find from these data the other two 
and the distance of the position from each 
point. 

SoLUT. Let JBCD (fig. \9n) be the quadrilatetal, U 
the position, the given sides 
AB = a, CD = hy and angles 
ABC = 5, BCD = C. The 
measured angles ABM^a^ BMC M 
= ft CMD = 7. 

1. If the angle MAB is known, 
we then likewise have all the rest 
of the figure. Assume .*. MAB = ^. Then ABM^ 
180° - (tf + ^), MBC = ^fiC - ABM= 5 + a + f 
- 180% 5CAf=l80° - (MBC + 5il/C) = S60« — (jB+ 
a + + 7 + ^). Further, in the pentagon MABCD^ 
MDC = 540° — (B + C + a + e + 7 + *). For the 
sake of brevity, put 5 + a — 1 80° = ic, S60° - (JB + a+j?) 
= X, 540° -(fi+C + a + e + y)=ii; this gives, MBC 
= ic + ^, BCM= X - ^, ifi?C = /ix — ^, 

2. In the triangle ^jBJ/, 

njLf ^ ^B Sin. MAB ^ a Sin. 
^ ■" Sin, AMB "" Sm. a ' 
in the triangle BMC, 

^^ _ BM Sin. MBC _ a Sm.j, Sin, (ic + 0) 
Sin. JSCAf "■ Sin. a Sin. (X - ^) ' 
Further, in the triangle MCD, 

^^ _ CD Sin. MDC _ b Sin, (fi - 0) 
" Sin. CMD ~ S^nTy ' 

# , 

8. If the two values found for MC are equated, we then 
obtain, 

a Sin. Sin, (k + ^) _ 6 Sin, (fi — ^) 
dm. a Sin, (X - ^3 "" iS'in. 7 ' 
or, 

a Sin. 7 Sin. (k + 0)=& 5m. a Sin. (X -r- 0) Sm. Qi — #). 
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4. Now S'm,^ Sin. (ic+^) = i [Cos* k — Cos, (ic-f 20)], 

we consequently have 

a Sin. a[Co8. (X+ju— 2^)]= 
b Sin. a[Cos. (X— ju)— CVw.(X+/Lt— 2^)]. 

or, 

a iJiw. 7 Cos. ic — 4 Aytn. a Co5. (X — /ic) = 
a AS'zn. y Co5.(ic + 20) — J *yin. a Cos, (X + ft — 20). 

Now since Cos. (ic+ 20) = Cos. k Cos. 2 — iSm. ic^ym. 20, 
Cos. (X + /ic — 20) = Co5. (X + fi) Co«. 2 + Stn.(\ + ju) 
/S'/n. 2 : therefore 

a Sin. y Cos. ic — i iSVn. a Cos. (X — /ic) = 
[a /Sm. y Cos. ic — 6 aSwi. a Cos. (X + fi)] Cos. 20 
— [a Sin. y Sin. K + b Sin. a Sin. (X + ju)] Sin. 2 0. 

6. Divide this equaticNi by a Sin. y Sin, k + b Sin. a 
Sin. (X + /ic), and put 

a Sin, y Cos, k — b Sin, a Cos. (X + fi) ^ rp 
a Sin. y Sin. ic -f 4 Sin. a Sin. (X -f fi) "" 

this gives 

Tan. w Cos. 2 — Sin. 20 = 
a Sin. y Cos. k — b Si n, a Cos. (X — ii) 
a Sin, y Sin. k + 6 Sin. a Sin. (X + /n)' 

or, since Tan. w Cos, 2 — Sin. 20 = 

Sin, w Cos. 2 — Cos. to Sin. 2 _ Ayin. ((u — 2 0) 

Cos. 01 Cos. (U 

iS7n. (ce> — 20)s= 
a Sm. y Cos. K Cos. w — 6 < Sin. a Cos. (X -- /tt) Cos, to ^ 
a Sin. y Sin. k + b Sin. a Sin. (X + fi) 

whence may be determined. 

Exam. Leta=S6o, 6=300, JB=14fO^ 26^ C=1S6^.22^, 

a=S6\ 20^, i?=29°. 41'', 7 = 2?^ 38^ Here k=— 3°. 14/, 

X=153°. 33^ /ii=l69'. 33/. 

2 D 



S08 



FOLYGONOMETKY. 



a Sin. y Cos. k — 166-7063 

b Sin. a. Cos. (X + fi) = 1421396 
a Sin. y Sin. k = — 9-4176 

b Sin. a Sin. (X + |u) = — 106*7214 ; 
conseqaently. 

Tan. u. = 166 7063-142-1396 ^ _ ^.^^^^^^^ 

and . - . 

(0 = 168'. S'. 23". 

We consequently have, 

a Sin. y Cfu. k Cos. oj = — 163-0974 

b Sin. cf Coa. (X - fx) Cos. oi = - I67'l602, 

and .*. 

\ 0'. 10". 



-2# = 
♦ = 



85". 1'. W. 



SECTION CIX. 



pBOB. Four objects are seen from four stations, and at 
each of these stations the apparent distances of the 
objects from one another are measured : from hence 
iktermine the position of all the eight points, 

SoLUT. the four objects A, B, C, D (fig. 128J are seen 
from the four stations E, F, 
G, If, and there the angles 
AEB = a, EEC = 0. 
CED = y, AFB = «', 
BFC = 0', CFD = y', 
JGB = a", BGC = ff", 
CGD = Y', jiHB = af", 
BHC = e'", CHD = y"', 
are measured. 
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^ fig. 129, 



1. Join the points A^ By C, Z), (Jig, 129 J by the lines 
AB, BCf CD ; find first an equa- 
tion for the point E. With this 
view, produce the lines BC, EJy ipjir n ir n t n 

ED, till they meet in F, G, and ^ ^-^-^ C / . (^ 

draw the perpendiculars AH, DI, 
EK, Since angles only are here 
given, consequently we cannot de- 
termine the actual magnitude of 
the lines belonging to the figure, 
but merely their proportion to one 
another. We can . * . assume one 
of these lines, say BC, for unity, 
and put BC = 1. Now if besides the lines AB, CD, and 
the angles ABC, BCD, or the adjacent angles ABF, 
DCG, are known ; then the position of the four points A, 
B9 C, D, and consequently also the situation of the points 
E, F, G, H, are determined. Assume .'. AB == x, 
. CD =iy, ABF=: ^, DCG =: \py and moreover, for short- 
ness' sake, BAE = A, CDE = D, which last two angles 
vanish ftirther on in the calculation. We then have AFB=s 
BAE--ABF^A--ft>, CGD^CDE-- DCG^D^y^, 
CBE = AFB + AEB ^A^^^a, BCE = CGD + 
CED = Z) - TjH- 7. 




2. In the triangle ABE, 

AB Sin. BAE x Sin. A 



Sin. a ' 



^^ Sin. AEB 

and in the triangle CED^ 

^^_ C D Sin. CDE _ y Sin. D 
^^■" Sin. CED ~ Si7i.y ' 

consequently in the right-angled triangle BEK, 

BK = BE Co.. CBE ^. V Sin. J Cos. (J - i> + a) ^ 

ozn. y 

» 

and in the right-angled triangle CEK, 

CK = CE Cos. BCE = SLli!L^C^JJLz±±y}. 

otn. y 



204 POLYCONOMETRY. 

Now since BK + CK=: BC = 1 : we then have the equation 

X Sin. A Cos. (-<4— + a) y Sin. D Cos. (/?— ^-f y) ^.. 
Sin. a Sin. y 

or, 

X Sin. y Sin. A Cos. (A '- ^ + a) + y Sin. a Sin. D x 
Cos. (D — ^ + y) = Sin, a Sin. y. 

3. But Cos. (^ — ^ + a) = Cos, [A — (0 — a)l = 
Cos. A Cos. (^— a) + Sin. A Sin. (^— a), Cos. (D—i^+y) 
= Cos. [D - (^-7)] = Cos. D Cos. (^-7) + Sin. D x 
Sin, (^—7). Substitute these values in the obtained equation, 
and at the same time put 1 — Cos. ^A for Sin. ^A, 1 — Cos. *D 
for Sin. ^D ; this gives, Sin. a Sin. 7 = 

X Sin. 7 Cos. A [Sin. A Cos. (^— «) — Cos. A Sin. (^— «)] 
-f X Sin. 7 Sin. (^ — a) -{- y Sin. a Cos. D [Sin. D 
Cos. (i/*— 7) — Cos. D Sin. (^—7)] +y Sin, a Sin. (?/'— 7) 

=xSin.y Cos. A Sin. {A'-^ + a) + x Sin. y Sin. {<l> — a) + 
y Sin.a Cos. D Sin. {D^^^p + y) -{-y Sin.a Sin. (1/^ — 7) 

=j: Sin. 7 Cos, A Sin, CBE + x Sin. 7 Sin. (^ — a) + 
y Sin. a Cos. D Sin. BCE + y Sin, a Sin. (}p — 7). 

4. In the triangle B£C we have 



and .'. 



BC — 1 — ^^ '^'^' ff _ ^ Sin. A Sin, g 
Sin. BCE "■ Sin. a Sin. BCE' 



Sin. BCE = 'L^!!L4IlItJ^ 

oin. a 



In like manner 

BC — 1 — ^^ '^^^' ^ — y ^^^' ^ '^^^' ^ 
"■ "■ Sin. CBE "" Sin. 7 iSfiw. CBE' 

and .*. 

Sin. 7 
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Substitute these values of Sin. BCEy Sin. CBE in the 
equation in 3 ; this gives Sin. a Sin. y ss 

xy Sin. fi Sin. D Cos. A -¥ x Sin. y Sin. (^ — a) -f 
xy Sin. Sin. A Cos. D+y Sin. a Sin. (\p — y) 

= ay Sin. Sin. {A + D) + x Sin. y Sin. (^ — a) + 
y Sin. a Sin. {\p — y) 

or, since A + D= 540" - (AED + ABC + BCD) = 

180^— (E — ^ — t//), when, for the sake of brevity, we put 
AED = JB, 

Sin. a Sin. y = xy Sin. p Sin. [E — (^ + ^)] + 
X Sin. y Sin. (^ -- a) + y Sin. a Sin. (^ — 7). 

5. In order to separate the unknown magnitudes from the 
known, solve this equation ; this gives 

Sin. a Sin. y^xy Sin. j3 \S%n. E Cos. (0 + ^) — Cos. E X 
Sin. (^ -H ^)] + J^ Sin. y {Sin. ^ Cos, a-- Cos. <pSin. a) 
+ y Sin. a {Sin. \p Cos. y — Cos. xp Sin. y) 

= xy Sin, /S [Sin. E {Cos. Cos. \p — aS7». ^ Sin. xp) — 
Cos. E {Sin. iji Cos. xfj + Cos. Siii. \fj)] + 

X Sin. y {Sin. Cos. a — Cos. ^ Sin. a) + 
y Sin. a (Sin. \p Cos. y — Cos. \p Sin. y). 

6. If we put X Sin. ^ = p, x Cos. (jt z=i q, y Sin. i// = r, 

y Cos. }p =: s ; then this equation is transformed into the 
following one : 

{qs —pr) Sin. P Sin. E — {ps + qr) Sin, p Cos. E +p Sin. y Cos.a 
+ r Sin. a Cos. 7— (? + »+ 1) Sin. a Sin. 7 = 0, 

or 

^ Sin. /S Sin. £ , . ^ Sin. & Cos. E 
<^«* '^P^'^ Sin. a Sin. 7 ^CP^ + g^) Sin. a Sin. 7 

+ p Cot. a + r Cot. 7 — (5 + 5 + 1) = 0, 
where £ = a + i3 -f 7. 

Likewise each of the other stations F, G, H gives a 
similar equation. We . • . have four equations in all, whence 
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the value of qs — jor, ps + ^r, p, r, ^ + « + 1, and hence 
again the values of p, q^ r, s» may be determined. If these 
last are found, then we also have the values of x, y^ 0, -^^ 
A complete solution of the above four literal equations is 

fiven by Professor Pfleiderer in the Archives for Pure and 
Practical Mathematics, 10th Number, p. 190. In practice, 
however, it is much easier to calculate with the given numbers 
themselves ; how this is done will be seen by the following 
example. 

Exam. I shall assume^ that the points £, jP, G, H have 
the position in^. 130. Let a=:AEB=39''' 38^, 0=3 EC 
= 30«. 54^ y = CED=23\ 9.l\ ^^ .,^ 

= 44°. 44^, y^-CFDc=z9,S\ 54/, 
af^=:JGB=z75\ 48^ ^^=BGC 
= 105^51^ y/= CGD=i 50\23\ 
af^^ = - JHB = - 25°. 47^ 
fi^'^= - BHC=z - 55\ 2^ y'^' 
= CflI>= 15°. 30/. Here JS= 
a + + 7 = 93°. 53/, F=zaf+p^ 

+ y/ = 141°. 1/, G = «// + P'^ 

+ y^=232°. 2^ H = «/// + g/// 

+ y/// = — 65°. 19^ Therefore 




Sin. p Sin. E 
Sin. a Sin. y " 


2-0266000 


Sin. j9 Cos. E 
Sin. a Sin. y "" 


-01375675 


Cot a = 


1-2073615 


Cot. y = 


2 3164076 


iSm. «/ Sin, y' ~" 


09924784 


iSm. g/ Cos. F 
Sin. od Sin, y' "" 


— 1-2263381 


Cot. of = 


0-4166012 


Cot. y^ = 


I-8II4969 
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Sin. 0' Sin. G ,„,,,„„„ 

Sin. 0' Sin. G ^ „„„,„,, 
^^^-^,,^^^,= -0-7924751 

Cot. o^' = 0*2530889 
Cot. y^ = 0-8277620 

Sin. 0" Sin. H . ,^^„a.c. 
Sin. a'- Sin. y'^' = -6-4057682 

Sin. 0" Cos. H 



Sin.af"Smry"' = ^-^^^O^SS 
Cot, oJ" = — 2.0701359 
Cot. -^''f = 3-6058835. 

We consequently have the four following equations : 

2-0266000 {qs-'fT) + 1375675 {jpa + qr) + l-207S6l5p 
4- 0-3164076 r — (? + 5 + l) = 

0-9924.784 (ys—^jr) + 1-2263381 (ps+^r) + 0-4l66012p 
+ 1-8114969 r — (^ + 5 + 1) = 

— 1 0155390 (^^—pr) + 0-7924751 (i>« + ^r) + 0'25S0389p 
+ 0-8277620 r — (j' + « + 1) = 

— 6-4057632 (5«—|}r)— 2-9440655 (|)s + jr) — 2-0701359p 
+ 3-6058835 r — (gr + « + 1) = 0. 

If the second, third, and fourth be subtracted from the first, 
we then obtain 

1-0341216 (js-pr) — 10887706 (|)s + jr) + 0'7907603p 

+ 0-5049107 r= 0. 

3-0421390 {qs—fr) — 0-6549076(^5 + qr) + 09543226 p 

+ 1-4886456 r= 0. 

8-4323632 (55-pr) + 3-0816330 {jps + qr) + 3-2774974p 

— 1-2894759 r= 0. 

Divide the coefficients of each equation by the coefficient of 
the first term ; this gives 

(95 —pr) — 1-0528458 (jos + qr) + 0-7646686/> 

4- 0-4882508 r = 
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(qs — pr) — 0-2152786 (pa + qr) + 0*3l370\2p 

+ 0-489S4.17r = 

(qs —pr) + 0-3654531 0>« + ^r) + 0-3886808|i 

— 0*1529199 r = 

and when the two first equations are subtracted from the last, 

1-4182989(|)« + qr) - 0-3759878p - 0-6411707 r = 
0-5807317 (ps + qr) + 00749796p — 0-6422616 r = 0. 

Divide again each equation by the coefficient of the first 
term ; this gives 

(ps + qr) — 0-2650977 1> — 0*4520702 r = 
(ps + qr) + 01291123 p — 1-1059524 r = 0, 

and when these equations are subtracted firom one another, 

0-394.21002) — 0-6538822 r = 

By means of this equation we successively get the four fi>IIow- 
ing equations : 

r = 6028762 p 

^s + gfr = 0«5376401 p 

qs —pr =— •0-4929713p 

jf + a + 1 = 1-6787747 i> 

From the first and second equations we obtain 
s + 0*6028762 q = 0-5376401. 

This equation combined with the fourth, gives 

q = 4-2273334 p — 3-8719414 

« = — 2*5485587 p + 28719414. 

If we now substitute the values of q, r, s, in the third equa- 
tion, we then obtain 

11-3764835 p2«. 22-5014950 p + 11-1199888 = 
or, 

f - l-9778955p + 0-977450 = ; 
and this equation gives 

p = 0-9889477 ± 00237403, 
consequently either p = 1-0126880, or p = 0*9652074. The 
two last figures of these values are uncertain* 

If we take the first value of p, we find 
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p = 1-0126880 = X Sin. 
q = 0*4090284 = x Cos. 
r = 0-6105255 = y Sin. ifj 
s = 0*2910466 = y Cos. \p. 
From the first and second equations, we obtain 

^ 1-0126880 

Tan. 6 = = 2*4758378, 

^ 0-4090284 ' 

and from the third and fourth, 

^ , 0-6105255 ^ ^^^zjo/^o 
^««- ^ = ^^^,^./;/ ? = 2 0976898 ; 
^ 0-2910466 

consequently 

= 68°. &. 21/^-7, ;A = 64°. 30^ 43/^-8, 
and 

j: = -^F-~ = 1-09217, V = -ttA-t = 67635. 

If we take the second value of p, we have 

p = 0*9652074 = X Sin. ^ 
q = 0*2083121 = X Cos. 
r = 0-5819006 = ;i/ Sin. xjj 
s = 0*4120537 = y Cos. \p 
and .*. 

Tan. ^ = J|gg|i = 4-6334677 
^ 0*2083121 

^ 0-4120537 
= 77°. 49^ 16^^*1, ^ = 54°. 41^ 49^^-3 

X = .^-^ = 0*98743, V = o'^ I = 0-71301. 
/Jiw. ' -^ Sin. yfj 

Consequently in each of these problems, two different posi- 
tions of the eight points are possible. Which is the right 
one, must . * . be determined from other circumstances. 

When the situations of the four points -4, jB, C, 2>, are 
determined by means of the angles and lines 0, ;/;, x^ y^ when 
calculated, it is easy, by the problem in § LIV^ to determine 
die position of the points JE, F^ G, H. 

2 E 
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Remark. The problem here solved, incontestably the most important 
in practical geometry, was invented by the celebrated Lambert; it may be 
seen in his Contributions II. p. 186, &c. In the calculation of his example, 
he has only made use of four decimal places ; .'. the expressions there 
found for P, Q, R, S, or, according to my notation, for;?, q, r, *, are not m 
one case correct as far as this number of decimal places. Tlius, according to 
I^mbert, p. 193, P = 05690, Q = - 03443 (- 03543 is an error of the 
press), /2 = — 0*4998, 5 = — 0*3028 ; but more properly, P » 0*5698, 
Q = - 0*3447, /? = — 0*5005, 5 = - 0*3024. For the angles ^, -^ (ac- 
cording to the notation used here), we should only, from these data, have 
found the degrees correctly, which, in determining the other parts of the 
figure, would cause great mistakes. It will be advisable, .* ., to perform the 
calculation throughout with six decimal places. 

To this section also belongs the first treatise of the excellent work of Mr. 
Hauptmann, by HUgenin (Mathematical Contributions for the Formation 
of the young Geometrician, Konigsberg, 1803), which the reader will cer- 
tainly peruse with advantage and pleasure. 



X. ON MAXIMA AND MINIMA, as far as 

THIS SUBJECT BELONGS TO ELEMENTARY 
GEOMETRY. 

SECTION ex. 
DEFINITION. 

A magnitude is said to be a maximum, when it is the 
greatest of all those which are similar to it ; a minimum, 
when it is the least. 

The diameter of a circle is the greatest of all the lines 
which can be drawn from one point in the circumference of a 
circle to another, and consequently, in reference to these lines 
it is a maximum. Further, of all the lines which can be 
drawn from a given point to a given line, the perpendicular 
is the least, and consequently, in reference to these lines, it is 
a minimum. 

SECTION CXI. 

Paob. To divide a given line^ so that the rectangle con- 
tained by the two parts may be a moj^imum. 

SoLUT. Let the given line AB (Jig. ISl) be divided in 
Jf, so that AM X MB is greater than ^ jjj 

any other rectangle which can be con- ^ C M B 

tained by any other two parts of this ' ' ' ' 

line. 

Bisect the line AB in C, and assume AC = CB = \ AB 
= a, CM = X. Then AM = a + j:, BM = a — a:, and 
AM X MB = a^ — x^. But the expression a^ — x^ is 
evidently the greatest, when a: = ; consequently the point 
itf fidls in C, and .* . AC x CB is the greatest rectangle. 
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Cob. When •. two lines, viz. P, Q, have a given sum; 
then the rectangle contained by these two lines is tne greatest 
when P = Q. Consequently of all the rectangles of a given 
circumference, the square contains the greatest area. 



SECTION CXII. 

Pkob. jlmongst all the angles which are upon the same 
basey and have the same circumference, to find that 
which contains the greatest area, 

SoLUT. Let the triangle JBC (fig. 132) be a maximum; 
the given base ^C= a, and with respect jg 

to the riven circumference AB -f- EC A 



to the given circumference AB + BC 
= 6. 



B jfig.jsji. 



1. Draw the perpendicular BD : D E 

then, since the base AC is determined, this is a maximum. 
Bisect AC in E, and put jEZ) = x, BD =^, AB = %. 
Then AD = ^ a — :r, CD = ^ a -f ar ; consequently, since 
AB^ = AJ^ + BD\ BC^ = CD^ + BD% 

z«= {^a^xy +/- 

(6-z)2 = (ia + xf +f. 

S. If the first equation be subtracted from the second, 
then we obtain 

6^ — 2 fe = 2 or 

, ax 

* b 

3. Substitute this value of z in the first equation in 1 ; 
this gives 

h^ — n^ 

t = — j^- (i i' - ^')- 

4. Hence it follows, that y = BD is the neatest, when 
X = 0, and consequently when the perpendicular BD bisects 
the line AC, But in this case, AB = JBC ; consequently, 
of all the triangles of the same circumference and on the 
same base, the isosceles triangle contains the greatest area. 
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CoK. This result may likewise be proved geometrically in 
the following way. 

Let ABC (fig. \%%) be an isosceles triangle, AMC any 
other triangle on the same base AC^ and 
AM-^ MC ^AB^ BC: prove that 
A ABC > A AMC, 

With FjB as a centre, and radius 
AB = BCj suppose a circle described, 
which meets AB produced in 2>. Draw 
DC ; then the angle ACD, being in a 
semicircle, = R, Produce the perpen- 
dicular DC ; make MN = Jl/C, and 
draw AN, From the points 5, Jlf, 
draw BG^ MP perpendicular to DN. 

Since BC = BD, and MN = MC ; then AB ^ BC ^ 
AD, and AM + -WC = AM + itf JV; consequently AD = 
^Jf + ifefiV, and .-. ^i> > AN; and since CX)^ = AD^^ 
ACS CN" = AN^ - ^CS consequently Ci> > CN. Now 
since CG = i CD, CP =z ^ CN: then Ukewise CG > CP. 
But CG is the altitude of the A ABC, and CP the altitude 
of the A AMC; consequently the triangle ABC has a 
greater altitude, and . * . also a greater area, than the triangle 
AMC. 




SECTION CXIII. 

From the foregoing section, the following general and im- 
portant rule is deduced : 

Of all polygons of equal circumference, and of the same 
number of sides, that one which is equilateral has the 
greatest area. 

For let ABCDEF (fig. 134^ be the greatest polygon. 
If AB be not equal to B(J; then upon 
AC as a base describe an isosceles triangle 
AMC, whose circumference is equal to 
that of ABCf in which consequently 
AM + MC== AB + BC. Then by 
the foregoing section, A AMC ^ABC, 
and consequently also the polygon 
AMCDEF, which has the same number 
ef sides^ and the same circumference as 
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the polygon ABCDEF^ is greater than this last. Therefore 
the polygon ABCDEF is not the greatest of all the polygons 
having the same circumference and the same number of sides. 
Consequently AB = BC. But, likewise for the same reason, 
BC = CDy CD = DEf &c. ; consequently the polygon 
which is a maximum, is equilateral. 



SECTION CXIV. 

Peob, Two sides of a triangle are given : find the angle 
contained hy these sides, when the triangle is a 
maj;imum. 

SoLUT. Let (ABC Jig. 1S2) be the greatest of all the 
triangles, which have the same sides AB, BC, 

Since A ABC =z^AB .BC Sin. ABC, and the Unes 
AB, BC, are given ; then that triangle is the greatest, for 
which Sin. ABC is the greatest. But Sin. ABC is the 
greatest, when ABC is a right angle; consequently the 
greatest triangle is that, the two given sides of which contain 
a right angle. 



SECTION CXV. 

Peob. ^11 the sides but one of a polygon are given: 
find the conditions under which the polygon is a 
maximum. 

SoLUT. \Ai ABCDEF (fig. 135), be the greatest of all 
the polygons, which are com- Jigims. 

posed of the sides AB, BC, 
CDyDE, EF, and an unde- 
termined side AF. Draw the 
diagonals AD, DF : then 
ADF is a right angle. For if 
ADF be not a riffht ande, 

ff J ^^j ^ I/'.'*' "•■"II 

then, by the foregoing section, /4n-^^^ ^F 

retaining the parts ABCD, DEF, the triangle ADF, and 
consequently also the polygon ABCDEF may be enlarged; 
which is contrary to the supposition, that this polygon is a 
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maximum. In like manner it may be proved, that JBF, 
ACFy AEF^ are right angles. Consequently the points 
A^ B, C, D, Ey Fy must be in a semicircle, whose diameter 
isAF. 

Cob. That there can be only one polygon, which, under 
this condition, can be constructed from the given sides, the 
following observations will demonstrate. 

In the first place it is evident, that when two arcs AEB, 
AeB (Jig. 136), have the same chord j^fi, the chord to which 
the given radius belongs has a smaller 
angle at the centre, and consequently, 
when C, />, are the centres of these 
two arcs, ADB > ACB. 

Hence it immediately follows, that 
when once a semicircle (fig. 135^ is 
found, in which the given sides ABy 
BC, CDy DEy EF, are exactly con- 
tained, it is not possible to find 
another which satisfies these condi- 
tions. For if the radius of the other semicircle be greater or 
less than the radius of the first ; then, in the first case, the 
angles at the centre, which belong to the arcs AB, BC, &c., 
would be less than before, and in the second case greater. In 
both cases these angles cannot together be greater than two 
right angles, which is the condition. 

It matters not in what order the sides AB, BC, &c. follow 
each other in the semicircle, since in each series of these sides, 
the sum of the arcs, which are by them cut off, is always 
equal to half the circumference ; likewise the area of the poly- 
gon remains the same, and this last, because the sum of tne 
segments AB^ BC, &c. remains the same. 

SECTION CXVI. 
From the foregoing section the following rule is deduced : 

Peob. Amongst all the polygons which consist of a cer- 
tain number of given sides, that one about which a 
. circle can be described is the greatest. 

For let ABCDEFG (fig. 137) be a polygon described in 
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a cirde, and abcdefg another, about which no cirde can be 
described, and whose sides are equal to those of the first, so 
that ab = JB^ be = BC* cd = CD, and so on. Draw the 
diameter EMy and the lines AM^ BM ; upon ab = AB^ 
describe the triangle aim, similar and equal to ABM^ and 
draw em. Then by the foregoing section, the polygon 
EFGAM is greater than the polygon e^gam, imless indeed 
this last polygon can be described in a circle, whose diameter 
is em, in which case, as was shown in the above section, its 
area is equal to that of the former* For the same reason, 
and under the same condition, the polygon EDCBM^ is also 
greater than edcbm. The polygon AMBCDEFG is like- 
YiisB necessarily sreater than ambcdefg; for it cannot be 
equal to it, tat otherwise about the whole polygon ambcdefg 
a circle might be described ; whidi is contrary to the hypo- 
thesis. If, now, we take firom the above two polygons the 
equal triangles ABM, abm: then it follows, that the polygon 
ABCDEFG is greater than the polygon abcdefg. 



SECTION GX\1I. 

From §§ CXIII, CXVI, the following rule is deduced : 

Of all the pofygons of the same circumference and of 
tie same number of sides, the r^ular polygon is the 
greatest. 

For by § CXIII, the polygon whidi is a maximum, is 
equilatenu^ and by the preoeding sectioaj it can be described 
in a aide : •* . it is regular. 
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SECTION CXVIII. 

From the foregoing section the following rule is also 
deduced : 

The circle is greater than every rectilineal JigurCy which 

has the same circumference. 

For it was there proved, that the regular polygon is greater 
than every other of the same circumference and the same 
number of sides. If, now, it can be proved, that the circle 
is always greater than a regular polygon of the same circum- 
ference, the truth of the rule follows at once. 

Let .*. r be the radius of a circle, p its circumference, q 
its area. Assume any regular polygon of the same circum- 
ference with the circle ; let the perpendicular drawn from its 
centre to any of its sides = A ; the area = ^. Further, 
suppose a polygon similar to it described at the circle ; let 
its circumference = p\ and the area = q^\ Then, as may 
be easily seen, 

Because of the similarity of the above two polygons^ we also 
have 

If in the proportion for 5/^, g^, their values are substituted, 
we then obtain 



or 
and .*. 

consequently 

We . • . have q^ : q z:^ q : ^^. 

Now since the circle is always less than the polygon described 
about it, consequently 9^^ > 9, and •'. also q^^» ^* e. i>. 

2 p 



irj/ 


•\h 


^ 


r^ ; A^^ 


P' 


: p 


= 


r : h 




P' = 


pr 
h 


• 

• 
9 


11' = 


\rp' 


= 


pr^ 

2h 



( 
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SECTION CXIX. 

Prob. In a line given in position, to find a point, such, 
that when two straight lines are drawn to this point 
from two given points with this line, their sum is a 
minimum. 

SoLUT. Let MN (Jig, 138^ be the line given in position, 
C a point in it, A, B, the 
two given points ; so that 
when the lines AR, BC^ are 
drawn, AC + BC is a mini- 
mum. 




1. From one of the given 
points, say B, draw BD per- 
pendicular to MN, produce 
It, and make DE = BD ; ^ 

draw CE, AE, and from P, in jehlch AE, MN, intersect 
each other, draw the line BP, 

% Since BD = DE, CD = CD, CDB =a CDE = U; 

then A CDB is similar and equal to ACDE^ and .•. 
CB = CE ; consequently AC + CB z=z AC + CE. The 
sum of the lines AC, CE, and consequently also the sum of 
the lines AC, CB, will be the least, when the point C fiiBs 
in P ; . • . AP + PB is a minimum, and consequently P is 
the point sought. 

CoE. Since BD = DE, PD = PD, BDP = EDP; 
therefore A BDP is similar and equal to A EDPy and .'. 
Z. BPD = Z- DPE. But DPE = APM; consequently 
APM = BPD = BPN, . The required point is where the 
lines AP, BP, make equal angles with the line MN, 

SECTION CXX. 

PiiOB. Two points without a given circle are given j 
find a point in its circumference such, that when 
straight lines a^re drawn from it to the given poiakPs^ 
the sum of these two lines is a rnminmm. 
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SoLUT. Let (Jig, 139) C be the centre of a cirde, M a 
point on the convex side of its circum- 
ference, such, that the angle AMC^=^ 
BMC^ and P any other point in the 
circumference. To M draw the tan- 
gent DE ; further, draw the lines •^^'^^• 
AP, BP, and from the point Q, in 

which AP^ DEy intersect each other, C 

draw BQ. 

Since AMC = BMC, CMD = 
CME = R: then AMD = BME. 
But BQE < BME, AQD > ^JlfD ; consequently AQD 
> BQEf and .'.by the foregoing section, -4Q -f i?Q>^ -4ilf 
+ 5Jf. Now AP -h BP>AQ+ BQ (Em. I. 2lJ ; 
much more . • . is AP + BP > -4JIf + SM. Since this is 
true, wherever the point P is assumed ; consequently M ia 
the point, for which the sum of the lines AM, BM, is a 
minimum. 

Remark. Although the property by which the point M is determined, 
for which the sum of the lines AM, BMis a minimum, is extremely simple ; 
yet this point cannot be determined in any way by Elementary Geometry. 
A very elegant solution of this problem is given by Robert Simson, which, 
on account of conic sections being made use of in it, does not belong to this 
subject. 



SECTION CXXI. 

Fbob. In a given triangle to determine a pointy which is 
such, that when lines are drawn from it to the angular 
points of the triangle, the sum of these lines is a mini- 
mum. 

SoLUT. Let ABC Cfig' l^Oj be the given triangle; P 
the point for which PA -f PB + 
PC is a minimum. From the /k fi^,MO. 

point C, with the radius CP, sup- 
pose a circle described ; then PA 
+ PB must necessarily be less 
than the sum of the lines, which 
can be drawn from the points -4, ^ 
jB, to any other point of the circumference of this circle ; 
because if this be not the case, the sum of the three lines 
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PAy PB, PCy could not be a minimum. Therefore, by the 
foregoing section, the angle A PC = BPC. In like manner 
it may be shown, that APB = APC ; . * . APB = APC 
= BPCy and consequently each angle = 120°. 

If one of the angles of the triangle be greater than 120°; 
then the problem is impossible. 

Remark. Many more problems relating to Maxima and Minima may be 
solved by means of Elementary Geometry ; there are a gpreat many cases of 
this kind to be found in a work on this subject, by L. Huilier, entitled : 
** De Relatione mutua Capcitate et Terminorum Figurarum, geometrice 
considerata : seu de Maximis et Minimis : Varsarvis, 1782.? Also in his 
work on Polygonometry, already quoted, p. 174. But however ingenious 
such elementary solutions for single cases may be, yet they are by no 
means suited to the establishment of general rules for the treatment of 
this subject How far the Differential Calculus, and especially the Calculus 
of Variations, invented by the celebrated Lagrange (which alone is suffident 
to immortalise its inventor) is applicable to this subject, is reserved to (he 
following Collections. 



XI LOCI. 

SECTION CXXII. 

Definition. 

When several points have any one property In common, 
and all are in a straight or crooked line, then this line is 
called the Locus of these points, or of each of them ; and a 
Plane Locus, when the line in which the points lie, is a straight 
line. The following examples will serve to elucidate what has 
been said. 

Let the base of a triangle, together with its area, be given ; 
find its vertex. The properties which are here required of 
the triangles sought, apply to an endless number of triangles, 
whose vertices are all in a straight line, which is parallel to 
the given base. This line is consequently the Locus of the 
required vertex. 

Let the base and the vertical angle of a triangle be given ; 
required to find its vertex. Here the given properties are 
evidently not sufBcient for the determination of the triangle 
and its vertex ; for there is an endless number of points, which 
satisfy the conditions of the problem ; and all these points 
are in a circular arc, which has the given base of the required 
triangle for a chord. Consequently this circular arc is the 
Locus of the required vertex. 



SECTION CXXIII. 

Pbob. From a given point there is a line drawn^ whose 
extremity touches another straight line given in posi- 
tion : find the Locus of the point which divides the 
first line in a given proportion, 

SoLUT. From a given point C (fig. 141^, let any line 
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Jig.Ul. 



CH be drawn to a line AB given 
in position, and let this line be 
divided according to a certain pro- 
portion in / : represent the Locus 
of the point /. 

Draw any line CD, cut it in 
the given proportion in E^ and 
through this point draw the line 
FG parallel to AB : then this line is the Lfictis sought. 
For if any line CH be drawn, which cuts FG in /, and 
touches AB in H; then CH : CI = CD : CE = the given 
proportion. 




SECTION CXXIV. 



Pbob. From a given point a straight line is drawn, 
whose extremity touches the circumference of a given 
circle : find the Locus of the point which divides this 
straight line in a given proportion. 



SoLUT. Let A (Jigs. 142, 143^ be the given point, 
BGM the given circle, E its 
centre, AB any straight line 
drawn from the point A^ and 
this divided in C, so that 



fig^U2. 



AB : AC^m : n ; find the 
Locus of the point C. 

Draw the line AE^ which q 
meets the circumference of 
the given circle in G ; deter- 
mine the point 2>, so that 
AE : AD=ni : n ; and when 
this has been found, deter- 
mine the point J", so that 
EG : DF =z m:n. Then 
from Dy with the radius DF, 
describe a circle : this circle is 
the required Locus* 

From the point A draw any 
line AB, which meets the cir- 
cumferences of the two circles 
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in jB, C and draw CD^ BE to their centres. Now since 
AE : AD= m : n, EG : DF = m : n ; then AE : AD 
= EG : DF = BE : CD^ consequently BE is parallel to 
CD, and .•., AB : AC = AE : AD :=i m : n, as required. 



SECTION CXXV. 

Fbob. From a line given from a certain pointy let two 
parts be cut off' by this point in opposite directions^ 
so that these parts may have a given proportion^ and 
that the extremity of one part may meet a line given 
in position : Jind the Locus of the extremity of the 
other part. 

SoLUT* Let C (Jig. 144 J be the given point, AB the 
straight line given in position, ^ -.^ 

HI any line passing through C ^' 

which is not given in position, 
and CH : CI ^ m : n ; the ex- 
tremity Hoi the line CJET touches 
the line AB : find the Locui^ of 
the point /• 

From C to AB draw any line 

CDj make CD : CE^m : n, and ^ H D 

through the point E draw the parallel FG : this is the Locus 
sought. Through C draw any line HI^ which meets the 
lines AB, FG, in H, I; then CH ; C/= CD : CE=:m : w, 
which was sought. 



SECTION CXXVI. 

Pbob. In a straight line passing through a given point, 
two parts are cut off from this paint in opposite direc- 
tions^ which have a given proportion; the extremity 
of one part touches a given circle : Jind the Locus of 
the extremity of the other part. 

SoLUT. Let CGM (Jig. 1^5) be the given circle, E its 
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centre, BC any line 
passing through a given 
point A^ T^hich meets 
this circle in C; let 
AB, AChQ two parts, 
whose proportion to one 
another is constantly 
= m ; w; find the 
Locus of the point B. 

In AE determine a point Z>, so that AD : AE = m: n; 
then a point Fy so that DF : EG =, m : n; then from 2?, 
with a radius DF, describe a circle: this is the required 
Locus. For if any line BC is drawn through Ay and from 5, 
C, in which it meets the two circles, the lines BDy CE be 
drawn ; then, since AD : AE =z m : Uy and DF : EG 
=m : w, likewise AD : AEz=DF: EG=:BD : CE ; con- 
sequently BD is parallel to CEy and . •. AB : AC=s AD : AE 
=^m :ny as required. 



SECllON CXXVII. 



Pbob. Two straight lines drawn from a given point , and 
having a give7i proportion to one another, contain a 
given angle; the extremity of one line touches a 
straight line given in position : find the LoctAS of the 
extremity of the other line. 

SoLUT. Let A (Jig, 146) be the fixed point, from which 
the lines ABy AC are drawn, which ^ 

contain a given an^le BACy and Av J^Jue. 

have a given proportion to one ano- / W X 

ther; the point B meets the line 
BH ; find the Locus of the point 

C. L \— A — . y ^2 r 

From A towards BHy draw any -^ 
line ADy make the angle DAE 
equal to the given one, and take 
AEy so that AD has the given proportion to AE ; through 
the point E draw the line FGy forming the angle AEG = 
ADB: this line is the required Locus. Draw any two 
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lines AB, AC, fonning the given angle BAC = DAE ; 
then in the triangles ABD, ACE, the angle BAD=CAE 
and ADB=AEC: consequently triangle ABD is stoiilai to 
the triangle ACE, and AB : AC = AD : JE = the pven 
proportion, as required. 



SECTION CXXVIII. 

Peob. TWo straight lines wMch are drawn from a given 
pointy and have a given proportion, contain a given 
angle; the extremity of one line touches a given circle : 
Jind the Locus of the extremity of the other line. 

SoLUT. Let A (jig. 147j be a given point, D the centre of 
a circle BMb, and from A j^_ 247. 

let any line AB be drawn to ^ : 

the circuraierence of this cir- 
cle; to AB apply an angle 
BAC of a given magnitude, 
and upon AC determine the j 
point C, so that AB ; AC \ 
may be equal to a given pro- 
portion m : n. 

Draw the line AD, which ^ 

cuts the circumference of the given circle in F, make the 
angle DAE equal to the given one, and in AE determine the 
pomt E, so that AD : AE=m : n, and then the point G, 
so that likewise DF : EG=m : n. If now from tne point 
E, with a radius EG, a circle is described ; then this circle 
will be the required Locus. 

For let AB, AC be any two lines drawn to the cixcum- 
ferences of both circles, containing the angle BAC equal to 
the given one; and draw DB, EC: then BAC = DAE, 
and consequently also, DAB = EAC. Further, since 
AD .' AE=m : n, and DF : EG = m i n; then AD : AE 
=DF: EG=DB : EC. Theangles DAB, EAC, are .-. 
similar (Euc. VI. 1), if it can be shown, that ABD, ACE, 
are always at the same time obtuse, right, or acute, angles. 
Assume this to be the case : then AD ,- AE = AB : AC. 
But AD : AE=m : n; consequently also AB : AC=m : n, 
and . • . the circle, whose centre is E, is the r^uired position. 
2 a 
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But that the two angles ABD^ ACE have the above pro- 
perty, can be proved in the following way. From A draw 
AM^ AN, Am, An tangents to the two circles ; and to the 
points where they touch the circles, the radii DMy DN, 
Em, En. It may be easily proved, that the triangles DAM, 
EAm, and consequently also the triangles DAN, EAn, which 
are equal to them, are similar to one another ; for AD : AE 
= DM : Em (=m : w), and AMD = AmE = R. There- 
fore the angle DAM = DAN = EAm = EAn, and con- 
sequently also DAE zs MAm=s: NJn. If .•. the point 
B is situated in M or iV, then the point C is in m or n. 
First suppose that the point B falls m F, and consequently 
the point C in 6^ ; then JBD = ACE = 2 R. Now if the 
point B remove from F to M, the point C at the same time 
removes from G to m, the angles ABD, ACE constantly 
become less, but continue to be o^btuse, till B moves into M, 
and C into m, in which case both are right angles. Beyond 
M, m, these angles become acute, as AbD, AcE, when b, c 
are two corresponding points, and remain so, till B, C remove 
into N, n, where they are right angles, and then again 
become obtuse. Consequently tne condition assumed in the 
proof, is fulfilled. 



SECTION CXXIX. 

Feob. From a line which is drawn from a given point, 
two parts are cut off\ so that their rectangle contained 
by them has a given magnitude. The extremity of one 
part meets a straight line given in position : deter- 
mine the Locus of the extremity of the other part. 

SoLUT. From the line AC (fig. 148^, whidi is drawn 
fejm the given point A, two parts AB, .^^^^ , 

Bkj are cut off such, that the rectangle ^ ^ 

AB X AC has a given area = j. The ^ 
point B meets the line DE : determine 
the Locus of the point C. 

From A draw AF perpendicular to 
DE ; in this line, or this same one pro- 
duced, determine the point G, so diat 
AFx AGszq; upon AG, as a diameter, 
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describe a circle : this circle is the position sought. From A 
draw any line AC^ s^nd then CG. Then ACG^ as an angle 
in a semicircle, is a right angle, and .*. AFB = ACG ; 
consequently, because the angle CAG is common to both, 
A ACG is similar to A AFB. We .-. have AG : AB 
3= AC : AF, and consequently AB x AC=: AG x AF = q, 
as required. 



SECTION CXXX. 

Peob. From a line drawn from a given pointy two parts 
are cut off^ sueh^ that the rectangle contained by the 
two parts have a given magnitude. The extremity of 
one part meets the circumference of a given circle : 
determine the Locus of the extremity of the other, 

SoLUT. From the given point A (Jig, 149 J, a line AC is 




drawn, and from it two parts AB^ AC oxe cut off, so that 
AB xAC has an area = q. The point B meets a given 
circle BDEG : determine the Locus of the point C. 

From A^ through the centre of the given circle, draw 
the line AOy which cuts its circumference in Dy E^ and in 
this line determine a point F such, that AF x AD = q» 
Then find by § CXXVI, the Locus of a point JBT, such, 
that when AH is drawn, and AH : A I is made equal to the 
|riven proportion AF : AE, the point / meets the given 
circle. Let the circle CFH be this Locus ; then, I assert, 
this circle is also the Locus of the point C, for which 
ACxAB=:q, 

If from A any line AC is drawn, which touches the cir- 
cumferences of both circles in C and G : then, by the con- 
struction, AC : AG = AF : AEy and .*. likewise AC x 
AB : AG X AB = AFx AD : AE x AD. Now (Euc, 



228 LOCI. 

///. 36) AG X JB = AE X AD; consequently also 
AC X AB = AF X AD = ^, as required. 

Cor. Hence it also follows, that when the point B meets 
the convex or the concave side of the circle opposite to -4, the 
point C, in the first case, is situated on the concave side, and 
in the second, on the convex side, of the circle sought. 



SECTION CXXXI. 

PaoB. From a given point, two straight lines containing 
a given angle are drawn, and from these two parts 
are cut off, such, that the rectangle contained by them 
has a given area. The extremity of one part meets 
a straight line given in position ; Jind the Locus of 
the extremity of the other part. 

SoLUT. From the given point A (fig. I50j, draw two 
lines AB, AC, so that the 
angle BAC has a given mag- 
nitude, and the rectangle AB 
X AC has a given area = g : 
the point B lies in the straight 

line DE ; find the Locus ^/TV ^ ^-"7^ 

of the point C. 

Draw AF perpendicular to ^ 

DE, male thjB angle FAG B B jj' Z* 

equal to the given one, and FA x AG = y ; upon AG 
as a diameter, describe a circle: then this circle is the 
Locus sought. From A draw any two lines AB, AC, con- 
taining the given angle, the first to DE, the other to the 
circumference of the curcle, and moreover draw the line CG 
Then firom the construction, BAC = FAG, and . • . likewise 
BAF = CAG. Now since also -4 CG as an angle in a semi*- 
circle, is a right angle ; consequently ACG = AFB, and 
. • . A ACG is similar to A ABF. We consequently have 
AB : AG = AF : AC, and .. AB x AC =: AGx AFz^q, 
as required. 
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SECTION CXXXII. 

Prob. From a given point two ^raight lines containing 
a given angle, are drawn, such, that the rectangle con^ 
tained by them has a given area. The extremity of 
one line is situated in the circumference of a given 
circle : Jind the Locus of the extremity of the other 
line. 

SoLUT. Let BDH (Jig. 151) be a given circle, O its 
centre; JB, AC, any two 
lines drawn from A, which con- 
tain a given angle BAC = a, 
and which are such, that the 
rectangle contained by them 
has a given area = q. 

Draw AOy which cuts the 
given circle in Z), G, make 
DAE = a, and in AE determine the point Ej so that 
AD X AE =r q. Now let / be a point, which is determined 
hj these means, that when any line AH is drawn to the 
circle, it makes the angle HAI = a, and the proportion 
AH : AI equal to the given proportion AG : AE. The 
Locus of this point is . * . a circle, which may be found by 
§ CXXVIII, This circle is also the Locus of the point 
C. 

According to the construction, for every two lines drawn 
from A to the two circles, which contain an angle = a, viz. 
AF, AC, AF : AC =: AG : AE; consequently also AF 
: AB : AC : AB = AG x AD : AE x AD. Now AF x 
AB =: AG X AD; consequently likewise AC x AB = AE 
X AD == ^, as required. 




SECTION CXXXIII. 



Prob. From two given points two parallel lines are 
drawn, which have a given proportion. The extremity 
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of one meets a straight line given in position : fini 
the Locus of the extremity of the other. 

SoLDT. Let -4, B (Jig. 152^ be two given points, and 
AC J BD^ two parallel lilies ; the point 
C is in the given line GH : find the 
Locus of the point D^ when for each 
two of these lines, the proportion AC 
: BD is equal to the given proportion 
m : n. 

From A to GH draw any line AE^ 
and from B draw BF parallel to AE ; G C TI 

make AE : BF = m : n, and through the point F thus 
determined, draw /JT parallel to GH : then this line is the 
required Locus. From A^ B^ to the lines GH, IK, draw 
any two parallels AC, BD: then, since AE is parallel to 
BFj AC parallel to BD, CE parallel to JOjP, the three 
angles of the triangle ACE are equal to the three angles 
of the triangle BDF, and .-. AC : BD = AE : BF = 
m : n, as required. 




SECTION CXXXIV. 

Prob. From two given points, two parallel lines art 
drawn of a given proportion ; the extremity of one 
is in the circumference of a given circle : find the Iahms 
of the extremity of the other. 



Jig. 153, ^ 



SoLUT, Let -4, B (fig, 153) be two given points; 
AC, BD, two parallel lines, whidi 
have the given proportion m : n; 
the point C is in the circumference 
of the circle, whose centre is E: 
find the Locus of the point D. 

Draw the line AE and BF pa- 
rallel to it, and determine the point 
F, so that AE : BF z=:m: n; 
then make EG : FH=.m : n, and 
by these means determine the point H. From F, with the 
radius FH, describe a circle : then this circle is the required 
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jLocus. Draw any two parallel lines ACy BD, to the cir- 
cumference of the circles, and the radii EC^ FD ; then the 
angle EJC = FBD ; further, AE : BF - m : «, and 
EC : FD=zEG : FH^m :n; .. AE : BF^EC : FD. 
Moreover, as is easily seen, the angles AECy BFD^ are at 
the same time acute, rectangular, or obtuse. Therefore 
triangle AEC is similar to triangle BFD^ and consequently 
AC : BD = AE : BF = m : n, as required. 



SECTION CXXXV. 

Pbob. From two given points two straight lines are 
drawn^ which contain a given angle ; in each of these 
a part is cut off* from the given pointy such, that these 
parts have a given proportion. The extremity of one 
part meets a straight line given in position : find 
the Locus of the extremity ^ the other. 

SoLUT. Let A^ B (jig, 154 J, be two given points, and 
AE^ BEy any two Imes, Jig*. 154. j 

which contain a given angle 
AEB = a. From these 
lines two parts AC^ BD^ are 
cut off, such, that AC : BD F- 
•ss-m :n. The point C is in 
the line FG ; determine the 
Locus of the point D. 

From A to FG draw any 
line ANy make NAP = a, 
and AN : AP = m : «, 
and then determine, by 
§ CXXVII, the Locus of the point P. Let the straight 
Une HI be this Locus. Make the line BQ equal and pa- 
rallel to AP ; further, through the point Q draw the hne 
KL parallel to HI : then this line is the Locus sought. 
Thus, if any two lines AE^ BE are drawn, which contain 
the given angle a, the parts AC^ BD cut off by the lines 
FG^ KLy have the given proportion m : n. 

Make the angle CAR = a, and AC : AR=zm : n; then, 
by the construction* the point R is in the line HI. Now 
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since ^P is parallel to -BQ, PR parallel to QZ), and because 
the angles AEB^ CAR, are equal, then likewise BD is 
parallel to AR ; farther, AP =£6, then A APR is similar 
and equal to A BQD, and AR = BD. But AC : AR 
= m : n; consequently also AC : BD = m : n, as required. 

Remark. To those of my readers who wish to know more o^ the subject 
of Plane IjOcI, I beg to recommend a work already quoted once, viz. the 
Translation of the Plane Loci of ApoUonius, by Camerer. To the ancients 
these Loci were the chief means of solving problems ; but the great im- 
provement in Analysis has rendered them in a great measure unnecessary 
now-a-days. They may, however, be considered as useful in preparing the 
student for the higher geometry, and this is the reason why they have not 
been altogether passed over in this CoUection. 



XII. MISCELLANEOUS PROBLEMS. 



SECTION CXXXVI. 



AUXILIARY RULE. 



When from the three angular points of a triangle^ per- 
pendiculars are drawn to the opposite sides ; these per-- 
pendiculars intersect each other in one and the same 
point. 



Proof. Let ABC (figs. 155, 156) be any triangle; BD, 



A Jt^^. 155. 




CE^ two perpendiculars to AC^ AB^ or these produced, and 
O the point m which BD^ CE^ intersect each other : it re- 
mains to be proved, that when AO is drawn, and produced, 
it cuts the side 5(7 at right angles in F. Draw DE, 

The triangles BOE, COD, are similar, for BOE^CODy 
and BEO = CDO = R. We .-. have BO : CO = OE 
: CD, and since likewise the angle BOC = EOD : then 
A BOC is similar to A EOD, and angle CBD = DEO, 
Further, since AEO, ADO, are right angles : then ADO 

, + AEO := 2 R; consequently a circle may be described 

■ 2 H 
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about the quadrilateral ADOE, and we have /. DEO 
= A DJO (Euc. III. 21) and r. CBD = DAO. The 
triangles CAF, CBD, consequently have the equal angles 
CAP, CBDy and the common one aCB ; . • . likewise AFC 
= BDC = R. 

a. E. D. 



SECTION CXXXVIL 

Prob. In a triangUy two perpendiculars y drawn from 
the angular points to the opposite sides, are given: 
jffnd its sides, angles, and area. 

SoLUT. In the triangle ABC (figs. 155, 156^, the per- 
pendiculars given are BD = a, CE = J, AF = c, and the 
sides sought, are AB = x, AC = y, BC=z z. Because the 
triangles ABD, ACE, are similar, we have BD : AB 
= CE : AC, or a : X := b : y, and . • . 

bx 

In like manner, from the similar triangles CBE, ABF, we 
find 

bx 
"" c * 

2. We . • . have 

A ABC=\ ^/(^+j^ + 2) (.r+j/-2) (x+ar-j^) (y+xr-i) 

or when, for the sake of brevity, we put 

{ac-\'bc'\-ab) {ac-\-bc—ab) (ac+ab-^bc) {bc-^-ab-^ac^^K 
we get, 

AABC^^^-^. 

3. But likewise A ABC = ^ AB x CE = ^bx: w«j 
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tx)nsequently have the equation 

whence we obtain 

2 a^lc^ 



X = 



^/ K^ 



Hence we obtain the two remaining sides of the triangle : 
thus, 

^ ■" a ~ ^/ K 
^ ^x ^ 9,a^h^c 

4. For the angles of the triangle, we find 

Sin. BAC = — = -^ 

^m. ABC = -^ = -^ 

Sin. ACB = — = ^^. 

^ 9, aire 

5. Further, 

A ABC = ibx = ^^. 



SECTION CXXXVIII. 

Peob. Two lines intersect each other at a given a7igle ; 
this angle is bisected by a line, in which a point is 
given : it is required through this point to draw a 
line, suchy that the part contained between the two first 
lines intersecting each other , may have a given mag- 
nitude. 

SoLUT. The lines B^B^^^, CC" (Jig. 157), intersect each 
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Other in il/, forming the 

angle Sil/C = a; this angle ^^^^ 

is bisected by the line MN^ '^^ 

and MN = a ; draw a line 

through iV, so that the line 

contained between the two 

first lines, viz. 5C = 6. 

1 . Since BMO=:a : there- 
fore BMN= CMN=^a. 
If the angle BNM is also 
known, then the problem is solved. Let . • . BNM = ^ ; 
MCN=: <j> ~ ia, MBN = 180^ - (0 + i«). We .-. 
have in the triangle BMN, 

^ ^r MN Sin. BMN a Sin. i a 

BN = — ^ 




Sin. MBN "" Sin. (0 + i «)' 

and in the triangle CMN, 

_ MN Sin. CMN _ a Sin. ^ a 
■■ Sin. MCN ^ Sin. (0 - ^ a)' 

Now, since BC = BN -{- CN ; we .'. have the equation, 

, __ a Sin. ^ a ^ a Sin, ^ a 
"" Sin. (0 + i a) "" Sin. (0 — i a) ' 
or 

i *ym. (0 + i a) Sin. (0 — i «) = « iS/n. ^ a [Sin. (^ + ia) 

+ aSiw. (0 — i a)] 

2. But we have Sin. (^ + ^ a) ^m. (^ — ^ «) = Sin.^ ^ 
— *ym.2 ^ a, and Ayiw. (0 + i «) -I- Sin. (0 — ^ a) = 
2 *Sew, Co5. ^ a ; consequently the foregoing equation is 
transformed into the following one : 

b Sin.^ — J Sin. ^^a ^ 9,a Sin. ^ a Cos. ^ a Sin. ^, 
or, since 2 Sin. ^ a Cos. ^ a = Sin. a, into 

Sin.^ 7-^— Ay/w. ^ =: iyiw.2 I « i 

and hence we obtain 
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„ . a Sin. a + ^/ («« Sin? « + 46« Sin? \ «) 
Sm. <j> = = — ^^ — -^ ^-^. 

Remark. The problem in § LXXXIII is only a particular case of this 
more general one. What was there said of the four solutions of the pro- 
blem there given, also applies to this one; for each sine has two angles. The 
figure shows the four different positions which the line BC can have. 



SECTION CXXXIX. 

Peob. Two tangents are drawn to a given circle: find a 
third tangent such^ that the part contained between the 
two first has a given magnitude. 



SoLUT. Let BDC (fig. 158) be a given circle; 
j4C, two of its tangents, so that F 
AB s=i AC = ay and the angle 
BA C z=: a; draw a third tangent 
EFj which cuts the two first in :£7, 
F, so that EF i= b. 

1. If DE is known, then the 
problem is solved ; for it would 
only be necessary in this case to 
make BE = DE, and from the 
point E so determined to draw a < 
tangent to the circle. Put .•. 
DE =zx ; this gives DF=^ b — or, 
AE '=z AB + BE =: a + x, AF ^ 
= AC + CF= AC + DF = a 
-^ b — X. 

2, In the triangle AEF, 
and .*. 

i2:=(a4-a:)2+(a-fi-a:)2-'2(c-fx)(a-|-i-^) 
XCos, « 



ABy 



or 



a:2 - ia;+ (^a^+ a^iri^fU? = 0. 



1 4" ^os. a 

From this equation we further ob- 
tain 
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- i 6 ± V[\b^-2(a^ + ab) Tan.'' i a], 

The two expressions just found for x, are always positive, 
as the figure indeed shows. Thus the line EF can also 
have the position E^F\ and then DE^ has the second value. 



SECTION CXL. 

Fbob. Two circles , and a point in the line which Joins 
their centres, are given : through this point draw a line 
which meets the circumferences of both circles^ such, 
that the parts included between these circumferences 
and the given point have a given proportion. 

SoLUT. Let Mj N (Jig. 15Q) be the centres of the two 
given circles, and P a, point 
m the line MN; further, 
let ^P = a, NP=b, the 
TSiAius MA=rj the radius 
NB = R : through P 
draw a line AB to the cir- 
cumferences of the two cir- 
cles, so that JP : BP =z m : n. 

1. If the line AP is determined, the problem is solved. 
Fut.\AP=:x: this gives BP = ^. Therefore in the 
triangle AMP, 

Cos. APM = 




771 



MP^ + AP"" — MA^ a2 -f- a:2 — y2 



2 MP . AP 

and in the triangle BNP, 



2ax 



Cos. BPN = 



NP^ + BP'- - NB^ ^ '^ IHF"^' 



2NP.BP 



mPly^ -f n^x^ — m^ R^ 
2 mnbx 



2 bnx 
m 



MISCELLANEOUS PBOBLEMS. 



S39 



2. Now since Cos. APM = Cos, BPN : we obtain the 
following equation : 

a2 + ^2 _ r2 m^P -f n^x^ — rn^R^ 



2ax 



2 mnbx 



and hence 



, am^ (b^ - R^) — bmn (a^ - r«) 

• ^= \/ ^ r-^ T"^ ^ 

bmn — aTT 



SECTION CXLI. 



Prob. From two given points in the circumference of 
a given circle^ to draw two chords, which contain a 
given angle, and have a given proportion, 

SoLUT. Let ABDC (fig. l6o) be a given circle, whose 
radius = r ; let A^ B, be two points in ^ 

the circumference of the circle^ from 
which two chords AB^ BC^ are drawn, so 
that AEC = a, and ^D : BC=^m : n. 
Further, let AB = a. 

1. If we know the angles BAD^ ^ 
DAC: we then can draw the chords AD, 
DC. Put .-. BAD = 0, DAC-xjj. 
Hence we find CBD = CAD = ^p, ABC = AEC - 
BAD =:a^d,, ACB = 180° - {AEC + CAD) = 180^ 
- (a + ^), BAG = BAD + DAC = + ^, ABD = 
ABC f CBD = a — + ^. 

2. By the first principles of Trigonometry, AB = 2r x 
Sin. ACB^a; AD^^r Sin. ABD, BC==2r Sin. BAC, 
and . •. AD : BC=,Sin. ABD : Sin. BAC-m : n. Now, 
if for ACB, ABD, BAC, we put their values from 1, we 
then obtain the two following equations : 

2rSin. (a + rp) =s a 

m Sin. ((j) + \p) = n Sin. (a — + \f/)* 




3. In order to determine from hence the angles 0, ^, 
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expand Sin» (a -f- \p) in the first equation ; this gives 

2 r {Sin, a Cos, \p + Cos. a Sin. i//) = a 
or 

2 r Cos, a Sin, \p ^ a — 2r Sin, a Cos, xp ; 

and when the square root is extracted from both sides of the 
equation y and 1 — Cos,^ is substituted for Sin,^ 0, 

4 r^ Cos.^ a -^ 4ir^ Cos,^ a Cos.^ xfj = a^ — 4: arSin, a Cos* ^ 

+ 4 r« Sin.^ a Cos.^ xfj 
or 

4 r^ Cos,^ xjj — 4far Sin. a Cos, ;// =s 4 r^ Cos,^ a — a^, 

whence we obtain 

and this equation serves to determine the angle t//. 

4. Multiply this equation by 2 r Sin. a ; this gives 

2 r Sin, a Cos. i// = a *ym.^ a + Sin. pt, Cos, a V (4f r^ — a^). 

But from 3, 

2 r aSYw a Cos. i// + 2 r Cos. a aSi». ;// = a / 

if . ' . we subtract the first from the second, we then obtain 

2 r Cos. a iSm. \p = a Cos,^ a ^ iSm. a Cos, a \/ (^^tr^-— a^) 

and 

^. , a Cos. a __ «yew. a , , „ 

r 2r 2r ^ ' 

5, In order now to determine the angle 0, also expand the 
second equation in 2 ; this gives 

m [Sin, Cos, \p + Cos. ^ Sin, \p] = n [Sin, {a + ^) Cos, ^ 

— Cos, (a + %!/) Sin, 0], 

and hence we obtain 

Sin, <l> __ rp _ w Sin, (a + ^) — ni Sin. \p 

Cos, "" ' ^ "" 7» Cos. ;// + n Cos. (a 4- ip)* 
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But from the first equation in 2, we obtain Sin. (a + ^) 

= — — ; . • . Cos. (« + ;//) = — ^^— -i and when we 

substitute these values in the expression for Tan. 0, 
rwy ^ Wfl — 2 mr Sin. if/ 

jf (Zn* m =S 7= ; 7-7 ^o o7» 

^ 2 mr Cos. i// + n v (4 r* — a^) 

In this expression it is only necessary to substitute for Sin. \f/ 
and Cos. }p the values found in 3j 4, and we also get the 
angle 0. 

Remark. When general expressions for the angles ^, yp, are not treated 
of, but merely the actual calculation of a single case ; then the following 
method wiU be the easiest. Thus from the first equation in 2, we obtain 

Sin. (« + >^) = — — . hence, when numbers only are considered, the angle 

a+^9 and consequently also 4^ m&y l>e determined. After ^ has been de- 
termined in this way, the equation in 5, viz. 

n Sin, (A'^'4d "^ '^'»' "^ 
^'^'^'^ mCos.^ + n Cos. (« + ^) 

immediately gives the angle ^ 



SECTION CXLII. 

Pbob. The base of a triangle^ the difference of the two 
angleSy at this base^ and also the line drawn from the 
vertical angle of the triangle to the centre of the base^ 
are given : Jind the triangle. 

SoLUT. Let ABC (Jig. 161 J be the required triangle, the 
base BC^a, D the middle of J5C, a 

and AD=b ; further, let ^CjB— jijcrjoj./ 

ABC = a. ""y I 

1. If the angle ^DC is known ; / I 

then in each of the triangles CAD^ d/— L 

DAB^ two sides, and the angle ^ ^ 

contained by them, are given, consequently these triangles 
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themselves, and ,•. also the whole triangle J5-4C. Put.*. 
JDC=<t>f and draw the perpendicular -4£. Then AE = 
b Sin. 0, DE=b Cos. 0, BE^ia-^bCos. 0, CJE = i a - 
b Cos, fp ; consequently 



Tan 



,JBC^4^^-J^t 



BE i a + 6 Cos. 

Tan.ACB = ^^ = ^ ^ '^f ' » . 

CE i o — o Cot. ^ 

2. By 

Tan. {ACE - ABC) = Tan. a = —^-^^^.^^^ 

If in this for Tan. ACB^ Tan. ABC, we substitute their 
values found in 1^ we obtain the equation 

^ 2 6^ Sin, (j) Cos. 

Ian. a - ^^2 _ b2(^Cos.^ - Sin.^ 0)' 

or, since 2 Sin. <p Cos. = Sin. 2 0, Coa.^ <p — Sin.^ 
= Cos. 2 0. 

^ l^ Sin. 2 

i o^ — &« Co5. 2 

3. In the equation last found, substitute ^, for Tan. a; 

^ Los. a 

by these means it is transformed into the following one : 
i^ (^Sin. 2 Cos. a -\- Cos. 2 5m. a) = i a* An. a, 

i^ 5m. (2 + Cos. a) = :i a^ fi'm. a ; 
and the equation gives 

5m. (20 + a) = ^y > 

Hence we may now determine 2 + a, and consequently 
also 0. 
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e derive the following 



Con. From this analytical solution « 
tolerably easy construction. 

From any point C {Jig- iQ%), with a radius AC=b, de- 
scribe the semicircle ANB, 
and with the radius Ci)=^, 
the drcle LFM ; make 
ACE = a, and from the 
point F, in which the line 
CE cuts the circle, draw 
FG parallel to AB, which ,_^^ 
meets the semicircle ia G. -^ ' 
Draw CG, and through the 
point JI, in which the circle 
IS cut by this line, draw IK 
parallel to AB till it meets the semicircle ; then draw KC, 
cutting the circle in L, M ; bisect the angle ECK by CN, 
and from the point N, where it meets the semicircle, draw 
the lines NL, NM: then LNM is the triangle sought. 

Draw the perpendiculars Ff, Gg, Hh, It, Kk ; then 
Gg = Ff= i a Sin. a. Further, CG • CH = Gg : Hk, or 

b:ia = iaSm.a.-m, and.-. Hh = ^-|^ = Jffc, 




and Sin. BCK. 



Kk 

'' ok'' 



4fi= 



= Sin. ACK. But 



46» 



likewise by the analytical solution, jSm. (2^-!-i») 

... 2 ^ + a = ACK, and ^=i ECK=NCM. The rest 
is self-evident. 

Besides the angle .(^C^, likewise the angle .<iC/=2 ^ + a, 
. •. the angle ICE = — 2 ^, But since there was no nega- 
tive angle required here for ip, consequently in this case 
KCN = 4> only. 



SECTTION CXLIII. 



Fjiod. To describe a square in a given quadrilateral. 

SoLCT. Let ABCD (fig. 16S^ be the given quadrilateral, 
MNFQ the square sought. 
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1. Since the quadrilateral ifli 
given : then also are its four angles, 
Aj By C, D ; and the sides AB, BC 
are known. Let .*. AB=a, BC=b. 
If now we knew the sides of the square, 
and only one of the angles which its 
sides make with the sides of the quad- 
rilateral, then all the rest would 
be determined, and we could describe 
the square. Put .•. MN=x, BMN 
= 0. 

% From ^ and the given angles, all the other angles Q4 
the figure may be found. For since QMN ^= R : then 
AMQ = 90' - 0, and .-. AQM ^ 180^ - ^ - AMQ 
= 90" - (^ - ^). Further, BNM = 180° — (5 + ^), 
and . • ., because MNP is a right angle, CNP = jB + ^ 
-90^ and CPiV^= J8O°-.C-CiNrP=:27O°-(B + C+0). 
The other angles are not required in this case. 

3. The triangle 5JM"A^ gives 

■P _ MN Sin. BNM _ x Sin. {B -f 0) 
" Sin. MBN "" Sin. B ' 



BN:=z 



MN Sin. BMN _ x Sin. ^ 

- Sin. B • 



Sin. MBN 
The triangle MAQ gives 

^ _MQ^in_AQM _ x Cos. (A - 0) 
"■ Sin. MAQ ^ Sin. A 

and the triangle NCP, 

^j^_ NP Sin. CPN _ _ X Cos. (B + C + <t>) 
^ "" Sm. NCP ■" Sin. C 

4. Now since AM + BM = AB = a, BN + ON 
BC = b ; we then have the two equations 

X Cos. (A — 0) X Sin. (B + <p) _ 

Sin. A "^ Sin. B "" ^' 

X Sin, .r Cos. (^ + C + 0) _ , 
Sin.B ~ ~ SinTC ' 
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and hence, by eliminating x, we obtain 

a Sin. A Sin, C Sin, ^— a Sin, A Sin. B Cos. (JS + C+ ^) 
= b Sin, B Sin. CCos. (^--^) + h Sin. A Sin. CSin, (B + ^). 

5. If we solve Cos, (JS + C + ^), Cos, {A — ^), 
Sin, (B + ^), and take away ^ from the remaining magni- 
tudes ; this gives 

^. raiyew. ^ Aytn- C 4-a^m. ^^ym. B Sin, (B + C)"] 

__ ^ ri^ym, A Sin. BSin, C -{-b Sin, B Sin. C Cos. A'l 
- 05. 1^ + a Sin. A Sin. B Cos. (B + C) J 

and hence we obtain 

Tan, <l> = 
rb Sin, A Sin, B Sin. C + b Sin, B Sin. C Cos, Al 
L + fl Sin, A Sin, B Cos, (B + C) J 

ra Sin, A Sin, C + a Sin. A Sin. B Sin. ( /i + C)"| 
L— b Sin. A Sin. B Sin. C-b Sin. A Sin. C Cos. BA 

or, if the numerator and denominator be divided by Sin, A, 

Tan. = 

Sin. B [b Sin. C + b Sin. C Cot. A + a Cos. (B + C)] 

a:^in.C-{-aSin.BSin.{B + C)'-bSin,B Sin.C-bSin.CCos.B' 



SECTION CXLIV. 

Peob. In a given triangle to describe another given tri- 
angle. 

SoLUT. Let ABC (jig, l64j be the given triangle, in 
which the triangle MNF9 which ^ 

is also given, is so inscribed, that /\^ jigJ64r. 

its angular points touch the sides jm 
of the former. 




1. Since the two triangles are 
given ; we then likewise know ^ 
their angles and sides. Let .*. BAC •=. Ay ABC=: B, 
ACB = C, NMP = m, MNP = «, AB = a, MN =/, 
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J!/P = g. If we know the angle JMN ; then the problem 
is solved. Let .*. ANM-= ^. From this and the given 
angles we may now determine all the rest. Thus we have 
ANM = l80°-(^ + ^), JBafP=l80'-(N3f P+^3fN) 
rs 180^ — (m + ^), BPM = 180° - BMP - MBP = 
m — B + ^» 

S. Hence we further get, 

,^ _ il/N Sm. ANM _ f Sin. {A 4- ») 
^^'" iSin.MAN "" Sin. ui ' 

piif_ MP Sin. BPM _ gSin^Cm-- B + j,^ 
^ ■" Aiw. ilf jyp " Sin. B 

3. Now since AB = AM + BM : we consequently have 
the equation 

fSin. (A + ^) gSm. (m— B + 0) _ 
67w. ^ ■*" Sm.J5 "^^ 

or, when we expand Sin. (^ + ^)) Sin. (m — JB + ^), and 
arrange the expressions properly, 

[/ Sin. A Sin. B+g Sin. A Sin. (m - J3)] Cos. ^ + 

[/ Sin. B Cos. A + g Sin. A Cos. (m — £)] Sin. ^ 

= a Sin. A Sin. JB, 

and when we divide this equation by Sin. A^ 

[f Sin. B + g Sin. (m — B)] Cos. + 
[fSin. B Cot. A +g Cos. (m - B)] Sin. 

= a Sin. B 

4. Divide this equation by f Sin. B Cot. A + 
g Cos, (m — J5), and put 

fSin.B+gSin.(m^B) _ 

fSin. B Cot. A + g Cos. (m ^ B)'' ^ '^' 

. ' . find an angle fi such, that its tangent is equal to the ex- 
pression on the left side of this equation (a method which has 
already been frequently used for shortening the calculation) : 
we then obtain 

Tan. ft Cos. + Sin. ^ = 



fSin.B Cot.A+g Cos. (m—B) 
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or, 

Sin. fi Cos. + Cos, fi Sin. ^ = * ' ^ 



fSin. B Cot, A -\-gCos, (m— B) 
or lastly 

o* / , , \ ci Sin, B Cos. fi 

^m. [<^ + fx) ^ /^m. B Cot. A +g Cos. (m - B)' 

From this equation we may now very easily determine ^+/i; 
and consequently likewise 0. 




SECTION CXLV. 

Peob. Two points and a straight line are given: find 
two points in this line, such, that when lines are drawn 
from these to the former, the angles which these lines 
contain at the given points, have a given magnitude. 

SoLUT. Let Ay B, (fig. l65j, be the given points, MN 
a line given in position ; it ^ ■fi£jSs. 

is required to find two '^ 

points C, D, in it, such, ^. 
that when the lines AC, 
AD J BC, BD, are drawn, 
the angle CAD = a, and 
CBD = p. 

1. From A, B, to MN^ draw the lines AEj BF, con- 
taining the angles AED = CAD = a, BFD=:CBD-0. 
The Imes FE, AE, BF, may then be considered as known, 
and let . • . FE = a, AE =:i b, BF = c. In order to deter- 
mine the points C, D, put DE = x, 

2. Now it is easily seen, that A AED is similar to 
ACAD, and A BED is similar to A CBD : we .-. 
have CD : AD = AD : DE, CD : BD = BD : DF, 
and consequently 

^^- DE' ^" - DF' 
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or, since DE = x, DF=za + x, Aiy = 6* + :r« — £ bxx 
Cos. ay BD^ = c^ + (a + xf — 2c (a+x) Cos. fi; therefore 

6^ + X* — 2bx Cos. a 



CD = 



X 



rn — c^ + (fl 4- xy — 2c (a + x) Cos. g 
"" a + X 

8. If these two expressions for CD are put equal to one 
another ; we then obtain, after the usual reauctions, the fol- 
lowing equation : 

(a+ 2b Cos. a '-2c Cos. $) x^ + (a^ -\- (? — V + 2ab Cos. a 

-r- 2ac Cos. p)x = c^ 

whence x may be determined. 

SECTION CXLVI. 

FEOfi. T%e position and magnitudes of two circles ate given^ 
and also the position of a straight line : describe a circle, 
which touches these two circles of the straight line. 

SoLtJT, Let B, C, CJig' ^66) be the centres of the two 
given circles, F the centre 
of the required circle, which 
touches these two circles in _ 

2), JE, and also the straight J^g.M. ^ 

line Jkf N given in position 
inG. 




I. Through the centres 
jB, C, draw a line jBC, 
which meets A/TV, in A; 
Airther, draw the lines FB^ H/ 
FC, FG, the two first of /^ 
which necessarily pass through the points of contact D, E, 
(Euc. III. 12^, and the last is perpendicular to MN. 
Since the circles, whose centres are iJ, C, and the line MN 
have a given jposition ; consequently the angle MAC, the 
lines A By BC are given. Put . •. MAC = a, AB = a, 
BC = b. Further, let the radius BD = r, and the radius 
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CE = R. Now draw the lines BF^ CF^ and produce the 
former, till it meets MN in H. If we can now determine 
the angle CBHy and the radius FD^ we can then also find 
SF : . • . we have the centre and the radius of the required 
circle, and consequently the problem is solved. Let .*. 
CBH= <t>, FDz=x. 

% From these data we obtain FB = r + ar, FC = J2 + ar, 
AHB = — a. We .*• have 

nrr _ -^^ *SVn. BAH ^ a Sin, a 
"" Sin. AHB "" *yin-(^-a)' 

consequently 

FH^ BH^BF^ ^!' f^' "^ , - (r + :r). 

Sin, (0 — a) ^ ^ 

But likewise 

FH^ ^^ ^ ? ; 

Sin. AHB Sin. (0 - a) ' 

we . * . have the equation 

X __ a Sin, a r jl \ 

Sin. (0 - a) "" Sin. (0 - a) ^'^ "^ ^^' 

whence we obtain 

_ a Sin, a — r Sin, (0 — a) 

^ "■ 1 + Sin. (^ — a) 

3. Further, in the triangle BFC, 

CF^ = BF^ + fiC^ ^2BC .BF Cos. CBF 

or 

(a: + Ry = (^ + r)« + i^ - 2 i(a7 + r) Co*. ^. 

Hence we obtain 

^ + J2 _ 2J2 _ 2 Jy Co5. ^ 



07 = 



2 (iZ — r + i Co5. ^) 



4. If we equate the two expressions found for x in 2, 3, 
we then obtain, after the usual reduction, the equation 

2 b (r+aSin. a) Cos. + (it^-2 i? r + r^-i^) ^^^^ (^ _ «) 
— r2 + 62 — 2?^ — 2 a (i? ^ r) .Sm. a. 

2 K 
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Now Sin. (^— a)=:iy/n. ^ Cos. a-^Cos. ^ SitL a, jlp— Silf 

+ r^ - 62 = (i? - r)2 - ft2 = (i? ~ r + 6) (i2 - f - ft). 

If these values be substituted in the equation already &mj\^y 
it is transformed into the following one : 

[2 6 (r + aSin. «) — (i? - y + J) (R^r-b) Sin. a] Cos. ^ + 

(B - r + i) (jR - r - i) Cos. a Sin. ^ = 

r^r\.i^^IP^2a{R'^r) Sin. a. 

5. Divide the equation by (J2 — r + 6) {R — r— 6) Cos. Of 

and put 

2 & (r-f g Ag/w. a) - (R-r+b) (g-r— 6) ^ym. a _ ^ 

^R^r + b)(R'-r-b) Cos. a "" ^^'^' 

this gives 

T r ^^^' ^ r^ + lp^R^^^a{ R^r)Sin,ct 

Ian. u Cos. 6 + Sin. 6 =: -7^5 rrrn ; ,/^ 

'^ ^ ^ (iZ — r + i) (-R — ^ — ft) Co5. a 

and when both sides of the equation are multiplied by 
Cos. fi, and Sin. (^ + ju) substituted for Sin. ft Cos. + 
Cos, ft Sin. ^ 

'^"- (* + '')= (g-r4-ft)(g--r-:6)Co;a ' 
Hence ^ + /u, and consequently also ^, may be determined. 



SECTION CXLVIL 

Prob. The positions and magnitudes of three circles are 
given : describe a circle, which touches these circles. 

SoLUT. Let the centres of the given circles be ^^ £, C 
(Jig. 167 J, and G the centre of the circle, which touches 
the given ones in Z>, jB, F. fg'^/- 

With regard to the radii of 
the given circles, let ADz=:R^ 
BE=r, CF^p; the ra- 
dius of the required circle 
GD^GE=zGF=x. Since 
the three circles are given in 
position, consequently the 
straight lines, which connect 




MISCELLANEOUS PIIOBLEMS. S51 

their centres, and the angle which these lines contain, are 
likewise given. Let . • . aB = a, BC = 6, and the angle 
ABC^B. 

1. To the centre G of the required circle, draw the lines 
AGy BG<y CG, consequently these pass through the points 
of contact. If we now put the unknown angle ABG = ; 
then from the angles AGB, BGCy we have the two following 
equations : 

A(?z=z AB^ ^ BG^-9. AB. BG Cos. ^ 

C& = BC^ + BG^--2BC . BG Cos. (B ^ <t>) ; 

or, since AG = R + x, BG = r + a:, CG = p + x, 
(R + xy s= a2 ^ (^ + xy-'2a(r + x) Cos. 
(p + xf = 42 + (r + if - 2i(r + :r) Cos. (S - ^). 

From the first of these two equations, we get 

a* + r®— i?^— 2ar Cos. 

X ^z 

2{R --r ^ a Cos. 0) ' 
and from the second, 

^_ ^ + r^ -9^ — 2br Cos. (B - 0) 

2[p - r + i Cos. (^ — 0)] 

^. If the two expressions found for x are equated, we then 
obtain, after the proper reduction, the following equation : 

a (r2 — 2 r p + p^ - i^) Co«. - i {R^ - 2 Rr+r^-a^) x 
Cos. (5-0) = (fe2+r2-p2) (2it-r) + (a2+r2-i22) (r— p) 

or, since r^ — 2rp + p* — i^ = (r— p)^— 6^=(r— p+i) x 
(r-^p-^ 6), andjR2- g^r + r^ - a^ = (i?-r)2- a^.. 

(i? - r + a) (R — r - a), 

a(r-p+&)(r-p— 6) Co*. — i(if^r + a) (JZ— r— a) 

Cos.(5-0) = (i«+r^-p^) (2it-r)+(a2+r2-ii^) (r-p)- 

Now expand Cos. (fi— 0), and divide the whole equation by 
b {R -^r + a) {R ^ r -- a) Sin. B. This gives, when 

dot. B is substituted for ^y. * p , 

_ (y + yS! - pi») (iZ - r) + (^ ■{■ yi _ iP) (r - p) 
b{R — r + a)lR-r — a)Sin.JB 
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3. Now put 

,^p — r^-^rr^ \ CI' — 5 "- CoUBsi Tan. n 

o(R -^ r ^ a) (^R -^ r — a) Sin, B ^ 

then jLc is a known angle^ and we have 

Tan. fi Cos, ^ — Sin. ^ = 

(l^ + r^ ^ ^^) (R ^ r) + ((^ + r^ - B^ (r --- p) 

6 (ij -. r + a) (jR - r - a) Sin. B ' 

and when both sides of this equation are multiplied by 
Cos. ^, and Sin. (^fi — 0) substituted for Sin. fi Cos, ^ — 
Cos, fi Sin, 0, 

Sinfu . s L(y+r«-p«)(g-r)+(a«+r^-ig')Cr-p)]Co».|» 
A.«.(M-^)= biR-r + a){R-r-a) ' 

Hence fi-^^^ and consequently also <^y may be determined. 



SECTION CXLVIIL 

Frob. The four sides of a quadrilateral^ and its two 
diagonals J are given : find the segments of these dia- 
gonals. 

SoLUT. In the Tquadrilateral ABCD (fig, l68j, the 
four sides 4B, BC/i^CD, JD.laud ' ^ 

the two diagonals AC, BDy are /l\^^^^' 

S'ven ; find the segments AE, CE^ 
E, DE, Let AB ^ a, BC =z b, 
CD=Cy AD-d, AC =/, BD = gy 
AE = ar, BE=: y, and .-. CE = 

1 . From the four triangles BAD9 
BCD, ABC, ADC, 

Cos.ABD^^^-^^l^'^J''^^-'^^'-'' 

Cos. CBD = SO+l?^__C^ ^ ^ + g^-^ 

%BC.BD Zbg 
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Cos. ACD = ^^' + ^^ - ^^ = '^ ^^7 ^. 

Further, the three angles AEB^ BEC, CED, give the four 
following equations : 

AE' = AB^ + BE" - 2AB . BE Cos. ABD 
CF? = BC^ + BE? - %BC . 5£ Co*. CS2> 
BE? = BC? + CE^ - 2fiC . CE Cos. ACB 
BE? = CD^ + C£2 - 2C2> . CE Cos. ACD 

or, when for the lines and cosines their values are substituted, 
the four following : 

flS 4. jo.2 /7« 

^ = a« +3/^ - ^-^^ -y 

S 
(/- a:)' = A* + J/°- - ^^^4— ^J^ 

ft 

A« J- f2 «- a2 

2. If the first equation be subtracted from the second, and 
the third from the fourth, we then obtain the two following 
equations : 

/ 2 - 2/c = 62 - a^ + €?-b^ + (?-d^^ 

g^-2gy = <^--^ J (/-^); 

and hence again, by eliminating^, 

/(g.2 + gg ^ cP) (g^ - jg + c^ -, d^) ~ 2/ff-- (/2 + fl2-y) 

(a2 _ 5^ ^ ^ _ ^2)2 - 4/V 

Similar expressions are also obtained for the segments CE, 
BE, DE. 
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SECTION CXLIX. 



Peob. From the three angles of a given triangle^ a 
tower is seen^ whose base is in the same plane with the 
triangle ; the angles at which it is seen from these, 
are given : find the distance of the tower from each of 
these three points, 

SoLUT^ Let JB (Jig. I69; be the tower, CDE the given 
triangle ; the angles at which -4^ 
the tower is seen from the given 
points C, Z>, JB, are ACB^ 
ADB, AEB, and let ACB=za, 
ADB = 0, AEB = y: find 
the distances BC, BD, BE. 




1. From B, D itm BF, 
DG perpendicular to CE^ and 
from D draw DH parallel, to 
CE, which meets BF produced 
in H, Since the triangle CDE C 
is given ; consequently the lines CE, CG, DG, are &nown. 
Let . •. CE- a, CG = i, DG = FH = c. If only the 
lines CF^ BF are also determined ; we then have likewise 
the distances sought. Put .'. CF =i x, BF=y. This 
gives BH:=iy + c, DH=:^GF=zb — x, EF=a-^x. 
We consequently have, BC^ = BF^ + CF^ = y^ + ^S 
JBZ)2 = BH^ + DW = y2 + 2cy + c^ + i* - 26^ +A 
BE^ = BF^ + EF'- = 3^2 4. a2 _ 2^ ^ ^2^ 

2. Since AB^BC Tan. a^BD Tan. p=BE Tan.y: 
then also BC^ Tan. ^a = BD^ Tan. ^p = BE^ Tan. ^y. 
Substitute now for jBC^ BD% BE^ their values found in 
1 ; hence arise the following equations ; 



Tan. ^a (f + ar«) 
= Tan. 2^ (y^ + X- -i- 2cy — 2bx + 6^ 4. c^) 
an. 2a (y + jr2) = Tan. ^y (f- + a;^ - 2(w + a^), 
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or 



Tan. 2a — Tan. ^p , „ ,. 7 . tq „ 

3. By trigonometry 

Tan. ^« - r«„. «g = ^!^li^+4l^^l^^li> 

•^ ^ Cos. ^a Cos. «^ 

ran. «« - ra„.v='S'^'''-(^+j)f"-("-'y), 

' Cos. ^a Cos. V 

further, 

Tan. 2g = -pz — -~, Tan. V = ' 



Cos. 2^' ' " *• '^ "• Cos. y 

4i. The substitution of these values in 2, gives the two 
following equations : 

Sin. (a + 0) Sin. (a^P) . ^ ox ^ ^ r . »« . * 

jy/w. (a + 7) *ytn. (a— 7) , „ „v >. . « 

5. We eliminate j^- + ^-5 by multiplying the first equa- 

, Sin. (a + 7) Sin. (a — 7) , . , , 

tion by y. g ^^ ^, and the second by 

Sm. ^p 

. . "^ . ■. • 
one another : this gives the following equation : 

(.0, - .„, + *. + ,' /"■ '" ■'^^- (' - ■>' - 
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Hence we obtain 

_ r^ _ a Sin, gy Sin, (a + g) SttL (a — pY i 
^ "" L c c Sin. ^p Sin. (a + 7) Sin. (a — y )J 
a^ Sin.^y Sin.(a + g)iytn. (flc - g) ^ + c^ 
2 c *yin. *g iJiw. (a + 7) A^m. (« — 7) 2 c 

If we substitute this value in the second equation in 4, we 
then obtain a quadratic equation for x, whence x, and con- 
sequently also y, may be determined. 

6. For the sake of brevity, put 

a Sin. ^7 Siti. (a + g) Sin, (a — g) _ . 
c 5V«. 2g Ajm. (a + 7) Sin. (« - 7) "* ^* 
Aytn. (g + 7) *yiw. (g — 7) _ ^ 
Cos. «« iSin. «7 "" ' 

we consequently have, 

r* /} A A h* + c^ 



2c 



■B (3/* + xO = — 2 ax + a«. 
The expressions ^, ^ may be very easily calculated by 
means of logarithms ; the fiirther calculation will be best 
managed by the given numbers themselves. 



SECTION CL. 

PaoB. A circle is given in magnitude and position : in* 
scribe a triangle within itj whose sides, or their parts 
produced, pass through three given points. 

SoLUT. Let O (fig. 170 J be the centre of the given clrde, 
MNP the required triangle, 

whose sides pass through the y^ ^^>j^ — / 
three given points A, B, C. zi^ >^ / 

1. Draw the lines OA, 
OBy OC: then these, be- 
cause the points A, By C, 
O, are ^ven, are in like 
manner given in magnitude 
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and position. Therefore OA = a^ OB = i, OC = c, 
AOB = a, ^OC = /3. 

2. Draw the radii OJf, OJV^, OP; then these lines are 
radii of the given circle, and consequently given in magni- 
tude, but the position is unknown : • * . these must be found. 
Therefore put AOM = ^, AON = \p, AOP = Z ; further, 
let the radius of the circle = r, 

3. In the isosceles triangle MON^ the angle MON = 

\p — jt; consequently ONM = = 90° — ^ 

(;// — ^). Further, in the triangle AONy the angle OAN 
= 180° - (OJVJf + JOJNT) = 90° - ^ (;J^ + 0). 

4. The triangle AON giwes the proportion, 

JO ; OJNT = Sin. ONM : Sin. OAN, 
or . 

a : r ^ Cos. i (^ — ^) .* Cos, ^ (}p + ^). 
Hence we obtain the equation 

a Cos. i (^ 4- 0) = ^ Cos. i (^ — 0), 
or, since 

Cos. i (^ + \p)=Cos. i \p Cos. i — *ym. i \p Sin. | ^, 
Cos. ^ (;^ — ^) = Cos. ^}pCos. i<t> + Sin. i -^ Sin, ^ 0, 
the following equation 

(a — r) Cos. ^ ;// Cos. ^ = (a + r') iSm. ^ ;// aJ/w. ^ i^. 
Divide by (a+r) Cos. ^ }p Cos. ^ ^, and substitute Tan. i\p 

for ^ , , , 3^d- i for ^ ' t ; this gives 
Cos. i\p ' ^ Cos. i ^ 

Tan. A ^L Tan, ^ <b = ^LlZl, 

5. A similar equation is found, when the triangles MOP^ 
BOP are treated in the same way as the triangles MON, 
AON were in 3, 4. To obtain this, it is only necessary to 
substitute the line OB for the line OA, the line OP for the 
line ONj and the angles BOP, BOM, for the angles AON, 

2 L 
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AOM, or i for a, 2 — « for ^» and if — a for ^. We then 
obtain from the equation found in 4, the following one : 

Tan. kit, -a) Tan. i (^ - «) = |^. 

6. In like manner we find a third equation, when the 
triangles NOPy COP are substituted for the triangles MON^ 
AONy and for this purpose, OC = c is put for OA = a^ 
COP=Z-e for AON=^Py and CON^i^p^p for AOM=(^. 
We consequently have 

Tan. ia-P) Tan. iC^ - iS) = f=^- 

7. For the sake of abbreviation, put Tan. ^ a = m, 
Tan. i ^=n, Ta». i ^ = ar, 7\z». ^ t/; = y, Tan. J 2 = 2; 

further ^-i:-^ = A, ^^^ = B, ^-^^ = C; then, 
a + r -{- r ^ c + r 

Tan. i (* - «) = ^^, Ta«. *(?-«) = f^,. 

ra«. i (^ _ p = f^, Sra«. KZ:-^) = f^,. The 

three equations in 4, 5, 6 are consequently transformed inta 
theYollowing ones : 

xf/ = A- 

X -^ m z ' — m n 

r^f X T~; = ^ 

1 + mx 1 + mz 

T^ X 7~; == C*. 

1 + ny 1 + nz 

A 

8. From the first of these equations we obtain y = — , 

B — m^ -\- Cl A- B^tnx 
and from the second i. = ^^ _ ^^,^^ _ (i + ^)», - I^"" 

substitute these values in the third equation, we then obtain, 
C = 

^— wr rg— ??t^4'(l-fg)mn+[(l+.g)m— (1—J?m^> ]j:1 
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9. For the sake of brevity, put 

B — m^ -{- {I -^ B)mn = M 
(1 +5)m- (1 - Bm^)n = N 

(1+S)mn + (1— fim^) = Q. 
By these means we obtain the equation 

A^nx M + Nx ^ 



or 

{C(i + wJVO^^ + (»^CQ ^CP -VnM ^ NA)x 

^AM-nACP; 

whence x, and consequently also y and z may be determined. 
Hence further, the angles 0, ;//, ^ may be found. 

Remark. This apparently easy problem has long engaged the attention of 
the greatest geometricians. Cramer first proposed it to Castillon, and this 
last gave an elegant synthetic proof of it in the Berlin Memoirs of 1776. 
In the same volume there also appeared atiother, an Analytical Solution by 
Lagrange, which I have followed, with the exception of a few alterations in 
the notation. At Euler's request, Lexell, in the 4th vol. of the Petersburgh 
Memoirs, gave a geometrical construction of Lagrange's Formula. Alta- 
jano, at the age of sixteen, then gave a synthetic solution of this problem, 
in the 4th vol. of the M emoire della Sodeta Italiana, and likewise showed, 
how to describe generally in a given circle a polygon, whose sides pass 
through any number of given points. In the same volume, there are two 
more synthetic solutions, one by Malfatti, the other by Giordano. Romano 
also has a geometrical construction of Lagrange's formula (Nuovo Metodo 
di applicare alia Sintesi la Soluzione Analytica di qualunque Prohlema Geo- 
metrico. Venezia, 1793), which work I beg to recommend to all those who 
wish for practice in the geometrical construction of analytical formulae. 
Camot, in his Geometric de Position, has, as well as Altajano, solved the 
general problem for the polygon in the following ingemotis way. 



SECTION CLI. 

Prob. a certain number of points and a circle are given : 
required to inscribe in this circle a polygon, consisting 
of a>s many sides as there are points, so that each side 
may respectively pass through one of these points, 

SoLUT. Let K (Jig* m) be the centre of the given circle, 
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abode the required polygon, 
whose sides pass through the 
given points J, B^ C, £>, E. 

1. Since the points -4, fi, C, 
D, E are given ; consequently 
the lines JTJ, KB, KC, KD, ^ 
KE^ and the angles AKB, 
BKC, CKD, DKE, EKA are 
also given. Let .'. KA = a, 
KB = 6, ire = c, KD == rf, 
JT^ = c, JiTJ? = a, BKC^S, C 

CKD = y, 2)Jr£ = 8, JCJTJ = c ; further, let the radius 
of the circle = r. Novir if the angles AKa, BKby CKc, 
DKdy EKe are known ; then the points a, 6, c, d, e, are 
determined, and consequently the problem is solved. Put 
r. AKa = r, BKb = v, CJTc = 0, DJTd = x> ^^« = ^- 

S. Then in the triangle AKb^ we have 

jjsr + 6jsr:^5 - 6jr = 

Taw. i ( J6^ -f bAK) : Tan. i {AbK - bAK). 
Now ^6JSr + bAK = 180° - JZft = 180" — (a + v), 
-46ir — bAK = iaJT — bAK = -^JTa = r; consequently 
Tan. i {AbK + i^JT) = Tan, [90° - i (« + v)] = 



^ ^ ^ Taw. i (a + V) 

= Tan. 4 r. We . • . have 

1 



a + r : a —• r = 



Tan. i{a + V) 



, Tan. i {AbK - bAK) 



: Tan, \ t> 



or, 



or. 



a — r 
a -f r 



a — r 



a -f- r 
whence we obtain, 
a — r 
a '\- r 



= Taw. i r Tan. i (« + v), 



Ton. i r = 



a ^ r 

a -\- r 



Tan. i a Tan, h v 



2 



T'aw. i a + T«». ^ u 
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8. A similar equation is found for each side of the polygon. 
Thus we obtain as many equations as the polygon has sides, 
id these equations are : 



and these equations are : 



a — r 
a H- r a + r 



Tan: | a Tan, ^ v 



Tan. ir^ "^ ^^ ^7 ^ 

Tan. i a + Tan. ^ v 



b -^ r b ~- r 
b + r b + r 



Tan. ^ Tan. i ^ 



Tan. i V ^--rr o^r 

Tan. i p + Tan. i <t> 



^— ^ - ^— r-^ Tan. i y Tan. i v 
^ Tan. i 7 + Taw. i x 



d ^ r d ^ r 



J—, J Tan, A 8 Tan. i \L 

/**' * ^ Taw. i S + Taw. i t/^ 

Tan. i £ Tan. i r 

^^^•*^= Tan.\,^Tan.\T 

4. By means of these equations, the number of which is 
always equal to the number of the unknown magnitudes, it 
is easy to determine these last. If, for instance, we wish to 
find : it is merely necessary to substitute in the equation 
for X its value taken from the fourth, by which we obtain an 
equation between and ;//. From this again we then obtain 
an equation between and r, by substituting for ;// its value 
taken firom the fourth. From this again we get an equation 
between and v, by substituting for r its value in terms of 
V taken from the first equation, and lastly, we obtain an 
equation, which only contains 0, by substituting for v its 
value in terms of taken fi'om the second equation. The 
solution of this last equation then gives the value of 0. 

5. For the sake of brevity, put Tan. ^t =: r^y Tan. ^ v 
= v^ Tan. i = <t>^y Tan. i X = X^ Tan. i t// = ^; 
by these means the equations already found take the following 
form: 
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35. Tan. ^^ - Tan.« ,/, = 1^» ^ ^,^, ^ 

36. Co<. « ^ - Cot.' ^ = g.^» ^ g-^, ^ 

Sin. 4> + Sin xf> _ Tan, j (^ + <^) 
^' Sin. <p - Sin. i> Tan. i C* - '/') 

S8.fi±±±^ = Tan.Hi> + ^) 
Los. + Los, xfj 

.^ Cos. 4- Cos. ^ _ Cot, i (0 + ^) 
Co5. — Cos. yfj "" Taw. i (^ — ^) 

T (zn. 4- Taw. ;/; _ ^ym. (0 -f ^) 
"TonT^ - Tan. ijD "" Sin. (0 - ;j^) 

Cot, (j) + Cot. \P _ Sin. (0 -f ^) 
• Cot. - Cot. i/; ■" -Sm. (^ - <t>) 



46. , f;,»^ = Tan.i» 
1 + Cos. 

46. -1-2 — = Co*. I 6 

1 — Co«. <t> ^ ^ 
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10. Sin. (^ ±\P) = iS'in.^ Cos.xf/ ± Cos. ^ Sin. rp 

11. Cos. (^ ± ^) = C(w. Civ. t// + iStn. ^ ^yin. yff 

12. ASm. ^ Co*, t// = i [S'ln. (* + t//) + -Stit. (^ — t//)] 

13. Co*. Sin. yp=^ i [Sin. (^ + ;/,) - An. (^ — t//) ] 

14. Co5. Co*, t/' = i Co*. (^ — • i/') + Co*. (0 + t//) ] 

15. Sin. <^ Sin. ^ = i [Cos. (0 — ;/,) — Co*. (0 + i//)] 

16. Sin. ^ + ,SVn. ;// == 2 Sin. i (0 + t/^) Co*. i(0 — ,/,) 

17. Sin. — /Sm. t/; = 2 Cos. i (^ + t/;) iJm. |(0 — ^) 

18. Cos. ^ + Co*. ;// = 2 Cos. i (0 + ^) 'Sm. J (^ — ^) 

19. Cos. ^ -- Cos.rP^ -9, Sin. i (0 + ^) *y/w. J (0 - ;/.) 

^^ - ^^ 1 + Tare. Tan. \P 

21. Co^ (0 + ^wgo^»g5j;±i 

22. Tan. » + Tan. ^ = f ^' ^ » + "^^ 

^ ^ Co*. Co*. \f/ 

23. Ta,.. ^ - Tan.^p = ff^' ^ V "^^ 

Co*. Co*. ;p 

24. Cof. » + Cot. ^ = f!"- %1- ^> 

mw. Sin. \p 

25. Cot. » - Cot. rL = f"- ^^ ~ »> • . 

26. Sin. 2 = 2 aSiw. ^ Cos. ^ 

27. Co*. 2 0= Cos.^ — ASm.^ 

28. Sin.^ij' = Hi - C'o*- 2 f) 

29. Co*. 20 = 1(1 + Cos. 2 0) 

30. -Sec. 2 = 1 + Tbn.^ 

81. Cosec.^jt=z 1 + Co^*0 

82. Sin.^ - A^m.^ xfj = ^m. (0 + ^j) Sin. (0 - ;/;) 
38. Cos.^ — Co*.2 ;// = - ^iw. (0 -t- ^) Ajiw. (0 — i/^) 
34. Co*.2 — Sin.^ \p = Cos. (0 + xfj) Cos. (0 — xp} 
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